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On Surface Waves and Tidal Waves 
near a Promontory. 


BY 

Sr mi A\sr k r.M \it Hankimkk. 

| Hr, til Jitit/ntr// Wlh , JflW.] 

The only problem of tin* free vibrations of a rotating sheet of crravi- 
lilting liquid of small uniform depth which may In* considered to have 
been completely solved is the one in which the boundary is circular. 1 * * 4 
When the boundary is not circular, the difficulty of a complete solution 
is much greater. Lord Kiiyleiirh 11 nhtained a partial solution for the 
case when the houndary is rectangular, applicable when the angular 
velocity of rotation is small. In a recent paper I’roudman* lias used 
Lord Rayleigh's approximate theory of di ITraction to solve a number 
of other problems, namely, those* of the diffraction of a plane tidal 
wave by an elliptic islmd, l»y a semi-ellipt ic cape, by a rectangular 
hay and by a passage between one st»a and another. 

In the present paper tin* theory of multiform solution as developed 
by Sommerfeld has been used to solve the problem of the diffraction 
of surface waves by a Ion# promontory which for simplicity has been 
assumed to he either a semi-infinite plane hounded by a straight ed^c or 
a wed^e forming a definite aiitfle. The nature of the tidal waves on 
Hat rotating sheet of water near a promontory of the above mentioned 
shapes has also been determined. A method has also been •riven for 
determining the free tidal oscillations in a rotating circular sector, a 
problem* which lVoiidman found to lie exceedingly difficult to solve. 


1 Kelvin, Phil Mm/., Am;. 1N80 ; Lnuili, Hydrodynamic*, §§ 208, 209, 210. 

a Lord llayleigli, Phil. Mag., V, pp. 207-101 (1903) [Scientific Fojcr*. vol. V, 
p. 93]. See also Fror. Hoy. Roc., A. ^ ol. 82, p. 148. 

Promhnnn, Fror. Loud. Moth. S'nr., Vol. 14, p. HO (1015). 

4 J’w. Loud. Ain lh. Soc.. Vol. 12. p. 453, (1013). 
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Case I. Surface Waves — Diffraction by a semi-infinite 
plane barrier. 

Wc shall first consider the case of waves propagated in a liquid of 
uniform depth under the action of gravity. 

Let the plane of the undisturbed surface he the plane of .(?/, and 
let the axis of y he measured in the direction of propagation of the 
wave and the axis of - vertically upwards. Lot the harrier occupy the 
half of the .iz plane for which ,r is positive. 

Losing cylindrical coordinates, we see that since the motion is 
supposed to he irrotational, the velocity potential <1> must satisfy the 
equation 


3 2 <[> 1 34', 1 0*<l> 8*<1> =n 

3> + r 0/' c* 3#* ~d:* 

At the holtom of the liquid, when ; = — A, 


... 0 ) 


8<l* 

a I: 


=0. 


(*) 


On the surface of the harrier, we have 

— 0, when and 0—2 tt. 

a# 

On the free surface the comlitiou to he satisfied is 


8 a O , 8<h 

a /* d : 


=0, when ;=0. 


05) 


W 


Lot us now assume that tlie incident wave is given hv the velocity 
potential 

<D U = A cosh k (r *+■/') cos k (.»* sin 0 X -f ?/ cos 0 1 ) cos y>/. 

where 

j)*z=yk tanh A//, ... ... (5) 

and A is a constant. 

It is easy to see that this expression satisfies (1), (2) and (4) 
and therefore represents a set- of plane waves which can he maintained 
on tlie surface of an infinite liquid of constant depth //. This set of 
waves will he incident on the barrier at an angle#,. If now <1> re- 
presents tho velocity potential of the total disturbance when the barrier 
is present in the liquid, we can assume the following expression for 

4»=A cosh k (z+h) f (/■, 0) cos pi. ... ... (U) 
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It is now easy to see by substitution in the differential equation (I), 
that f (r, 0) must, satisfy the equation 


9 */ , i a/,i 

I r 9 r r* 


a *f 

"00 a 


+ k\f^n 


(7; 


and also si nee on the surface of the barrier 


a/ 
a e 


=0 when 0=0 and 


0=2ir 1 / (r, 0) must have the same form as the expression obtained 
by Sommerfeld for the diffraction of plane polarised light by a per- 
fectly reflecting seiui-intinite screen, the magnetic force in the incident, 
light being’ parallel to the edge of the screen. Hence / (r, 0) must, be 
given by the expression 

f (r, 0) — \ eos k (.* sin 0 t + // eos 0,) 4* i cos k (.<• sin 0, —y cos 0, ) 


+ 1 


-f ; 



r+.i’ siu 0, +y cos 0 , 

cos ^ -f /•' (■»' sin 0 L 4-// eos 0, — a ) | ^ ;/ 


r + -»* sin 0, — // COS 0, 

cos ^ -f /.* (.»/ sin 0, — y cos f/, — '/) l . 

L v 1 3 " 


(S; 


This by means of a result recently obtained by Hargreaves 1 can bo 
written in the form 

/ (>•, 0) = J cos /r (.'■ sin 0 L 4-// eos 0, ) 4- \ cos k (.*? sin 0, — y cos 0, ) 



1 Hargreaves, “A diffraction problem and an asymptotic theorem in Itasscl's 
aeries, ” Phil, Mag., Aug., 1018. 
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For normal incidenc aj (r, 0) can lie written in the form 

(i *\Q 50 

/’(/*, 0)=r os A// + .I i(At) cos +.l ;i t/»r) (mis ’ ^ +»l a (fer) cos 0 

+ .l 7 (At) cos • •• (10) 


lienee the solution for normal incidence can he written in the 
form 

<t> = A cosh k ( z + h) cos ky cos pt 

-f- A cosh A iz-\-h) cos (At) cos cos/*/... (H) 

This expression can he used to plot the stream lines graphically on 
any plane c=constnnt. The method is to plot first the cquipotciitiul 
lines 4>= roust. starting from c<|uidistniil points on the positive side of the 
6-uxis. It will he noticed that the equipotcntial lines curve round t lie 
edge of the barrier and then proceed to infinity asymptotically to the 
negative direction of the '-axis. The stream lines which consist of the 
orthogonal set of lines are easily drawn and are found, over a consider- 
able portion of the region, to proceed ver\ nearly from the edge of 
barrier. This is somewhat analogous to the radiation of light from the 
edge of tlic screen in the corresponding optical problem. 


Case II. Surface // area — .Diffraction bjf a 
tcedye-aha yed ha t •ri cr. 

Let the edge of the wedge he chosen as the axis of r. and let /\ 0, 
z he cylindrical coordinates of a point so that flic faces of the wedge 
are given by 0=0 and 0=a and the space occupied by it. is that between 
0~ti and 0=27r. 

If now the incident wave he represented by the real part of the 
expression 

'■ *„=A eosli h (c+/i ,v ft>)+W| ... (12) 


where 


V a =^/ A- tanli l/i. 
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T) 


then it is easy to see Licit, the velocity potential of the total disturbance 
is given by the veal part of the expression 


<t= ----- cushi 
2m 


isli h O+A)^ 1 ^ '* *' 'i£ log («•» 
where ui=ros — ^ — cos ^ (0 — Oo). o» 1 =cos cos v ( 0-\-0n). 


n:i» 


the path of integration being a complete contour which starts from 
oci + A and goes to ocu*f A without crossing the real axis. The expression 
for 4» can also be written in the form 


<t>= cosh /»* (r-f-A) 


ft 


.)( hr) 


htt6 itirO . "1 ... 

Cos sill 1 I cos A \ 


r / ( h 


As in the previous case this expression may he used to plot tin 
steam lines.’ 


Case III. (1) Tidal Wares near a lour/ narrow 
Fronton I on/. 


Suppose the sheet- ol water to be rotating with uniform angular 
velocity about an axis perpendicular to its plane and let the depth of 
water (as rotating in free relative equilibrium) be uniform and equal 
to A. Let f denote the elevation of the free surface at any time. Then 
for a disturbance in which the time ( only enters through the factor 

l<r \ we have the equation 

a> + a^ + ^=°' - (ia > 


there being no disturbing force and 


A a = ra - ,,<0,,i 
f j7t 

The boundary condition is given by 


O it On 


( 16 ) 


‘ See Wiegrofe, “ Uber einige mohrwert igo Luauugeii tier tVellungleiehunji 
V s n + fc 5 n “ 0 nml ihre Anwonduug in der Beugungutheoric ” Ami. d. Phy*. 9 Btl. 30, 
p. 440 (1012), 
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g 

where—- denotes differentiation along (he not ward drawn normal to the 


dn 


a 


boundary and along the positive direction of the are. We exclude 

O * 

the eases when <r=0 and it* =■!■«*. 

For a narrow promontory, the boundary condition reduces to 


: a« + - 


... (17) 


to be satistied when 0= 0 and 0=2ir, 

£=£,+£„ 

where £ t , are subject to the conditions 

% l i=" »"■' V; * 

when 0=0 and 0=2tt. 

When <r a > droi 2 , we can assume the following expressions for f, and 


A. J (kr) 

U=tt + l 


LtV *- Ji 


{,=5 2u + l .1 (k 

itz=n o 


;[-+ “-J 1 **] 


It is obvious from the conditions (17) and flt>) that for f 2 , wo should 
take the real part of the expression assumed and for the imaginary 
part and vice- versa. 


The unknown constant A* is determined from the.l>onndary condition 
(17) which gives 


o<2w+l) Am + 0 , s (2 H +l)-i J - < 10 ) 


2 


kr 


(1(h) 


io be satisfied for all values of r* 
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Hut since 


2 ~- J..+ . (•)= J,.-. (*) + J,_. +3 (-•), 


X J « *+ ■ (:)=i { J » (=)-• «. .+, (--) } . ... m 

the above equation can be written in the form 

fJ t ._,Or)+4 f . +1 (MJ 

- 2 ‘ 2 " 

+<•>5 (2« + l) (Ar)-J I, (/,■(•)]—(). 

Honre equaling I lie oo-eHieienl of , (1,-) to zero, we olitnin 

A._,+A. fl : S ‘" ... (21) 

( T 

from which we deduce that 

A„ = A , = A . z = ... = -t 1 . ... ... (22) 

Hence the expression for f can be written in the form 

t=S j..„ (Mp.lt, (-'« + >’»+ *J!+1 „„ + 

Tliis result will only be applicable over limited portions of the 
region considered, since the fundamental eij nations are really only 
valid for limited regions. 


( 2 ) Free Tidal oscillations in a rotating circular 
sector bounded by 

/ =o, 0=0, 0=*2 tt. 

To obtain the complete solution for the free tidal oscillations in a 
circular sector bounded by /■=«, 0=0 and 0=2 tt, we notice from the 
above expression for £ and from the boundary condition to be satisfied 
on the circular rim that in the utli mode of vibration A* must be taken to 
be a root of the equation 

(2m + 1)«! J % ._ +1 (hi) + four Jjj—) (ka)—0 ... (24) 
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Hence the tidal height is given by 


£=5 B* 
k 




4u> (2 h+1)0 

sin 5 — 


where the summation extends over all tlie roots of the equation (24) 
and the constants B*'s are determined by the equations 


5B, [(2.+1J- ( hl '* +huT ,itt) J, r ! (Ar,) ] =° 

| 1 . 2 ... u — 1 , h + 1, // 4“ 2 ... ] 

and the periods of the oscillations in the >/th mode are given by /»* which 
are the roots of the equation ( 24). 

When or* <4o> 2 , we have to replace .J tt-+1 (hr) hv T #<l + , (At). 


Case IV. (1) Tidal Wat an near a wrdgo-nhaprd Promontory. 

The method given in the previous case can be extended to determine 
the tidal heights near a wedge-shaped promontory and also the free 
tidal oscillations in any rotating circular sector. 

The boundary condition is 


ht j9f 

/ d# 


+ 2o> gi=0 

or 


to be satislied when <9=0 and 0=a. 


As before we take 


where ( , are such that 


... ( 25 ) 


when 0== 0 and 0=a,‘ 
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We can assume the following expressions for £ g 
OO , )nrO \ 

£.= 2 A J (tr)^ ,rf+ ■« j 

M = 1 wr 




i_ Or), <-+=?). 


(26) 


(27) 


with this restriction that in the final expression we lake for the 
imaginary part and for £ g the real part of the expressions assumed and 
rice versa. 


The constant A, can be determined as in the previous case from the 
boundary condition 


J (At) 

nir y ' 


A, 


At 


HIT (/ 

+LV^- 


a tJ(h) J «ir( lv )— 0, 


(28) 


wliicb has to be satisfied fur all values of /*, by the use of the following 
expansions 1 

• = "h— 1 [ J (w-1)> (lr)+ J (» + 1) t (A y) 1 
a a 

+ “n— 2 I” J (n-2)7r^ v)+J (V+2)ir (Av) 1+ctc.. ... (29) 
a a 


and 


d 

d(kr) 


(Av)=& „_i [ J (n+1> <»'>] 


+& »-2 [ J (h— 2)7t <*') “ J (»+2)tt <*'>] +otc - ••• 


(30) 


[27T> a >7r] 


1 Theso expansions do not appear to havo been given by any previous writer. A 
proof of thoso expansions will bo given in a subsequent paper. 
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(2) Free Tidal oscillations in a rotating circular sector 

bounded by 

r=u, 0=0, and 0= a. 

As in the previous case the method can also he used to determine 
the free tidal oscillations in a circular sector bounded by r=a, 0=0, 
0 =«. 


W e have 


r 06 

C*S J 5 

A; = 1 

I ft \ i i • , wir 

J (Ar) •' A* sin + cos 

?d7r ^ « a 

■?]] 

i<T k l 

V » 

where H*’s arc determined by the equations 



5 B, 
k 

r* ,i J (ka ) . • 

L a a + ‘ rA " ,/(/,„) 

1 (Ar/)- 

sir ' 7 

a 

| =0 


r*=i, a, . 

.. M — 1, 

u-f-1, u + 2 


and the summation extends over all the values of A* which are the 
roots of the equation — 


a 



hi +<T 


.1 (kn)=0. 

U7T 

a 


Hence the periods of the free tidal oscillations in a circular sector 
bounded by /•=*/., 0=0. 0= a in the nth mode are given by k which are 
the roots of the equation 


.1 (ka) 
tn 7 


2o»nr 

a 


ha 


+ <r 


'(*«) - 


J (*</)= 0. 

U7T V ' 



On the potentials of uniform and heterogeneous 
elliptic cylinders at an external point. 


RY 

Nikiiilraxjan Skx. 

[lifwl Mmiry lOt/i, 1018.] 

1 . 

The potential of an infinite elliptic cylinder at an external point 
is generally expressed in the form of an integral and it is well-known 
that n transformation in conjugate functions would allow the same 
integral to be represented by a much simpler expression. 1 It is here 
proposed to express the potential in trigonometrical series. The 
method followed is that of integration which will he shown to be appli- 
cable also in the case of heterogeneity. It will be found that tho 
potential is always expressible as 

A 1 ^ V 

A „ logr — ^ A „ 

7/ = l 

where A. in its most general form can be expressed by hypergeo- 
metric functions in r* (eccentricity), reducing in two special eases to 
finite binomial forms. This happens when the cylinder is homo- 
geneous or when the density (supposed constant along lines parallel 
to the axis) at any point on the elliptic section varies inversely as the 
focal distance of the point. We shall simplify our problem by con- 
sidering only the logarithmic potential of the elliptic section to which 
the (Newtonian) potential of the elliptic cylinder is equivalent but 
for an intini to constant and the constant multiplier 2. 

2 . 

Before proceeding with the solution of the problem proposed above 
it would be useful to consider tlio expansion of (1 + e cos <£)~*, e<l , in 
cosines of multiples of </>. Expanding (1+e cos $)'* by the binomial 


1 Lamb, Moss, of Math. 1878. 
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theorem and replacing the powers of cos<£ b} r cosines of multiples of 
<fi it may be shown that 1 

oo 

(1-f c cos <£)” K = 5 A H cos m 


»" _ / i-|< (n+Hi- 1 )! J m / n+m m+m +1 +1 , \ 

• ~ ( 1; (»»— 1; ! m ! 2-“» \ "2 ’ 2 ' + ’ )' 


where F is tlm hypergeometric Function of the four elements within the 
parenthesis. Since A* is a Foiuier’s co-efliciont, we have 


cos vut> tty _ 
(1+ccos^)" ,H 


_ /_n« + 1 )! *e* „ / n+m H + i/i + 1 . 

~ ( } <ji— 1 )!,»! a--' 1 V "a" ’ 2 ’ +: ) 


cos w $ tl<f> _ /_|\. (2/»+l) ! jtc" / ,i 2//+.'! 

(1+ecos *;■*+* “ V ' (»+lj!«! 2*-» V ’ 2 ’ 


W+l, c* 


= (-1) 


* (%+!) ! L 

(»+ 1 ) ! n ! 2 * _l 


7r 

f «>S «<#*?$ _ / 1\. (2»)! wr>* F / ,1 ,,.1 . 1. p.N 

J (i+p cos^.)" +i _c A) ,rnrr 2--- M«+ a ,«+*>»+i,o 


_ (2*0 ! wc"_ 1 

«!«! 2* -1 


h being an integer and e<l. 


1 This expansion in another form is given by Gauss, 
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Taking the focus S as origin lot the equation of the ellipse he given 


1 -f eeos<£ * 

Let P be any point (p. (f>) within the area of the ellipse and A 
another point (/-, 0) at a .sufficient distance from it. Taking the area 
to be of unit density the potential 


7 r 

'•-n 


1 -j- /."*OS</> 

log A P f)t/p({(j). 


AP 2 = p 2 - 2 pr cos (<£-0) -f r 2 


lop AP = log/- + | log [1—2 ^ ^ ^ cos (<£— 0) + 

= log/- — £> ^ ^ cos n ( <f}—0 ), 

M = 1 » \ '* / 

r being supposed to be greater than the maximum radius vector, /./*.. tin- 
length of the major axis from S to the remoter vertex of the ellipse. 

lienee 

7T 7T 

v _ ? * f .. <!± i„„, _ % . f co*u(<l>-0)<tt 

2j (I-j-c COS0) 8 0 w(n + 2)r M J (l + reos^)"* 2 


cos f — IV 

(ld-ecos^)"** 


(2« + l)! we* 1 

(?I + i)!w! 2" + l fl— 1.8) » + a 


sin wf> tty = q 
( lq-ccos0)" +2 



u 


NIKHILRANJAN SRN 


Hence 




oo 


V=logi— 2 (— 1)- 
91 — 1 


But 


J2/*+l)! 
«. u ! (m + 2 j 


7c_ 

7— e* 


= ae == C S=r, 


H 

1 ^ / \ cosw 0 

V l- e » 7 


where C is the centre. 


So that we have finally 


( 1— c* )g 
tt/ b ‘ 


V = log/- — ^ 

u — 1 


, i \ „ ( 2 /j + l) ! 1 / r . 

( - 1} *.T’T»+*)l 1,0 


and 2V is the? potential of the elliptic cylinder neglecting an infinite 
constant. 

4. 


Lot us suppose the cylinder to he heterogeneous and any line 
parallel to the axis to bo a line of equal density. Let the density at 
the point (.r, y) on the elliptic section he /(.»-, y) where / is a rational 
algebraic integral function in and y. Such a function is also 
expressible in a series in p and 0 of which the typical terms arc? 
/j /, cos/j [0 and p /> siiwy 0 . It will be sufficient for us to work out the case 
of these two densities. 


(i) Suppose the density tr=/j'' cos 7 0. 
Then as before 


4 


log AP p/7/>//0, 


the integration is to be carried over the entire area of the ellipse. 
Proceeding exactly as in the previous case we have 

tt 


v _J7l _ f c .‘! s 7 iMlL low)— i l ' + " +t 1 cosqt m mQ- 

(j>+2; J (/+<> co8^)' + * ” n= i n(»+y+2)r*J (l+ecos^)* 1 


/» + /' + * 


( 


cos70coswf 0 — 0 )c /0 


7T 

,C+* f cos qt <?<*> j * C+'+’cos nO 

(p+2)J (1+c cos </») " + * K ' ,7 = i2*(»+>+2)r* 


1 


fcos (?i + 7 )<^+C 0 S (« — g)^] d<f> 
“(T+ecos^) ■ + " + * 
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Y 

7 r/'+*" 


.egrals from § '1 


* + *•+*. 


ry<t log r — > + * A " “ i . 

(p+' 2 ) „-i -»(»+?'+-) 



COS W0, 


wliere ?/— 7 is Lite positive value of tlio difference bet ween t 1 iv.se two 
integers. 

When 7=^ one half of the series is expressible in a simpler form ; 
since 


* + !• + ■ 
L n-\p 


- 1 ) 


(2 h+2 / .+1)! 

(h+P+ 2)1 (n+jij ! 


1 I /* 

■ •I i>-i 


("1— t .*;-+ ,, +S 


this part of the potential function can be written as 


(-W 

2 “ (l-c*)l , +* 


[ 


2-0 + 1.! 
/'!( />+-)! 


1"K ^ ( — 1)’ 

» = J 


_ (2.( + 2;i + l j!_ 



cos uf) 


] 


the other part being expressed in bypergcomctric functions. This is 
possible only within the limits in which such separation of terms is 
legitimate. A similar simplification is possible wlien 7==p + l. 


When 7=0 ami <r —p*' the potential is given by 


V 

7 T // 4a 


4 00 

= li* g/ - ^ 

11 = 1 


* ^ + a 
A _A__ 

iiC"w+y+2j 



cos nO. 


It may be nut-oil that wlien p is a negative integer this formula is 
applicable with a slight modilicat ion. The terms beginning from the 
first up to the nth where n = — p+1 would have their co-effieients in 
finite forms which it is easy to calculate. 

A very interesting case of the above arises wlien p =— 1 or tbe 
heterogeneity is of such a nature that the density at any point on the 
elliptic section varies inversely as the focal distance. Since 


«+i 

A 


=( _D* (ftO! 
*• ; » ! n ! 


b\n+ }, »+l, it+1 ; e 4 ) 


, (2 to)! ... 1 

»!»! 2* -1 


=(-l) 



we have in such a ease 


nikiiiuiaxjan skn 


v 00 \" +l /; \ n 

irl = A ‘" ,0 ^~ Sfr+IJ (, ) C ° S 

and making tlie above substitutions tlio potential function is found to 
be given by 

XilrfJi = 2 log)- - 1 (~i)« — 

» l u = 1 V -7 

(ii) Suppose that the density <r = p p sin 70 . 

Then us before 

7 T 7 T 

Y _ /"“ f w ill q4> <l<t> 5 f .sin7<^f!oR»(</> 6)il^> 

(*+*) J{l+< co S 0)'+* ” M _pi(M+ji+‘4j (l+«-’us<^) ,,+i,+ * ' 

IT 

l sill 70 f /0 , 

w J(r+,W""* 

and replacing the product in the numerator of the other integral hy 
the sum of two sines we have 


n + ;« + a " + *» + 2 . . 

= ~ s . ( 1 y mn »o. 

7T l /,+ * 5Jm (m+jj+ 2) \ r ' 

Tlie logarithmic term is absent. The line 0=0, 0=tt is a line of 
zero potential, as is obvious. Also at a great dislanco from the origin 

where ^ a , - 3 etc, can be neglected tho potential is approximately 


given by 


Tr t rZ^+* r \ P+ * | #+ * 1 sill 5 

T = - 25+37 L A - - J V 


3 5+3) L * J r 1 

hence tlie corresponding equipolential lines are arcs of circles touching 
the major axis at the focus. 


We can determine all tlie cases in which the hypergeonietric 
functions appearing as co-efficients in the trigonometrical Beries are 
expressible in finite forms. Two cases we have already studied where 
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they reduce into binomials ; let us enquire if in any other cases such 
reduction is possible. The function K (a, ft, y, «*) will be a binomial 
expansion if either y=a or y=/?. # Taking the most general case (i) 
§4 we seek to satisfy either of these conditions in both the functions 

A and Ajj** +a by giving suitable valued to p and 7, 


a;+; +s = rxK(»+i+ «+*«+* +/'+?,„+, /+ i 

hence for the requited condition we should have 
?f-f 7 + 1= either a + l+^J^ 


or 


»+ ?+*+». 


i.e., 

or 

and 


P=1 ^ 

p+1 =7 ) 


A . + r+, _ c . x F(« + l + »+?- +*„ '!, »-q + l ; «') 

" " £i iL & 


" v 

1=3 o) 


which in a similar manner gives 

p = 3 * 

p+i=3 ? : 

So we are to find p and 7 such that any of the four following sets 
of equations should be consistent 

p=7 ^ p—n ) |H-1=7 } p+l=q ) 

j>=3q j p+l=3qj p=^7 j p+l=3q^ 

7 being zero or an integer. 

From these four equations wc get only two possible solutions 
namely 


=°) p=- v 

=0 ) <l=o 


p= 

7 


•The other complicated forms, eg F ^ 1 + J- ! ■»* ) art ‘ nt 

■ecu to be inapplicable here. 
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answering to the case of homogeneity and to that of the density 
varying as the inverse focal distance. These are the only two cases 
in which the potential function for an infinite elliptic cylinder for the 
outside space is expressible in a trigonometrical series with binomial 
co-efficients. 

( 5 . 

In § 3 we have obtained a trigonometrical series for the potential 
function V for the outside space by integrating log r throughout the 
entire area of the section. But in course* of our analysis in order to 
make the expansion of the logarithm! of t lie distance PA possible we 
had to introduce a certain limitation, namely that r should always be 
greater than p, this immediately marks out a circular area with centre 
»S and radius equal to the maximum radius vector within which the 
point A must not lie. It will now he shown that the series V has a 
much water area of convergence which extends even into the limiting 
circle and consequently from eonsiderat ions of continuity it represents 
the potential function everywhere inside that extended area. 

It is well-known that the series 2( — l;" « r cosh 0 is convergent 
if a H — steadily. Considering the present series as a series of the 
same type we have 

„ _ 2 (g» + l ) ! (r y 

*“«. n ! C»+2 j ! \2rJ 

_ 2 1. 3. 5....(2« + l). 2\ n ! /c\* 

m(ii + 2 ) n ! (w + 1) ! \2r/ 

_ - hi' b -n. ^» + i) /*y 

u(h + 2) 2.4.8.... (2a + 2/ \r) 

and this would he a decreasing monotonous sequence tending towards 
the limit zero if we take 

r^2r 

>SS\ 

where S' is the second focus. We can also show by applying the usual 
ratio-test that the series is absolutely convergent under the same 
conditions. This shows that in addition to the outside region the 
series is also convergent inside the area lying between the previous 
limiting circle (drawn for the purpose of integration) and a concen- 
tric circle whose radius is SS\ Consequently the present form of the 
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potential function is valid at all points inside these two circles (and 
outside the elliptic area as we are dealing only with the external 
potential). 

It would seem that we are incapable of accepting the potential 
function in the present form of the infinite series inside the circle of 
radius SS\ But in fact the region in which this trigonometrical series 
fails is much more limited. If we take S' as our origin and proceed 
to find the potential by the present method we get the same series 
which in a similar manner may be shown to be applicable everywhere 
outside a circle of radius SS'. In general these two circles hounding 
the regions of convergence overlap outside the elliptic area and it is 
only inside the t wo small areas common to the two circles and symme- 
trical about the minor axis that the present trigonometrical series 
fails. Excepting this common portion the present form of V would 
hold good everywhere only we should take care to choose the origin 
properly — measuring r from S or S' according as the point lies inside 
t lie circle of centre S' or S. 

It is curious to note that the convergence of the series depends 
on the eccentricity of the ellipse. The two limiting circles would have 
their common portion entirely within the elliptic area if 

SS' <! SB. where B is an extremity of the minor axis ; 
i.e., 2ar a 

i- 

This shows that when the eccentricity of the ellipse is not greater 
than £ the function V gives the potential everywhere outside the 
elliptic area, with judicious choice of origin. This includes the impor- 
tant caso when the elliptieitv is small and the ellipse is obtained from 
a circle by a slight deformation, 

For the area within the two circular strips in which the trigono- 
metrical series fails it is not possible to get by the present method a 
simple value for the potential function V. Starting from the begin- 
ning, we* have to divide the elliptic area into two areas by a circle 
passing through the point where the potential is sought such that 
every part of the one area is nearer to the origin than the point while 
every part of the second area is further from it. We can use two 
logarithmic expansions in the two areas and find out the potential of 
the two areas separately. The method of procedure is the same as 
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in § 9. We get the potential both in direct and inverse powers of r. 
But ah tlie expression is not. a simple one we do not propose to give 
it here. 


7. 

A similar investigation is possible in the case of the variable density. 
When the heterogeneity is of the nature we have assumed in § 4 we 
can show that at least outside the same two strips of areas between 
the two limiting circles the series V in § 4 is convergent. It should 
be noticed that- a transfer of origin to the other focus in the case of 
heterogeneity would entail a change in the law of density. But if we 
take the density to be a rational, algebraic, integral function of the 
co-ordinates of a point a transfer of origin would involve a change of 
density of such a nature that the new distribution would still be 
represented by terms of the form p'rose/^ and p p n\nq4> t So these 
two cases are sufficient for our purpose. 

As before applying Dirichlet’s test to V in § 4 we get tlie condition 
of convergence by making the co-efficient- of cos n0 steadily tend to 
zero. This leads to such a condition as the following 

Jjt (2/i-f p + 7 + 1) ! 

n — >oo (w+p+ 2 )T(» + 7 ; ! 2 " + *' 


k(«+i+ £±v,»+} +?'£'/, H+y+ i, *») ( ly 

If p<£q every term of F is less than tlie corresponding term in the 

- - ^ - - t that 

expansion of 


Let p>q ; the liypergeometrio sories is of the form 

v («, a+i, y ; e*)=l + + ... 

l.y 1 . 2 . y(y+l) 


Since a>y (7 being positive") 
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SO 


f < 1 + ?+*. (-%•) + (%» y+ 

< - — * — — 

) ,+ ’ 


when the series is eon Vermont. 


Here hit - a =1 ; we can show ns in § 6 that V should converge at least 

7 

(whatever p and q may he) if 


Lt 



where C is ultimately of the order 



if 


r > 


2 1c 

1 -r* 


/.r. 


> 2c. 


Hence, at least outside the same restricted region as in § H, V 
represents tin* potential function for the whole external space. 


8 . 

In § 3 let us suppose that e is equal to zero. An ellipse of zero 
eccentricity is a circle and the semi-latus rectum is the radius. 
Making this substitution wo have the logarithmic potential of a 
circular area 


V = na * log r= (area of the circle) x (log of the distance from 
the centre) and the potential of an infinite circular cylinder is 
twice this quantity neglecting an infinite constant. Similarly from 
§ 4 when the density varies as the inverse focal distance we have 


V= ( 011*011 mference of the circle) x (log of the distance from the 
centre) and the potentials of heterogeneous circular cylinders can 
in the same way be deduced from the other formulae in § 4. Of 
course all these results admit of easy verification by dii*ect integra- 
tion. **>4* 



NIKHILttANJAN 8KN 


2* 


We Bhall deduce another simple result from the series for the 
potential function in § 3. Let us calculate the attraction of the 
elliptic cylinder at a point on the major— axis produced of the 
section. On the major axis 


91 =0 

90 


and the attraction is 2 ( P ^ ^ 

V dr ) 0 =o 

Differentiating the series of §3 we have 

( 8V \ = 1 + ~ (2a + l)! 1 c; 

\ Qy ) ^ r ?/== i » ! f'n+2) ! 2*” 1 /-"+ 1 


(l-c s ) - 

7r/* 



2(2w + l) ! 

;/ ! ( n + 2 ) ! 



r 



1.3 , 1.3.5 r* 

3 ! ?"' 1 4 ! r 1 * 



= 41 >■ ' [(*+' ) - \ /i+2 '] 
= 4,r JT [('’ + ') + 

= 4 * ■$ [f- ^ T - v ’ ] 


where £ is the distance of the point from the centre of the ellipse. 
This is the total attraction of an infinite elliptic cylinder at an 
external point on the major axis of its section, a very well-known 
result. 

It is also interesting to note that when the cylinder is hetero- 
geneous, the density at any point of the section varying as the 
inverse focal distance, the attraction at any point on the major 
axis is similarly expressible in a very simple form, Using the corres- 

av 

9* 


ponding formula of § 4 we have as before 


=0 on the major axis ; 
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and 


rrl 



oo 

+ s 
> 1=1 


(- 1 ) 


* (^0- 
M ! (M + 1) ! 


1 

•>* - 1 ...H + l 

hi 9 


/ |\. 1A5...(2»— 1) 

/• <• „ =1 v ' 2A«:..(2 h + 2) 


jt*f 1 




Hence the total attraciion =2 ( ®\ ^ 

\ Or f 0=z0 

= •'! [('+*)*-'] 

-**[ 4S- 1 ] 

where £ is the distance of the point from the centre of the ellipse. 


9. 

We have so far considered the case of the complete elliptic area. 
The method of analysis followed here is. however, applicable to the 
case of an area hounded hy two elliptic arcs. As any two arbitrary 
arcs would make the results cumbrous we choose here for illustration 
a very simple case when the result appears in a rathar symmetrical 
form. Let us suppose that the two elliptic arcs have the same focus and 
their major axes lie along the same line. Let IS be the common focus 
and let the two arcs whose equations arc 

= l 

P 1+r cos 


and 


V_ 

P 1-fc' COS 


intersect at C and D and let CS make an angle /3 with the line from 
which 4> is measured. F is any point inside the area and A another 
point (r,6) outside at a sufficient distance from the focus. The area 



u 
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is divided into two elliptic sectors by the radii vectores SC and Si) 
and the potential of the whole area is the sum of the potentials V\ and 
V, due to the two sectors. We shall suppose the area to he of unit 
density. Then 


-ft 

-p ° 


i 

1+e cos tf> 

log AP pdptify 

1 


fP i! 1 -f- C COS 

~ J j [log,— pdpfy 

r being supposed to be greater than SC and the point A lying outside 
the limiting circle described with centre S and radius SC. Hence 


v, 


,P 

_ m , / * 

2 J (1+c co 


oo , 

lo if r — > — • — 

cos 40* W= 1 a(w + 2 jr 


or. 


-P 

>=i-(Mi”«'- s Jj 1 ^ (I)'— 
p 


I cos n (<£— 0) <t<l> 
J (1 + c cos ~4>) *'+■ 

-ft 


where i n (ft,e) 


i 


cos H4> 
(l 4-c cos 


d<f> 

(1 + e cos tf>) 2 


<i 1 . (p,')=\ 

0 

= t«u-> f tan J a/JE 6 ]- _i_ . . 

( 1 — t »*)a L A ' 1— «■ 1-f-e cos ft 

We shall put I* ( ft , c) in the form of a series. Putting 


00 


(1+c cos ^)-«+»= g A,, c ox md> 

m= 0 


where A* + * — f 1\" C w +w+l) ! «" v /H+m+2 n+m+8 ,, .\ 

^hereA. 1) 2 ~ - , g — 


(e<l) § 2. 
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Since 


c p 

I cos m <t> cos n<f> </</>= if — (^ + I‘) fi + sin O/i-n)^] 
J L w + m m— n J 


= * S 

2 n 


i AM = cos m $ d<f> 


(1+e cos ^)" + * 


00 ■+* 

= 5- 5 A S„ . ; 

III =0 


we have 


rj OO OO . * ^ * 

Jr‘ =». ca ") * * 5 ( 1 y cos 

' »=1 »,=0 »(«+ 2 ) V */ 


►Similarly 




ft = I'. (*-£'>') b*r- 5 S(-l) “'-V-rin' (-'V «»«*. 

1 u=lm=o «(«+2) V < ) 

The potential of the complete area 


V = v,+v,. 

It- should he observed that the quantities /,/',/?, c, e' are not all 
independent : in fact, ft is determined by tlie equation 

/ __ /' 

1 + e cos ft 1 c' cos ft * 

When the point A lies within the limiting circle an analysis 
on the same lines is possible if we divide the elliptic area into 
two parts (by a circle with S as centre and SA as radius) in whic|i 
two separate logarithmic expansions would apply. In the most 
general case of two arbitrary elliptic arcs, the area may be 
looked upon as the sum of two elliptic segments each of which is 
the difference of an elliptic sector and a triangle. In the preced- 
ing analysis we have virtually given the potential of an elliptic 
sector and the potential of a triangle is known. But as the result 
in all these cases are not simple or symmetrical it is unnecessary to deal 
with them here. 

4 
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Jifi 


10 . 

In this connection we may also study the potential of the 
complete cylinder wlien the density is an exponential function of 
the vectorial angle <£. As will he shown below this may be consi- 
dered as a generalisation of the preceding eases. The method of 
analysis followed would he exactly similar. 


Suppose (r= 


v 7 


Then 


IT l 

H I 4- < COS $ r 00 1 i n \ " ~1 

k<t> <■— ^ M ( - r j Vtm a J 

— 7T 0 


__/* f e 1 ^ d<f> ^ Z -+ * | cos 

" 2 J (He cos </>)* g ' , /i ^ 1 n(n + 2)l'' J (1 + c cos *)•+* 


Now 


1 


cos n(<t>— 0) 
(1 + e cos 



£ cc >s ( n + m <f> — u 6) 


4- cos (w — M0--w0)J 


Arid 


1 


u 


cos (n+7a^— nd) d<f> 


. - (- 1 )*+" 2 . 


k cos «^-(w+w) sin nd 
"fcH(n+m)« 


sinh kir, 
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and 

TT 

^ cos (w — m //<£ 

— IT 


__ ■-* 2 ^ cos M 0— (»— mi) sin wfl ^ ^ ^ 

A‘ a + (w— in)* 


Hence 


„ 2 = 5 (-1/ 

** m=n 


% A* oo oo 

**+»»* lo ^- ^ 2 (-1)* + ” 

u = l »n=o 


* + 1 

[k ros ii&— (n + m) sin >»0 , kvmuQ— (w — in) sin >/0~i A m / J \ 

L A:' +{n+m) % k* + (n—m)* J X h(w+2)\ ,• J* 

If we put. A=o tlie cylinder becomes homogeneous and the present 
series in this limiting case degenerates into the series of § 3. Moreover 
the case of the density pM'p can be easily worked out: in a similar 
manner and putting /A(i= n 7 - l j for k we can deduce the formulae of § 4. 
Tlius this form appears to embody in itself all the preceding different 
cases. 

% best thanks are due to J)r, (janes Prasad for his kind help and 
encouragement and to my friend Mr. Satyendra Nath Bose for his 
encouragement and useful criticism. 



Notes on Inversion. 


BY 

Taraknath Biiattacharyya. 

1 

1. Introductory remark*, — The inverse of a circle with respect 

to any origin O is a circle ; but if the circle of inversion 

intersects the circle orthogonally, it becomes its own inverse, the 
points being redistributed. Thus to find the inverse of any point 
P, we describe a circle through P cutting the circle of inversion 
orthogonally, and lind the point where OP intersects this circle. 
Thus, “All circles that pass through a lixed point and cut a given 
circle orthogonally must pass through a second fixed point.’’ 

If a quadrangle be inscribed in a conic, its diagonal triangle 
is self-polar with respect to the conic. If however the diagonal 
triangle be given, an infinite number of such quadrangles can be 
drawn. Hence “If an infinity of triangles be inscribed in a conic 

so that their sides may pass through three fixed points, these 

fixed points will form a triangle self-polar with respect to the 
conic.” When the conic is a circle, its centre is at the orthocentre 
of the triangle formed by the fixed points. 

2. Theorem . — The inverse of a point P with respect to 

two given orthogonal circles in succession is a fixed point (I 
which is independent of the order in which the circles are taken . 

Thus, let (0) and (O') be two circles cutting one another 
orthogonally and P any point in the plane. Describe a circle (C) 
through P cutting the given circles orthogonally. Join OP cutting 
; (C) in P', and let O'P' cut it again in Q, which is thus the inverse 
of P with respect to the given circles. Now PP'Q is a triangle 
inscribed in a circle and two of its sides pass through 0 and 
O'. Therefore, by § 1, PCI will pass through a third fixed poiut K, 
the orthocentre of the triangle COO'. Thus O must be necessarily 
determinate. Similar remarks apply for the triangle PQQ'. Hence 
the inverse of a point with respect to two orthogonal circles in 
succession, taken twice over, is the point itself. 
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3. We may go a step further. We can iuvert with respect 
to four mutually orthogonal circles and the result will be the same. 
But if four circles cut one another orthogonally, the centre of 
any one of them is (the radical centre and hence) the orthocentre 
of the triangle formed by the centres of the other three circles. One 
of these circles, therefore, must be imaginary. Thus a glance at the 
adjoining iigure is suHicient. to reveal the theorem : “The inverse 
of a point P with respect to the four mutually orthogonal circles 
O, O', C, K in succession is the original point itself : ” The theorem, as 
proved in this wav, is seen to be true only when the |>oint P lies on 
one of the four circles. To prove it in all generality we need only 
recall that. (I is determinate so long as C and K are lixed and that 
we can replace any pair of orthogonal circles, such as () and O', by 
another orthogonal pair belonging to the same cnaxal system, without 
affecting the final point U. 3.4 >411. 

II 

I. A conic may be regarded as the envelope of a variable 
tangent. Thus the inverse of a conic with respect to the origin O 
(which may be easily proved to be a nodal bieircular ipiartic, the 
common points of the variable circles being nodes on the curve) is 
the envelope of a variable circle passing through O. The locus of 
the centres of these circles is clearly a conic which is called the Focal 
Conic of the quartie. 

Theorem . — If a system of co-axal circles intersect in two 
real points O and O', and if through one of these O, two straight 

lines are drawn to cut the system at. P, P', P", , Q, Q', Cl", 

the envelope of the straight lines PCI, P'CI', P"Q", will be a 

parabola of which the other point O' will be the focus. 

For, since O' is a point on every circle, the pedal line L of O' 

with respect to the triangles OPQ, OP'Q', will evidently be 

the same. Therefore, PCI, P'CI', P"ti", will all envelope the 

first negative pedal of L with respect to O', which is a parabola having 
O' for the focus aud L the tangent at the vertex. Clearly, the para- 
bola also touches each of the given straight lines. 

8. Now invert the whole ttgure with respect to O'. Then we 
have the theorem : “ If two circles cut in two real points O and O', 
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and if through one of these O an infinity of straight lines POQ, 

P'OQ', P"OQ", foe drawn, then the eiroumcireles of the 

triangles O'PQ, O'P'Q', 0'P"C1", envelop a eanlioide touching 

the given circles. 

Since when a straight line inverts into a circle, the image of the 
origin in that straight lino inverts into the centre of that circle, we see 
that the centres of the circumscribing circles lie on another circle 
passing through the origin O'. This is, therefore, the Focal Circle of 
t re eanlioide. If the given circles arc orthogonal, the focal circle 
will also pass through O. 

Hence fhe <lirecln.r of the /mrnho/n iurertx info the focal circle 
of the ranlioiflc. 

The above theorem may he stated in vari ms ways ; thus,- — 

“ If the three angles of a triangle are given while the vertex is 
fixed and the base passes through a fixe l point, the circumscribing 
circle of the triangle envelop? a eanlioide, and its centre describes a 
circle passing through the vertex and through the fixed point if the 
vertical angle he a right angle. 

1. Next let us invert the theorem of $ :l with respect to 0. 
Let us, moreover, suppose the given lines through O to he at right 
angles. We thus find the following theorem. “If a system of 
straight lines he drawn through a point. O' to cut a given pair of 

perpendicular lines through O, at the points PQ, P'U', , then 

the envelope of the circiimei roles OPQ, OP'Q', will he a hicircular 

quart ic having a cusp at O,”* 

Further, it is seen that since O was on the directrix of the 
parabola, the focal conic of the quartio will he a rectangular hyper- 
bola whose asymptotes are parallel to the given lines. Hence also, 
the elementary theorem: “The locus of the middle points of the 
segments intercepted between two given perpendicular straight lines 
of any number of straight lines drawn through a given point is 
a rectangular hyperbola passing through that point, of which the 
asymptotes are parallel to the given straight lines 


* The quartie will touch the given lines nt their points of intersection with 
Vtr*ight lines through O' parallel to them. 
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III 

1. The correspondence between successive inversions and 
rotations is established in the classical memoirs of (among others) 
Klein, Cayley and Poincare. We shall here only make a few remarks 
on the Cross Ratio Group of Projective Geometry, — 



:i. It is well-known that the lion-homogeneous substitutions of 
the Dihedral Group are — 

%ikir 'likir 

n n 

:’=p : r — p 

which are derivable from Cayley's formula [see, c.y, Forsyth Theory 
of Functions, ch. xxii, Art. 800], 

The cross ratio group in question is nothing other than the 
Dihedral group for // = 3. 

Iji'MHht . — The direction of the axis being the same, if the 
origin be transferred to a point O' //, h) and if all the points of 
the points of the cr— plane are centrally projected from (0, 0, l) to 
the new plane of to Hnd the relation between the corresponding 
values of z\ 

It. can be seen without difliculty that the relation in question is 
/=(1 ( /’+'//)■ 

This transformation will be real if y = 0, when we have 
*'=( 1 —//)*—/ ... («) 

4. Now take the case of the Dihedron in which »=8. 

The polygon here will therefore be an equilateral triangle. Take 
its plane to be the plane of >?=0. Let. the summits be called 
A, B, C, — where C, the point (0, 0, 1) is also the vertex of 
projection. 

We are now to choose the new origin O'. Since the cross ratio 
group permutes the numbers 0, 1, oo among themselves, it is clear 
that the transformation must be made in which the three summits 
correspond to the numbers 0, 1, o* on the axis of real numbers. 
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Hence, for instance, as the point A is to project to zero, the point O' 
must be in CA. Thus the origin must lie in the plane of iy=0. 
And since the point B is to become by projection the point 1, the 
length O' B' (B' being I he point where CB cuts the new .r— axis) 
must equal unity. Hence without difficulty, the coordinates of O' 

are seen to be(— J,0, 1 — ^ Here since ./‘=0, the transfor- 

mation is necessarily real and equation («) of Lemma gives 


A:+l 2s' -1 

— - , or ; = — - 

2 a/3 


The rotations belonging to the dihedral group are: — 

(«) the rotation about a line through O, the centre of the 
sphere, perpendicular to the plane of the paper, (ft) through 120°, 
(h) through 210°, (r) through 3150°,— this last giving the iden- 
tical substitution ; 

(//) the rotation through l S0° about each of the secondary 
axes through A,B and (\ 

I'ning Cayley’s formula and then making the transformation 
here indicated, the corresponding substitutions arc seen to be in 
the following order. 




/ — ' , , and :' = 1 — r. 

Thus we have obtained all the substitutions of this group, and 
the six enharmonic ratios of four |>oints in a straight line thus 
have a correspondence with the rotations of a sphere, or with 
their equivalents, the successive inversions in circles. Interpreta- 
tions of the harmonic and equian harmonic groups are now easy 
and at the same time interesting. 



On the use of Ritz’s method for finding the 
vibration-frequencies of heterogeneous 
strings and membranes. 

BY 

N. K. M A. F HMD A II. 

CONTEXTS : 

§ 1-2. Introduction. 

§ 3. Rita’s method briefly explained. 

§ 4. Problem of heterogeneous strings defined. 

§ 5-6. Cask 1 : p=l-hr/«T*. First and second approximations. 

§ 7. Cask 11 : p= 1 -h ^ cos 2.»\ First approximation. 

§ 8. Hetrroyr / 1 eons square membrane. 

§ 9. Cask 1 : p=l. Homogeneous membrane. First approxima- 

matiou. 

§ 10. ( 'ask 11 : p = 1 + 7-'’ u H 4 ■ Heterogeneous membrane- First- 

approximation. 

Introduction. 

1. The object of the paper is to show how reliable results about the 
vibration-frequencies of heterogeneous strings and membranes can be 
obtained by the use of a method, the germs of whudi are found in Lord 
Rayleigh’s writings, and which was first clearly expounded by Rita.* 

2. It is believed that rio previous writer has applied this methop 
to determine the vibration-frequencies of heterogeneous strings and 
membranes, although the method has found applications to numerous 
other problems by many investigators, including Ritz himself, who 
considered the vibration of plates, t Piof. A. E. H. Love, who studied 
the theory of tides, J Prof. Kalahne and Dr. Reinstein. 

* Crelle'* Journal , Vol. CXXXV. 

f Annnlen der Physile , Vol. XXVIII, 1909. 

J Fifth International Congress of Mathematicians, Vol- 11, 1912. 



llilz's method . 


51 . If it is required to render the integral 


,»■ , 




an extremum under the isoperi metric condition 


I e 



//, y\ y\'„y( ,T ) )d‘ = constant. 


the problem is equivalent to that, of rendering d-fAI an extremum 
without any isoperimetrie condition. 

It is well known that y must satisfy, as a necessary condition, some 
differential equation D=0. although every solution of D=0 may not 
render J+XI an extremum. 

Conversely, if a solution of I)=0 is required, which satisfies certain 
boundary conditions, and if we can obtain the corresponding isoperi- 
metrical problem of the calculus of variations, the required solution of 
the differential equation may be taken any *// ? which renders J+XI an 
extremum. 

Ritz's method consists in obtaining successive approximations to the 
value of y by the following process : — 

Substitute for y in the integral J+XI = J' say, Y n =y n +a l yj + ... 

•fa* y*, where y n , y,, y s ,...y„ are known functions, are 

constants to bo determined from the condition of rendering J+XT an 
txtremum, and Y n satisfies the proscribed boundary conditions. 

By this substition J' becomes a known function .1 R (a t , a t ,...a n ) of 
the a’s, independent of ,e. The a’s are determined so that J„ may be an 
extremum, i,e n from the n equations 
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In tlie bouiidary value problems of mathematical physics, we have 
to deal mostly with liuear differential equations. J, is thus a function 
of the second degree in the a's, and the equations (A) are therefore linear 
in the a's. There exists thus one and only one solution of the system 
(A), and we get the following successive approximations to the 
value of Y — 

Yi=y»+' l i //i- 

Y, =//„+</, .'/, + «» .'/«• 

etc., etc. 


Heterogeneous Strings. 


•J.. If p= density, the equation of motion is: 


t l-ir _ i/*tn 
p lit * ~ ii i * 


on putting w=cosA/.y, tliis reduces to I he ordinary differential 
equation 


it*y 

<U* 




the boundary conditions being, say, y(±lj= () - 

Any y will satisfy this differential equation, if it renders the 
integral 


+ 1 



an extremum, and at tlie same time 

+ 1 



-1 



ON Til K USE OK JUTZ*S METllOD 


A 1 


/.<?., if it. renders 


A = I 


+ 1 

j (a'*-k m pv*)<ir 

-1 


an extremum without any isoperiiuetric condition. 

4 . Cask I : p=l+»y *. /'VY*? Approximation. 

Put tin* // in . 1 , y x h ((1- -.r*) (n„ -f n ,«* ), (wliicli satisfies the 
necessary boundary conditions). 


+ 1 

riiMi .1,=^ (i+ 7 ' ,J )//'•' K* 

J l 


+ i 

=jl [ : a n- a ) 


-c (i+ 7 ..») d--n* (.»„+«, •«)’ 

0 .1 0 »l 

Tlio system |of e«| nations, “0, 1 —0, on the elimination of tr 0 

9 *i (i 9'* t 

and n j , leads to the following equation for flic determination of /»■* — 

“ [ 1 + ll' /+ :« 7 ’] [*+£*] +K,=0 ' 

which agrees with Ilitz's equat ion, 

A*- 28 A»+ 63 = 0 , 

for the case 7=0. 

If q is considered It) be very small, neglecting q l in the solution 
of tlie above equation, the first approximation to the fundamental- tono 
is given by the least root : 

2V=4-93 (I- 7 X *134). 
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According to Lin'd Rayleigh ’a formula* 

2fc,* = £.(l-,0), 

where 

2 

0=j (...— 1)* H»«* 

0 

5. Cask I : p= 1 +7' a * Second approximation. 

In the definite integral, put 

Y=(l— . 1 .*) (ftn + a, .i *+(/„ 
when we get 

+ 1 

J.S ftfa.+ff, (2«*-l )+„, (S,«-2r')} (t-») 

-1 

The elimination of (f a , n t9 n 2 from the system 

®i-*= 0 . (y = 0 . 1 . 2 ) 

Oa r 

leads to the following equation for the determination of X=2 &*, neglect- 
ing q * and higher powers, wjr. f 

38610— X (8910+ 1422?) +X» (225 + 114$)-X* (l+</)=0, 

whence for the fundamental note we have 

2fe l *=X l =4 , 9348 (1— *1306^) approx. 

7* Cask II : p=l + 7 cos 2a?. First approximation. 

Substituting in J 

Y = (l-,t;*) (a 0 +a, »*). 

# Lord Rayleigh, Theory of Sound, Vol. I, p. 118. 
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we get 

+ 1 

•Jt=l [K+«, (2o'-l)l« (4**j 

-i 

— A* (1 + 7 cos 2-) (1— a?*)* (rto+rt, 7?*)*]fZr. 

If q cos 2=8 p, the elimination of a 0 and from ~L l =0 and 

O« 0 9a l 

leads to the following equation for 2 A 8 : 

£ 16-210,, (:i549+ : - 2 i 7 o] 

-A* J^448-3l5p (5997+ 5 ^- 1 ol +1008=0 

neglecting p 9 and higher powers, us q and lienee p is supposed to he 
very small; also /=tan 2= — 2) nearly. This equation again tallies 
with Ritz’s equation 

fc + -28A 8 -f<W=U 

for the case 7 = 0 . 

The fundamental note, as a tirst approximation, is given by the least 
root 


2A- l *=4-9:l ( 1 — -65€ > 7 ). 
According to Lord Rayleigh, 


where 




jt« sin 2 

2(V*4) 


= • 75 nearly. 


Heterogeneous square membrane . 

8. The equation of motion is 


d 9 w __ 9 9 w , 9 

^ t It* Qx 9 Sy* * 
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putting 
we get 


?r=V. com 2kt, 


a *v ary 
a 2 a.//* 


+4*VV=0, 


where V satisfies some prescribed boundary conditions, say, 

(V), - +1 =n. (V)v- ±i -o. 

Here we must render 

'■f f{(n'+(!n>* 

-1 -1 

an extremum, under the isoprrimetrir condition 

+ 1 +1 


1 = 


i f 


,,V * i/.ci/ty = ('(instil lit. 


-1 -l 

which is equivalent to roncleiinir 

+ 1 +1 

j = .r-ei ~ 


j j [(•-'') +(.!>) 


— l -1 


an extremum without, any isoperinieiric condition. 

Bv Ritz’s method Vt.«, //) is to be found as successive approximations 
to 

v w , . = (!-■■■> (HMfl ■**+«..,, .v*) 

+ i •' V ?/“ +«.», a ?/*) + •••]• 

Jt. (Jask I /> = 1. ffoiiHHjfnf'nHs squait 11 membrane. First 

approximation. 

As a first approximation, we substitute for V r in .1 

V\, ! ± (1 — * a ) (1 — y*) (rt + tr*+ey*J. 

The elimination of a, />, r from 
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leads to the following equation 

(* a -7) (32** -264**+ 277) =0, 
the mots of which are 

V =1-234. 
fc a 9 = 7. 

A-. t *=7-01, nearly. 

10. ('ask II : p=l -fr/.i' 9 }/* ( Hcterfujfinofms). First approximation. 

Substituting V ,,, in .1 as before , and eliminating //,/>, r IVom the 
equations 

0'^lM __ 0*1 m 9 *1 | vj n 

d<> 0/i ~ 6t ~ ’ 


we get file following equation for A 2 : 


[ 7_A ‘( 1+ :5x7 


xll 



105S x It* _ It* x 680 2 } 

11 x ( 21 )* ^ (' 21 ) » xll q ) 


A * ’2(51— 
( 



= 0 . 


Considering 7 to he small, and neglecting 7 * and higher powers, 
the roots are 

1^=1* 234(1-7 x *008), 

A/ =7(1-7 x *004), 

A*, * =7*01(1 4-7 x H)- 

Before 1 conclude I must express my deep sense of gratitude and 
indebtedness to Dr. Ganesh Prasad who kindly suggested to me the 
problem and helped me with other directions. 



On the steady motion of a viscous fluid due 
to the rotation of two rigid bodies 
about arbitrary axes 


BY 

HlJOX I) ITT. 

The present paper is the lirst instillment of the results of my 
investigation on the mutual influence between any two given bodies 
capable of rotating about tiny two given axes in a viscous fluid medium. 
The simplest case of this problem, /•/-., that in which the given bodies 
are spheres capable of rotating about the line through their centres, 
lists been recently studied by Mr. (S. 11. Jeffery.* 

In the present paper, I have given the complete solution for two 
more cases. /■/;., the ease of two spheroids rotating about a common 
axis and two cylinders rotating about two parallel axes. Other cases 
are also being studied by me and these will he given in a subsequent 
paper. 

I wish to express my obligation to Or. S. K. Rimer ji at whose 
suggestion I took up and under whose guidance I carried on the 
investigation. 


Case I. Two Spheroid* rotating about a Common Axis. 

Suppose that a point P has the polar coordinates (r.0) and ) 
referred to two points O and O', 0 and B' being measured in opposite 
senses from the line 00 # , and lot OO'sr. 


* 11 On the steady motion of a solid of revolution in a vi scons fluid.” ( ProcwdiHj/* 
uf the London Mathematical Porirty, February, 1915). 



ON Til K STKADY MOTION OF A Yist'OUS FIX II) 


Tlieii the following tnuisforiimtiou theorems ere well-known: — 


<t). 


1 J ',“ 


r n u+ m) ! p 

(it — m) r <•-+-+« l 2/^r - 


, (h + #m + 1)!i- 

~(2i,i, + \)\ c 


+ 


.{ H + nt +s) I / 
{'2m+s) ! \ 


(II). 



. [(l l .±" L V: iv * 

( u — »/>) ! ^'* + ' < * + 1 L 2m i 



(if f < r), 


, (w + m+1)! 

72m+1)! 


+ 


(» + «* + *) ■ / 
(2w» + «)! \ 





P' 


«•+ « 


+ 



(if < '■), 


IV* (cos 0) being an associated Legendre function ui‘ decree n and 
order m whose origin is () and I lie axis is ()()' and P'„ w (cos 0') a 
similar function whose origin is O' and the axis is O'O. 

The equations of the spheroids with centres at () and O' and with 
OO' as the common axis of revolution, can he written as 


#■==« |l + « I** (cos 0)1, ... (1) 

/=s6[l+* P' a (cos 0')], ... (2) 

where c and c' are two small quantities whose second and higher powers 
are supposed to he negligible. 

Let .» and «' denote the angular velocities of the spheroids. 

Air. Jeffery has shown* that if (p, :,<!>) are a set of cylindrical 
coordinates and if we have a solution of Laplace's equation of the form 

/ (p, -:) sin </», ... (3) 

then the solution of a slow, steady and symmetrical motion about the 
axis of z is given by 

*=/ (p» z)> ••• ••• W 

where v is the velocity at any point of the fluid:. 


Proceeding* of the London Mathematical 8vciety t February, 1015. 
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No tv it is well known that 

r“"“* P 1 . (cos 6) sin ^ ... ... (5) 

is a solution of Laplace's Kquation. 

We accordingly assume as the solution of our piesent problem 


[7^, p, -(^ *)+^n o] , 


(•’) 


A,, B, being arbitrary constants to he determined. 

This expression for c apparently vanishes at infinity, It remains 
to determine the constants so that the* following two conditions may 
also be satisfied 


/> =: sir sin 0, when r=</[l-fcP a ( cos 0 ) !. ... (7) 


e=toV sin O'. when /=/#[! (cos O') !. 


Putting »»= 1 in “Theorem J,” we get 


py _ a r Q'+ i). 1 » t . o>+2)! >•„ 
P 1141 (w-i)| C-+* L “ 2| 1 :i! r * 


+ ... 


( 8 ) 


4- 


(h+*+1)!/ 

(*+2)!' W 


p 


• + 1 



... (») 


Therefore 


n=l 


A, p 

Tn * r 


(cob 8 )+ S fit; 

A-=l *+l 


U, P* 1 (co»«), ... (10) 


where 


B» +t =(*+l) ?* 

C lj c % 


(fe +l)(t+2)(fc+3) B, 

c » 




... ( 11 ) 
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We note tile following well known properties of Legendre's 
co-efficients : — 

1V00=(W) J . ... ... ... (U) 

=( 2 k- 1) P„_,r, t )+(2«-5) I’.-JM 

+ (2m— 9) P._ 5 (,i)+ (13) 

the last term being ]*„(//.) or 31*, (n) according as n is odd or even 

(/*“— 1) </r V- =M/d\(/*)— ... (14) 

dn 

wP.O*) — (-**— 1) m1*--i(^) + ( w — 1) ••• (I 5 ) 

Hence 

P.OOP, *(/*) = ;! ^ 1 (W’) J [by (12) 

= i>*-i>+i)(W*) ! 

l * J (in 

= (i— p*) t {"/*•*-(/*.) — »p. -//*>} 

+ {(2*»— 1)P <. 1 W+(2»-5)l 1 ,.,W + ...| J 

[by (13), (14). 

Therefore using (15), we have 

p ,oop. i o*)=( wr [| ’St {p-+*w-p-.»w} 

+ {(2n— 1)P «_,(/*) + (2n— 5)P J ... (16) 

Now 


r=a[l4-«f*i(coe 0)] t 



tfi 


B1J0.V ijlITT 


Therefore neglecting the -second and higher powers of c. 

/•*=«* [l+*cP,(cos 0)\ ... ...(17) 

( ..V, = ,.\ , Ll-(»+ 1 )«!%(«* «)]• - ( 18 > 

Therefore on writing i* for cos 0, 

# *P* MVos 0)=n k \l + k€\\ i (jj.)]P A l (/i ) ; 


)’*P* l (ous 0)=u* ^ — (/w j + (l3w—o.)P* - 3 (^) + . 

+.a- { jj 

+ eik —:>)\\. ] ... 09) 

I 

P ^*' =„L {1— <»+l)«i , .(/*iM , .'(/*> 

=J +i (1 [{fir- l)l , .. l (#*)+(a«-»)l’.- i (fi) 

+...}-«(«+i) [ J { l ’*+, oo-p-.wi 

+ (2a-l)P,. 1 W + (2»-5)P,_,( / *) + ... J ]. ... (20) 

Also 

ait- sin ^=M?a[l+«P,(cos 0)](1— cos 9 0)' J 
tor sin 0==u>a(l— /x*)^[ l -f«P *(/«.)] 


• • • 


• t • 


(21) 
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Therefore the condit ion (7) is equivalent to 
.«*|l+*P 8 ^)]= S Mufc-1) P.. l f # .) + (*-6)P.. iW + ..., 

7i=l L 

-« (»+d [l (^t+(2.-i) p. .,oo+...»] 

w /«’ + 1 r- 

+«*{ :i ^J 1 1; iP. +1 (^-p«-,^>!+<^-i*i , < ]<w) 


I 0 q 1 lilting 1 lie m-oflirionts i»f P.f/i ) front hut li sides of this identity, 
wp o;et 


....r*=( A| + A -» + A ; 
\ a a' a •* 

+ ... 



/„MI „U*, + ’ 

M 

:t" ‘ 1{ 1 , K,i , ' 

4 + r- «S+- 

) (2.‘{ 


Kquatin" tin* m-ollieionts of !%(/*) similarly, wo get 



2A. , 72 A s , a* 27 o' 
■ f T +, 7 V» +# ? 2 —lie* R « 


... (24) 


Hence by subtraction. 


it \ A. /r * 0 v 72 A s a* \ * 27 a* R 4 , orx 

(•>—«)= (R+a«)-« ? +■>« (5 - c > R « +t f 4 c 'i T (25) 
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Neglecting terms of orders higher than Hint of ~ this becomes 

(5— €)=— (5+20 (26) 


ua* (5— «)= — - rr> + 2«) 

a 


A ,=«.«* 

' '5 + 2c/ 


... (27) 


... (28) 


( 'i m Net] lien) ly by symmetry. 

"■“■‘(lis) 

Tims to this miler of approximation 

■•=»■• (1%)^*" <*> 

For higher approximations we proceed as follows: — 

Equating the oo-oflioients of !*„(/*) from both sides of the identity 
(22). wo got for m> 0 and =£ 2 

0r=(2n+i ) (2«+i) a.„ 

i m +4 a , ^ 

+ fJ .Ts A - + » + ••■/ 

+<2 “ +1) [C )" + " r* + {“ )“ +i tr + -| 

♦"■+*> 2r -*- +"M)’ +ia -'- +- 

. A,„ 3Q.+1 ) (h+2)* A^, 

2(2»— 1) a- 1 . 2(2»+3) **+> 

. 3(«-l)* (a \ n „ 3(« + l)* (a \ n+2 p 

+ *2i>=T) (cj K * € pHh3)lr.) R * +t - (30) 



ON THE STEADY MOTION OF A VISCOUS FI U1D 49 

Similarly equating the co-efficients of* J\ +J( (/a), we get 

0=(2n + 5) (A-±s+ A^±- + ...)-« (2«+5) (?±Ja. + . 


+ «+ 6 a + 

+ ^r+» A »+* + 


■) 


+<2 " +5) [(“ )" +4 fei + (r)” +l ' fee + - \ 

+ .< 2 . +5 )[;«C)“ +, B „. + ^(*)” + V... +...J 

_ t 3„ + 2)>(«+l) A, +1 3(„+3)(«+.l)» A„ +J 

2(2// + 3) n-<* 2(2» + 7) «•+» 


+c »■ JL+il* ClV t “ K -< :J< " +3) ’ (" V <+1 R m> 
2(2./ + 3 )V ) " +i t 2(2»+7ivJ l * +t (X1> 

Multiplying; (30) by (2// +5) and (31) by (2// + 1) and subtracting 
c get 

0= ^;+> [(2// + 1) (2// + 5) - (//* +3// -1 1 (»/ + 2)«J 

( A, , >1m*i m — 1) (2u + 5) ^ A^ a 3i // + 3) ()i+*1«)*(2m+1) 

«* 1 2(2» — 1) * f** 1 * 2(2»+7 j 

+ ^ )" +1! |(2z» + l) (2/i + 5) +t(«* +3n— 1) (« + l)J 

/ „ v* 3(// — 1)*(2,/ + 5) / // v’< • 3(«+3)*(2/ l + l) 

+ M J 2(2//— 1 ) + V '• / *■" " 2(2»+7) ^ 

Neglecting tin* terms containing A M + ! , and we have 

0= £ (2// + 1) (2« + 5) — (« ’ + 3k — 1) (zz + 2)ej 

__ A „ _ , tfa* ( n — 1) ( 2n + 5 ) 
tt" -1 2(2w— 1) 

+ K’g (-" )' + ’ [(2//+1) (2m+5) + („»+3«-1)(„ + 1) ( J 

. J « V U 3(»— 1)*(2»+5) ..... 

+ \c j R * 2(2«— 1) - 1<U) 


7 
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Putting n — 2 for ti in this equation, we get 
0= £ (2 m — 3) (2»+l)— «(«*—»— 3) «] 

Ajj-s 3(«— 2 )* (» 3 ) (2n +l) 

«■“* 2n — 5 


+ £.“ f (2n— 3) (2n + l) + (n+1) («“-h-3).1 

f* » L J 


+ 


3(»— 3)»(2u+l) 
-* 2(2n— 5) 


(34) 


Substituting the value of A,., from (34) in (33) and neglecting 
€*, we have 


0= r (2»+l) (2«+5)— (w"+3« — 1) («+2)tJ 

+(“-)* + ‘ [ (2„ + l) <2« + 5) + („‘+3«-l) (»+!).] 


+(^)"H. « l («-l) (2»+5) 


(35) 


By symmetry 


0 = 


|^(2«+l)(2», + 5)-(«*+3n-l)(»+2y] 

+(£)* + ’ [(2n+l)(2« + 5)+( W ’+3n-l)(»+l)«'] 

+ ( «' l («— 1> (2»+5), ... ... (36) 


where 


S 1+1 = (H-1) " 


A, 


j_(&+l) (A'+2) 

l! 


A, 


(fc+l)(fc+2)(fc+3) A, . 

2 ] ?7 + 


( 37 ) 



ON THIS STEADY MOTION OK A VISCOUS FLUID 


51 


Therefore, for » > 0 arid =/=2, 

A a*'+* K.+, H f M * + 3, ( _lV2»+3)c 

' ■ +I <!*+* »+2 L (.2»«+lj(2»+5)-(»*+aw-l)(»t+2)t 


a’" +l o 3<»»— 1)(2»+5) ,. iU \ 

"«* * 2{(2H + l)(2»+5)-(.»»+S»-lK» + 2)e} ’ 


S.+, i-j o±+Ji i -}W»+*)± 

( .»+2 n +2 L (Mn + ijCSSw+^J — (•♦■-f'iiw— 1 )(m + 2)«' 


_^S- 3(n- l)(2n+5) m 

c* " 2{(2n+l)\2»i + 5)— (w* +3n--5)(H+2)c'} ' 

To determine A s and 13 s , we proceed as follo\vs : — 

On equating tlie co-eilicients oi P* (fi) from both sides of (22), 
we have 


o 

11 

so 


+ A ; 


•1 ~ 9f [ 

6 A ; +8 A; + ...1 

1 

L 

a’ 


J L 

a 7 J 

+9 

f" <1* 

L C fl 

R « + 
6 

fl M 

c 8 

1 

8 

] +9 ‘[s S K - + 


72 A, , 273 A 9 , 27 a* w 75 a* u 

■* T «" +c n -J + ‘r4,* H *- f 22^ R " 


(40) 


From (40) and (24), we get 

W«=9 h (5-8.)- c ^ +“* R* l (5-8.) +. I pt, 


, 225 a* u 1350 A* 

+< 22 c® K “ _t 11 ^ 


... (41) 


Neglecting the terms containing R„ R„ and A,, wo have 

9«m*«=9 ^ (5— 8.)— « R * "• ••• (* 2 ) 

ft" W> ■ 1 



s i 
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Now 


Aj ( t 5 — ? 

1 V 5 + & 

). K, 

*.•'*» / 5-,' \ 

“ c \5+2«') 

Therefore 




r* 

/ 5-,' \ * 

V 5+2c' / r»-8c 

Similary 



">■=“• (s4) - 

«»»&* 

/ 5- e \ / e' \ 

<V H 

\ 5+2< ,/ V 5— He' / 


m 


(it) 


On calculating A # and 
we find 

Ii, by 

means of formula ( .‘18) and (.‘19) 

l «=““ — ' l 

5-c' \ 
5+2*7 

1 1+ A 1 

- B r 

5 

1 

1! 

« 

?“* \ 
5+2. ; 

t + ’-*• 5 


Case II. Two Circular Cylinders rotating about 
Parallel Jtxes. 

We will suppose the fluid to be incompressible and the external 
forces to be derivable from a potential V. 


Then writing 


<=-v-t 


... ( 1 ) 


the equations of motion in two dimensions are 


0 n 

ei 


+u 


0«j L#i dn 

a.c + Dy 


- 0X 

” a- 




8» 

at 


+» 


a« . a» 
ai * a y 


=4 2L +*'V‘»-, 

ay 
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where v stands for the kinematic coefficient of viscosity. Patting 

a 

g - =0 for steady motion and neglecting the squares and products 
of velocity for slow motion, these equations reduce to 


V 





1 


V 


ax 

a- 


3 x 

0y 


On eliminating \ we get 


V a 


0'< 

a y 



The equation of continuity is 


djf. ® !' 

0 * dy 


=0 


(») 


4) 


(5) 


Consequently there exists a function ^ of .»• and y, such that 


0i 1/ 0 \f/ 

" = — ”1 , r= 

0y/ 0' 


Hence (4) becomes 


V + ^= 0. 

We take co-ordinates defined by 


(<o 


>7) 


.«+*Jf=c tan J (f+»v). 


( 8 ) 


Whence 


and 


r sin f 


cos f+cosh rj 1 ^ cos f +cosh q 


c sinli q 


... (9) 


t 1 +y*— 2ry coth =0 


• (10) 
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Equation (10) represents two families of circles whose centres lie on 
the axis of y at distances + c cotli 77 from the origin, and whose radii 
are equal to c cosech 77. These circles do not cut the axis of x. 

We can choose the axes of reference and the constant r, so that any 
two given non-intersecting circles are members of these families. 

We assume the rotating cylinders to be given by 



V =a t 


. (in 





• 02) 

We have 

V -. 1 ra /Be \ + p m 

v AB LdiVA 0f/ + di\B 

!,)]• • 

.. (18) 

where 

</**=A*</£*+B*<V. ... 

, . , , 

• • (U) 

From (9), 

we find 




J * , = (oW+co 8 1 .,)’ 

• 

(W) 

so that 

A=B= - , e , 
cos f-f cosh rj 

.. 

- (16) 

Hence (13) reduces to 




V’ (cos £+cosh 1 /)* + 

c V0C 

>;•) • 

.. (17) 


Writing 
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the equation (7) takes the form 


V i a [(cos £ +cosh yj)* V , *^]=0 ... 


To solve this equation we shall write 


and assume 


Then (19) becomes 


V/4>=0. 


V,*[(eos f+eosli 7 >”Vi"( 40 )]=O 


... (IS) 


... ( 19 ; 


... ( 20 ) 


... ( 21 ) 


V,. W =W.-*+2(.|.+ || + |i»J)+*V.-* ... <*0 


Remembering that Vi*<£=(\ (21) t lien becomes 


+*v,*e} ] ... (23) 


First, we assume 


cos f 4- cosh y 


so that 


do _ — sin £ cosh y ??= —cos £ si nil y 
9£ (cos cosh r/)*’ dy (cos f+cosh y)* 


V,^=- 


(eos £+cosh y)" 


and (23) becomes 


7/ £—2 sin £ cosh y —2 cos £ sinh y —2^ J =0. (& 
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But 


V t * ( sin f cosh, || )=JJ V, ! 


(sin f cosli tj) 


+ 2 (sin £ cosli rj) 

Of 


9 J!^ +2 9 . 

3C dr, 


(sin £ cosh r,) 


a ** 
a*a>i 


+sin £ cosh i) V,* 


a + 

a'f 


= 2 cos f cosh + 2 sin f sinli rj £ 

V - * J cos £ sinh \ = +2 cos f cosli i] ^ 

V 9r/ / O r l* 


— 2 sin £ sinli 1 , 


d£d v ' 


Therefore remembering that ^ , *^=0, t lie loft, hand side of ( 24 ) becomes 


4 cos £ cosli »/ 


(dy 

\dv* 


+ 


a*</>\ 

dv* ) 


which is zero since Vi 2 0=O. 


Thus (23) is satisfied by this assumption for 6. Accordingly 

* 

cos f+cosh rj 


is a solution of (18). 


We can similarly show that 

sin f , cosh n . , sinh i 

— , - T“ : Q JUKI — • 

cos f+cosn rj cos f+cosh tj cos f+coi 


are all solutions of (18). 
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COS COsll 

n£ utj 

sili si nil 


are well known solutions of V l , ^=(). 


rosli 

siuli 


COS £ + Cosli 7/ 


cos cosh 

"t (// + l)r; 

sin siuli 

cos f+cosli // 


are solutions of (IS), 


We accordingly make I lie following assumption for i/'. 

*= ‘ . S sin („ + 1 M [a. 

cos £+ cosli !/,*=() L Siuli (i/~ }) (a+0) 


JJ sinh (a + jj) (>/—«) ^ cosli (/*- - j ) (>;—<*) 

sinh (w-fj) (« + /$) * cosli (m — J) (a + /?) 


, I) rush (* + »)(*— a) 1 (0 „. 

' cosli (* + «) (« + /*) J’ ^ ' 


where A,, B„. C„, l)„ are arbitrary constants which are to be 
determined so that the boundary conditions may be satisfied. 

The velocity component tangential to the curve f= constant is 

0^ « COS f+cosll 7/ 0 if/ 

rn w ' T‘ a'f’ 

and that tangential to the curve inconstant is 


0^ M R0S i+«wh Tf 0l/r 
BOiy c 0>7 ' 
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Therefore on the hypothesis of no slipping, the conditions to 
he satisfied on the surfaces of the cylinders Are 


(0 ^ = 0 . when i ;=<», 


('') =0, when rj-p, 


/...s cos £+ cosh rj 9^ — . __ 

(ii#) — — — — = «•>«, when >y=«, 

6 0*1 


f,r) " >R (+t ?*±* Q J when r,^-p. 

r a v 


where «, to are the angular velocities and !• the radii of the 
cylinders. 

The coefficient of sin (>*+})£ in (25) reduces to 


...9?. - + , D " A.-H.+O. + D, when 

cosh(n— 5 j(a+/3) COsh(w + -j )(« + /?) 


we put iy= a and i;=— /J respectively. 


We make 


cosh(»— i)(a+j3) cosh (m ■+■ -J)(a + ft) 


.0 and -A.-B.+C. + D^O 


and then (/) and (/V) are directly satisfied. 
Thus, we have 

c, = . n, 

cosh(n— |)(o+/3) — cosh(a+})(a+/3) 


= A..+B* 

cosh(n — £)(&+/?) -~cosh(ft 4* {)(<*+/?) 


... ( 26 ) 
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Conditions (m) and (<V) give the relations 

oarr 1 s sin (« + }> ( r, ■&=-■> 

<• „-o Lsinh(» — J-J 

(»+S!) U. . I 

sinli (u + i-)(a+/3)J 


(»-}) A, 

-J )(«+/*) 


... (27) 


<"'6=* S sin (>*+{) £ [(«—}) «*otli (m— •) (a+/?) A. 
r n=0 

+ (**+!) (« + ») (o+/8) B,— (m— J-) tnnh (h— J) (a+/J) C, 

—(»+!) tn nil (m + 3) (u+j 8) D.J... (2S) 
Having regards to (2ti) these can be written as 


“'*'•= 5 (X. A.+ m . B.)Hiii(n + J)J f ... (99) 

«=0 


•»V= 5 (A' H A.+/, H w ) sin (w + J) f, ... (30) 

//=() 


where 
A. = 


» — i 

sinh (a — J) (u + /*; ! 


M.= T 


(»<+£) 


sinh (M + J) (a + 0)’ 

= — (w— + J)cosh 2(a+p )— cos h[2w -f 1) (a -f /?) 
2 sinh (a+ZJ) sinh (m + |) (a+fij 


t = ( n + J ) — ( a + J) cosh 2 ( a 4- /?) — cosh (2a + l)(u ■ +■ /3 ) 
^ " 2 sinh (a-f/?) rfinii (?i + -J) («+/*) 


(31) 


We can always expand a constant in a Fourier’s series; we havo 
in fact 


. i . H . H 

4A- / S1!l 2 1,1,1 a Sln 2 


-“(T- 




+ -5 + 


-) 


... (82) 
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Therefore in order to satisfy (29) nnd (30), we make 

4<imw 1 


A, A. -f /*« B. — 


7T 2/1 + 1 


Therefore 


4 . / .I __ 4o»ftr 1 

A . A.+fi , «.= , 

7T 2a + 1 


^ 'If tlHlfl 

(-« + ! » A.fi 1 .— X'.fr. 


... (83) 

... (34) 


... ( 35 ) 


B„ = 


4/* uthk H — unik' „ 

(2// 4- 1 )tt A b // „—k H fL n 


... (30) 



New Methods in the Geometry oe a. Plane Arc 
Cyclic points and normals. 

HY 

S. Mukhofadiiyaya. 

Introductory. 

A simple arc fop the purposes of the present paper will he defined 
as follows : 

(?) It. is a continuous curve hounded by two extreme points. 

(//) it has a tangent ut each point which turns continuosly along 
the arc in the same direction. 

(in) No straight line meets it at more than two points. 

(to) The circle determined by any three points of the are is 
always finite and varies continuously with the determining points, in 
other words, the arc possesses continuous curvature. 

A simple oral may he defined to be a closed curve of which every 
arc is simple. 

An arc NPQ of a circle C intersecting a simple arc S at I* will he 
said to /m- cross S at I 1 if it crosses from the convex to the concave side 
at P, and to ah - cross S at P if it passes from the concave to the 
convex side. 

A circle (' is said to have ordinary contact with S at P if it 
passes through only two consecutive points of S at J\ A circle having 
ordinary contact with S at P will he said to have in - contact with 
S at P if it falls on the concave side of S at P and to have aft-contact 
with S if it falls on the convex side of S at P. 

A circle C passing through only three consecutive points at P will 
he said to have cm -contact with S at P. 

If NPQ be an arc of a circle having rra-contact with S at P, then 
NPQ will he said to fa -cross or aft-cross S at P according as NPQ 
passes from convex to concave side or from concave to convex side of 
S at P. If NPQ in-crosses S at P then we may say that the portion NP 
has aft-contact with S at P and the portion PQ has fa -con tact with 
S at P. 
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Tf a circle C passes through four consecutive points of S at P 
then P is called a cyclic point of S and the circle 0 may be said to have 
cyclic contact with S at P. A cyclic point will be called /’//-cyclic or 
lib-cyclic 1 according as the circle G falls on the concave or convex side 
of S at' P. 

[t may he observed here that according to our New Methods a 
circle cannot meet a fired curve at more than four consecutive points. 
This matter will he discussed in a subsequent paper. 

We will denote an are of S between P t and P a by S l9 and an 
arc of a circle C from P x to P t by V , 9 and so on. 

A circular arc C la will be called cyclic to S between P, and P 9 if 
it meets S in two or more points l)etween P, and P 9 . One or two or 
even three of these extra points may be consecutive to 1 > 1 or P 9 giving 
rise to an ordinary contact or a mi-contact or a cyclic contact of 
( \ 9 with S at P t or P a . 

A circular are C 19 which is cyclic to S between P l and P 9 will 
be either /a -eye lie or ////-cyclic or /•/■// -cyclic to S between anti P 9 . 

If C l9 produced /‘//-crosses S both at P, and P t it is /V/- eye lie. If (J, 9 
produced ////-crosses Sat both P, and P„ it is ////-cyclic. If 0,, pro- 
duced in -crosses at one and ////-crosses at the other of the two points 
P l and P 9 it is / /-//-cyclic. 

If (7 1 , has ordinary contact or cyclic contact with S at P t or P a 
or at both of these points then instead of /‘//-crossing or ////-crossing at 
these points we shall read /‘//-contact or ////-contact in the above 
definitions. 

A fundamental theorem which lias been established in my first 
paper and of which we shall make frequent use in the present paper 
may now be re-stated in the following form : 

. If a circular arc (\ % is in-cyclic In a simple arc S between P x and P 9 
then there e lists at least one in-cyclic point cm S between P x and P a . If 
a circular arc C l9 is ah-cycUc to 8 between ]\ and P 9 then there exists at 
least nne ab-ryclic point on 8 between P x mitt l\. If rf circular arc C l9 is 


1 In my tint paper (See Bulletin Calcutta Mathematical Society Vol. I. 
Part 1), 1 have, it is believed for the first time, distinguished the two kinds of 
cylic points and called them ///-cyclic and c.r- cyclic. The latter kind of cyclic (mints 
I have preferred to call here /ifc-evclit?, as the prefix ////-seems to me more euphonic 
and significant. 
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cm -cyclic to $ Indwrrn P x and P % thru three r ists at least dnr in -cyclic 
and one ab-cy clic point on S between and P t . 

It may be observed that according to our New Methods there 
cannot be such a thing as a cru-cylic point on 8, that is, a point at 
which a circle meets S at five consecutive points. It may also be 
mentioned in connection with the above theorem that when we say a 
cyclic point exists on S between 1\ and P a we mean to exclude P, 
and P a . 

Theorem I. 

P,, P a , P s are three points taken in order on a simple arc 8 and 
the normals at P,, P a , P, meet at a common point (), .which is not the 
centre of curvature of Sat P a and which is towards the concave side 
of S. Then there will be at least one cyclic point X on 8 between P 1 
and P,, provided none of the angles P, () P„ and P a () P, exceed two 
right angles. The point X will be ///-cyclic or //^-cyclic according as 
() P a is a maximal or minimal normal, that is, according as 0 P a is a 
maximum or minimum radius vector from O to 8. 

Case J. When each of the anybv P t 0 l\, and P a 0 l\ is less than 
t ico riyhl angles . 

We may suppose without any loss of generality that 0 P, and () P 3 
are the two normals from 0 to 8, nearest to () P a on either side, for if 
X lie between tho feet of two nearer normals on either side, much more 
will it lie between the feet of two further normals on either side. 

Suppose O P a is a maximal normal. Then () P, is the maximum 
radius, vector from 0 to S in the whole neighbourhood P, P a P s and 
is therefore smaller than both 0 P| and 0 P v Draw a circle through 
P, to touch S at P a . We will denote this circle by C and the arc of 
this circle from P, to P, by C la . Then since angle P t 0 P a is less 
than two right angles and 0 P, is less than OP, the arc C la meets 
0 Pj at an obtuse angle and therefore when produced towards P, will 
mi- cross S at P,. 

Similarly draw a circle C' through P t , to touch S at P a . Denote 
the arc of this circle from P R to P a by C f sa . Then C' aa will meet 
0 P a at an obtuse angle and therefore when produced towards P 3 will 
in-cross S at P 3 . 

Then either C and C' will coincide or one will fall within the other. 
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If 0 and O' coincide then the circular are 1\ P t P 8 will meet 8 
a a- cyclically between P, ami P, and therefore there must be at least 
one iw- cyclic point on 8 between Pi and P 8 . See fig* /. 

Fig. I. 



If C ami C' do not coincide, then one will fall within the other. 
Suppose C falls within C . 

The circle C will have either in - contact or uft-contaet or crtt - contact 
with S at P a . 

If C has ^-contact with S at P 8 then C 18 must cross 8 1# some- 
where between P x and P B , and consequently C, 8 will meet 8 lf 
m -cyclically between P, and P f . Thus there is an /w-cyclic point on 
S between P, and P 8 . 

If C has oft-contact with S ut P 8 then C ti pimluced towards P 8 will 
pass l)etweeii S 88 and C' t8 , *.c. C will enter at P t the space bounded 
by S 18 and C f 88 . C must therefore come out of this space at some 
point P 8 (See Jig. II) onS„ between P„ and P 8 . Thus C meets 8 
m-cyclically between P, and P 4 . Consequently there is an in -cyclic 
point on S between P x and P 4 . 

If C has cra-contact with 8 at P t theu C l8 will either in-cross 8 
at P f or aft-cross S at P f . In the former case there will be an in-eyclio 
point on S between P t and P 8 and in the latter case an in - cyclic point 
between P a and P*. 
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Next suppose that Ol’, is,,, minimal 111,111ml. In this owe we run 
prove, by roasoninir exactly .similar that there is at least one ,«/, -cyclic 
point on S between P, and I*.,. 

Pig. II. 



C'lsr II. 117 ,,,1 /', It I •' ;* lrss/1,,,1, tin, mjlll „»;//.■ 

f’i O ,s rijtntl in tiro if if Ilf itiiiffrs. 

Suppose OP, is a minimal normal so that OP, and Op, an* each 
;r mi ter Mian OP,. 

Draw a eirele 0 to pass through P, and to touch S at P Then 
heeause ilie angle P, OP., is less tliaii two right angles and OP, is 
greater than OP, the are a will meet OP at an aeute angle and 
eonsei|iientiy l 1 ,, when produced towards P, will r/ 6 -rross S at 1 * 
fiy. III. 


3 
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The circle C will either have aft-contact or ///-contact or me -con tact 
with S ait P a . If (3 have aft-contact with 8 at 1*,, then C will cross S 
between l 3 ! and P a and consequently there will he an aft-cyclic point on 
8 between P 1 and P a . If C have nff-contaet with 8 at P a then C la 
will either aft- cross 8 at P a or ///-cross 8 at P a . In the latter case l! ia 
must cross 8 between P t and P a . So that in either ease there will he 
an aft-cyclic point on S between P, and P s , 

If C have ///-contact with S at P 8 then C will either meet S a;i 
between P a and P 3 at some point P a or fall below S a ;1 . In the former 
case there is an aft-cyclic point on 8 between P, and 1\. 

In the latter case draw the circle C or rather the semi-circular arc 
(^3 3 , to touch 8 at P a and P v If (V., a have aft-contact. with S at P a 
and P, then an aft-cyclic point on S between P 1(i and P a is assured. If 
C' 3a have eontaets aft and in or in and aft at l\, and P a then C must 
necessarily cross S between I* a and P 3 and an aft-cyclic point on 8 
between P„ and P 3 is assured. 

If C' 3a have in - contact with S at P a and P a then U' will enter the 
space formed by S la and C la at P a and consequently aft-cross 8 at some 
point P,. between P l arid P a . See. fig HI Consequently there will be 
an aft-cyclic point on 8 between P H and P 1t 

Thus oil tile supposition that ( >P a is a minimal normal then* is 
always an aft-cyclic point on 8 between P, and P a . 

If we had supposed 0P a to be a maximal normal we could prove 
by similar reasoning that there is always an ///-cyclic point on 8 between 
Pj and P 3 . 

COHOU.AKV TO ThKOKKM T. 

If the normals to S at l\ and l\ meet at P 2 then there its at leant one 
(lb-cyclic point on S between 1\ and P a . If the nor main at J\ and l\ meet, 
at P a then there in an ( lb-cyclic or in-cyclic point on 8 between 1\ and P a 
according an P f P 3 in a minimal or a manmal normal . 

This corollary follows from theorem I if we make one of the three 
normals OP l OP 1 OP 3 vanish. It can however he proved directly quite 
easily. 

Theorem 11. 

if OP | and OP, be two successive normaln to a simple arc 8 from a 
point 0, on the concave side of 8, including between them an angle not 
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fi .reeding two right angle*, and if O be the centre of curvature nf S at jP 2 , 
then there is at least one cyclic point on S between P t and 7%. which is in or- 
al)* according as OP x is less or greater than OP % . 

Suppose angle 1\ OP a is less than two right angles and 01^ is 
loss t han 0P 2 . See Jig. f V. 

Fig. IV. 



Draw a chide 0 to pass through P, and touch S at 1%. Then the 
are 0 2 , of this circle will meet OP, at an oht use angle and conse- 
quent Iv in -cross S at P,. 

Diiiw a ciiide (V with centre () and radius 0P 2 . Then C' is the 
cinde of curvature of S at P 2 and touches 0 externally at P 2 . The 
circular an; C 2I will therefore have ///-contact with S at P tt , (■onse- 
quently C- a , must. cross S at some point P., between P, and P s . 
Thii«C fl is /a -cyclic to S between P, and P 2 which ensures the 
existence of an /a -cyclic point on S between P, and P 2 . 

If we suppose the angle P v 0P„ to he equal to two right, angles, 
then C l2 will have 1 in contact with S at P a and either in* or //6-contact 
with S at P t . In the former case C ls is in-cyclic to S between P, and 
P* and in the latter case C la is crn-cyclic to S between P, and P 2 . In 
either ease the existence of an in-cyclic point on S between V x and P a 

is assured. 

If 0 P | he greater than 0P a the existence of an //6-cyelic point on 
® between Pj and P a can he similarly established. 
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In this tlu'ornn wo have supposed 0 to ho tho centre of curvature 
of S at P 3 . Tho centre of curvature of S at P, will in general 
not ho at O hut it can ho also at 0 as a special case. 

CoKnU.AKY To Til Knit KM II. 

If thr rmtrr of rnrratnrr of S at a point P, hr a point P 2 irhirh is 
nn S thru thru’ is at hast our in-cyr.lic point on S hrfirrrn P, autl P 2 . 

The three following theorems follow at once from theorems I and II 
and their corollaries. 

Tmkokkm III. 

If from a point () on thr muron ■ sittr of a s/ntplr arr S it is possihlr 
to tlrnir it normals to N amt if thr autfir hrfirrrn any pair of snrrrssi rr 
normals ilo nut r run l tiro riyht amjlrs thru fhrrr arr at trust n V ryrhr 
points on N hrfirrrn thr furl of thr first anti thr last normal. 


Til KOI! KM IV. 

If from ti point () intrrior hi a simple oral if is posihlr to ttraw n 
normals to thr oral ami if tlir am/tr hrfirrrn any pair of snrrrssi n • normals 
till not r Crnl *iro ritfhf tliltjlrs thru thrir ill’r at Irast n ryrhr points 
on thr oral. 

TlIKOKKM V. 

If from a point' it on a sii)i jilr oral it hr possihlr to Jrair n normals to 
r rlmliny thr normal at (h thru fhrrr arr at trust n -}- / ryrlir points on 
thr oral. 

In tin* a hove theorems if 0 he tin* centra of curvature at 0 for 
any normal Oplhon such a. normal has to he counted twice. If in 
addition the point P lie acyclic point then the normal OP has to he 
counted thrice. 



OlUGIN OK TUB INDIAN Cv'ClJC MbI'HOD POK TUB 
Soi.rrroN of Nx-+l=/r. 


BY 

l\ (\ Si«.x-Gci>t\. 


1 . Tin* object of tin* present paper is to diseuss tin* probable 
origin of tin* “ Cyclic Method ” {(.hitlrtilmln) for the solution of 
N •" + l = 7 * in rational integers as o-iven in Bhaskara’s lijtufitnita. 
Two hypotheses have been adv.-meed as regards its origin: 1 first 
that, the method has an ultimate Greek source and secondly that it 
is purely Indian. 1 shall Hist discuss the former view and shall 
next show that it is untenable in the light of tin* reasons which, 
I trust, are put forth herein for the lirst time. 

:l . The (Velio Method and other Hides. 

(//) The (Velio Method as given by Bhaskara may be stated as 
follows : 

To* solve N.r* + 1 =//*, where N is a non-sipiaiv integer; start 
with a relation of the form : 

X//* +/• = £*, where a, A, /,’ are all simple integers ; derive 
from it. the following relation : 

Y / *m ■+• h \ * a “ — X ___ ( fm -| |- N#i \ 

V A / * ' ) 


where 


and 


#/« + A 
/• 


are integers and a 2 — N has the least value. 


Repeat the operation with the new relation and obtain a fresh rela- 
tion in the same form in the same way : continue to prooeed in the 


‘ Sir T. L. Hetit I i’h Dioplmnlus (1910), page 281, also the rcl’eivncos mentioned 
therein, vi/.., Tunnery “ Sur In mesuri* dn rcrrle d’Aivhimede " in Mem de la hoc. des 
HcienceR phyn et tint, de Hordeaux, 11** Her. IV, 1882. jmge 325 : rf. Konen, pp. 27-28 ; 
Bihliotheea Mnthemntiea, VI 3, IllOo-O, pp. 271-7.3. 

1 Colebrooke's ivulinn Algebra (1817), page 175. Heath’s Diophnntu* page 283. 
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same manner till integral roo t are obtained with any of the numbers 
\ y i or I for the additive. Now apply “ composition ” [/.<?., the rule 
(4) given below] for the solution of N.r* + 1 ~ y*. 

(/>) If N« a + A=4* and N«'* + A-' ==//*. then will 
N (ab'±a!b, * + AA'=(W+/>6V. 

This 1 lemma was first, given bv Brahmagupta in A.l). (WS. 


( 0 - 



v 


N +y* 


is a solution of N.b* + 1 = #/*. 


Neither Brahmagupta nor Bhaskura has given any formal method 
of deduction of the above rules. But this need not create any 
surprise or surmise of a Greek Origin. The first discoverers often 
get their results by intuition and trial. 

:I. Illustration of the Cyclic Method. 


In the cyclic rule stated above, when a and 


an + /> 
/• 


are both inte- 


gers, it is 
to be prime 


not difficult to prove, (1) that a, /-and h may be taken 
to one another and ( !) that a ^ and are both 

n /' 


integer**. The rules (A) and (r) are also readily proved. A numerical 
example is given below to illustrate the cvelic rule. 

To solve I >7 .r a + l=y a . 

He e the relation to start with is 

67 x 1 ? — 3 = S tf . ... ... ... (1) 


We are to solve 


a ^=n 


in integers: the suitable solution which 


makes a* — N the least, is a-=7 and /?= — 5, whence- — ? =(i, 

A* 

- a “h ^ a =—41, ?>.. the relation arrived at is 

67 x 5* +0=41* ... ... ... (2) 

5a 4- 41 

We are now to solve -jT =/3 in integers : the suitable solution 


1 Colobi'ooko’ft Indian Algehra (1817), page 863 also Brahma Spluitn Siddhantn 
chapter XYITI, 64 and 65 ; Colebrooke’s Indian Algebra, pages 171-172. 
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is a=5 and )3=11. and the new illation Incomes 

t>7 x 11* — 7=H0*. ... .<. ... (3) 

Similarly the ne*t rolal ion deduced IVom (.‘1) is 

<>7X27* -2=221*. ... ... ... (4) 

As the additive in ( I) has become— *2, the cyclic method need not 
be followed any more ; the equation is very expeditiously solved by 
applying the rule of Brahmagupta [§ 2 (4) ] thus : — 

We have (17 X 27* -2=221* 
and <>7 x 27* —2=221*. 

.*. H7(2 x 27 x 221)* + 4=(t>7 x 27* +221* )* 

or (17 x 59(17* + 1 =48842*. ... ... ... (5) 

hence *-=59(>7 and // = 48842 is a solution of (>7.» * + l = //*. From the 
last numerical rcdutioii repeated, application of Brahmagupta's rule 
leads to any numher of solutions. 

k Hypothesis of ultimate (I leek Origin. 

(//) The “ Diophantine Method ” and tiie Indian Method. 

M. Tannery has held that probably somewhere in one of the 
lost hooks of the Arithmetical Diophautus solved the equation 
2 — A//* = 1. He has shown how from the Diophantine method, if 
one solution (//, <y) of •/ * — A//* = 1 is known a more general solution 
may be found : — 

“ Put 1 =MH — /J, f/| =4 + 7. 
and suppose 

pi 8 — Aiy, 8 =m*. «.* — 2/a: + />* — A.» * — 2Afjr • — Ar/* =1, 


therefniv (since y>* — Ar/*=1) » = 


.wji+Af^ a ,„j i, v substitution in the 
>/<“— A 


expression for $ x q l% we have 

+ aud in fact 

m*-A /l //i a — A 

p l 8 -A 3l *=l. 

If an integral solution is wanted, one way r of obtaining it is to 
substitute u/v for m where Av 8 =l, /.t\, where it, v is another 


1 Heath’s Diophuutus, page 280. 
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solution of tins original equation. ami we then have, 

P\ =(«* + A/ ,a )y>4-*JAur#y. 7 , = 2/jfrr + (ff 9 + Ar*)#y. 

But this is all that we can get out of Dophantus as we have 
him, aucl it will be observed that here too we must have ascertained 
(wu Sid nf to n x of the one et/nattotiy or one solution of it mid a 
solution of on an iluinj equation before we can n/ijdi/ fh method 

It is evident troin t lie above iliat there is liardlv anv thing 
common between this “ Diophantine Method ” and the Indian Cyclic 
method. It is so very imperfect that it cannot proceed without 
two solutions of the same equation. In the Indian method when 
one solution ol ,a — -Ay v = l is known, any number of solutions may be 
found by Brahmagupta’s rule and that the Indian method in this 
case is exactly the same as the modern method. Clearly then the 
“ ultimate Creek origin ” does not lie in Diophantus’s Aritlunetica. 

(It) 'Pile Arehimedian approximations to a surd and the cyclic 
method. 


Again M. Tannery’s method of showing how 1 u from the Creek 
manner <>f deducing from approximation to surd a nearer approxi- 
mation, it is possible by simple steps to pass to the Indian method ”, 
need not he taken as a reason for consul* ring the indebtedness of 
the Indian cyclic method to any ultimate Greek origin, as there is 
nothing on record in the works of Archimedes which shows that he 
actually discovered it or applied it to the solution of N a -f 1 =// a . 
Although I have to admit that I have not vet hail access to the 
reference given in Dr. Heath’s work, I have been able to discover a 
way ot deriving the cyclic rule from the Arehimedian method of 
approximating to the value of a surd, which, I trust, will not differ 
much from M. Tannery’s. Both the Arehimedian method of finding 
approximations to a surd and the deduction of the cyclic rule from it 
are exhibited below. 


that 


(l) Arehimedian Method of finding approximately. 
Hnltsch- proves that Archimedes “ discovered and proved 


«±,y >Va*+6 >a+ ° 

m - “ 2a +1 


1 Heath’s Diujihantus, page 281. 

■ Works of Archimedes (Heath, 1897), page Ixxxii et see. 
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Hence according to Archimedes 


is approximately 

= a H — — or a 4- — - 

-2a -2n±l' 

As an illustration let us find the approximate values of v^67. 
Here V67= a/8» + 3 = 8+-^—’ ( 7 Va*+ T =« + b - \ 

* x o \ — 2#t ) 

=8 + -L nearly, 

and ^8* —1)7 = whence y=41 and x~~> is a solution of 

y* —(>7, ('•“=(). 

Hence 


(1) 


^67= . / / 4 iy_ 6 _41_ 6 ' 25 / . . 

'V / 25 a 2x 41 . , ( ••• ''«* + & =* + - - , 4 

- -1 V ~ " 2« + l / 

— 


41 


<5___90 

sSs ii 


nearly ; 


... ( 2 ) 


( o\ 2 t 7 

—67 = — , whence ?/=90, ,<=11 is a solution of 

y a -6 7,i a = -7. 


Again \^67 = 



»o 7/2i 
11 ^ 2x90 

11 

_90 1 

ii^iix'27 


nearly 

+ 1 

nearly 


_221 _ a , 5 
“ 27 ~ + 27 


( 3 ) 


From the last approximation it is seen that K )’ — 67=-g^r 


or y=221, *=27 is a solution of »/*— (57.* a =— 2. 

Thus with some difficulty we arrive at the four appiuximato values 

of \ 7 67 liy the Archimedian process, r/:., 8, ^ and and in 

passfrom oiie approximation to another \v r e solve an equation ol the form 
*:=&. If however we develop v^67 as a continued fraction, 
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the first five convergent# are p -jp and four of which 

are obtained from Archimedes’s rules. Ft is probable that ho did really 
solve some numerical equations by his methods. 

(2) Deduction of the Cycdic Method from the Arehimedian process 
of finding V'N approximately. 

From what has been shown above the Arehimedian approxima- 
tion proceeds either by 

^ 

Va*+b =a + approximately, 
or = a + 0 — --- approximately. 


Now when we have a relation, Nu 2 + A =6 2 , i is evidently the first 

a 

approximation to \/N . In procedi ng to the next approximation we have 

N= — t. 

a 2 


appi-oximate,y ’ 

a 

_26 2 -ab-k 
a(2b—a) 

Now (26* — ab — A*) 2 — Na*(26 — a)' 1 ~k(k — 2 ab + b*) 

Let 6— a=aa+y, 

A{(6— a)*— Na a }=A(a > 'a 8 — Nft 2 ) rejecting y, 

=Aa*(a»-N). 

Again a(26— «) = a{6+(6— a)]=a(6+/7a) rejecting y as before, 
and 26*— a6— A; = 6(6— a) + Net* = a( 6a +N«.) rejecting y as before. 

Hence we should have 

a*(fia+Na *— Na*(6+f/a) 2 = Au 2 (a 2 — N), which is easily seen to be 
correct by actual work. Now divide both sides by fc*a*, and we get 

( *“+*? y~K (JL+* )'=£j£. which is exactly the 
cyclic rule. 
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This is indeed one way of arriving at the Indian rule, but the 
steps of putting b— a=rta + y and rejecting y although simple 
enough, are not natural. If M. Tannery has indeed deduced the 
cyclic rule by the above process or by a process very like the 
above and has imagined an “ultimate Greek” origin to the Indian 
cyclic rule, I feel inclined to think that he has not done sufficient 
justice to the Indian Algebraists. Neither Brahmagupta nor Bhaskara 
does anywhere connect the finding of the approximate values of 
-y/N with the solution of N.r 2 + l=y a . A simpler method of 
arriving at the rule is given below, but this also does not seem 
to be the natural way of its discovery. 

Let -Nfl* + fc=s4* and N^' 2 -f k' = b' 2 where a and b‘ are res- 
pectively greater then a and b ; let us suppose that 

a'=aa+y l , 

L'=La-fy a when a, y,, and y a are undetermined. 

Hero ?/* — Na'* =(5a+y a ) a — N(aa+y, )• 

=a*(6*— Nct*)+2a(/7 8 — NayJ + fyj,* — Nyj*) 
lu order to simplify the right hand expression, assume y=b 
and y.j =N«, so that the middle term disappears and we get 
(ba+Ka)*-X(aa+b)*=:k(a*-K), 

y_N ^ y = wl.ieh is the cyclic rule. 

Similarly other methods of arriving at the Indian rule may 
not be impossible and still not be in any way connected with its 
origin. Wo now turn to the other theory. 

5. Hypothesis of a purely Indian Origin. 

A most unanswerable argument for the Indianness of the method 
lies in its new-born naturalness and simplicity. Ilankel who strongly 
advocates the Indian Origin of the method surmises that the Indians 
probably deduced it as follows : — 

(a) Hankel’s Method. 

* Let + and N</'* + A* , =5' a , then by Brahmaguptas rule 

we have 

N (ah' - a'b) * + kit = ( W - bb ’) a 
Put. ah'— <e'b=l andN acr/— W/=a 

N+A*'=a*, or k'=~Y$~. 


* Heath’s Diophantus, page 284, 
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Next determine a 1 and V from the equations 

n 6' — d’h— 1=0 and NW— a=0, 


and a'= a -^±P and b'= fta+ , Na . , 
—A: —A; 


or N y + ^^ ) = ^ fta +Na y 

(b) Method given in M.M. Sudhakara Dvivedi's edition of 
Bhaskara’s Vijaqanita. 

Let Nri“ + *=fc®, ... (1) 

and we have identically 

* N x 1“ + (a* ““N)=a s , ... (2) 

by Brahmagupta's lemma we get 

N(aa+6) # + A(a 5 ‘-N)=(Na+fta)*, 

N ( n 3+l‘ )+-— =( Ka +la y wWoh the Chakm 

hala or the Indian cyclic rule. 

6. The above (b) method, as far as I have been able to 
ascertain seems to have been followed by all the pupils of the 
late M.M. Bapudev Sastri and the late Pandit Sudhakara Dvivedi. 
I feel inclined to believe that this elegant method is the true 
Indian method as transmitted through generations of gum*. The 
third rule given in §2 is easily deduced from it. 

We have as before 

Nxl* + (a*-N)=«* 
and Nxl 4 + (tt*“N)=ft 8 , 
by the lemma of Brahmagupta, we get 

N(2a)* + (tt*~N)* = (N+a*)», 


°V N y +1=( £±-“*~ )*, whence 

and 2/=^ -~^fL ^ is a solution of N <,* + l=y a . 


;> 


2a 

a*-N 


It is thus seen that to arrive at the Indian cyclic rule it is 
not at all necessary to determine an approximation to y/N either 
by the Archimdian method or by any other method; It is further 
evident that the rules are immediate deductions from the lemma of 
Brahmagupta, and the sole credit of finding a method for the 
solution of N> 2 + 1 =jr* belongs to him. 



On the motion of an ellipsoid of revolution in a 
viscous fluid in the light of Prof. Oseen’s 

OBJECTION TO STOKES’S TREATMENT OF THE 
CASE OF THE SPHERE. 

BY 

Bholanath Pal. 

INTRODUCTION. 

The motion of a sphere in a viscous fluid has been investigated 
by various writers including Stokes, 1 Profs. Whitehead, 2 * * * Oseen/ 
Lamb/ and Burgess,* 0 the results obtained being more or less satis- 
factory according to the degree of approximation to which the 
differential equations are satisfied. 

In the pres nt paper, I propose (1) to obtain the solution of the 
problem of the motion of translation of an ellipsoid of revolution 
of small ellipticity in a viscous fluid, the method adopted being 
similar to that of Prof. Lamb for treating the corresponding problem 
in the case of the sphere, and (2) to show how the results obtained 
by me although different in some respects from those given by 
Oberbeck, 6 * * the only important writer who investigated the ellip- 
soidal problem before me, are free from any objection similar to that 
pointed out by Prof. Oseen in Stokes's treatment of the spherical 
problem. 

In Art. 1, I reproduce the objection raised by Prof. Oseen to 
Stokes's solution of the spherical problem, in Arts. 2 and 3, I 

1 See his “ Scientific Paper * ,”Vol. 3, p. 1, or Cumb. Transactions, Vol. 9, p. 8 

(1851.) 

* Whitehead, Quarterly Journal of Mathematics, Vol. 23 (1888), pp. 143-162. 

a Oseen, Arki u /Or Mat. Astr. Och. Fyaik, Bd. 0 (1911), No, 29. 

* Lamb, Phil. Mag., series 0, Vol. 21 (1911), pp. 112-121. 

a Bargees, American Jonm. of Math., Vol. 38 (1916), pp. 81-90. 

0 Oberbeck, 11 Ueber stationftre Flussigkeitsbewegungen mifc Beriicks-ichtignng 

der inneren Reibnng,” CrelWs Journal , Bd. 81 (1876), pp. 62-80. 
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investigate the motion of the ellipsoid of revolution, in Art. 4, 1 
compare my results with those of Oberbeck, in Art 5, I lino out the 
resistance experienced by the ellipsoid. 

I should like to express my indebtedness to Dr. Ganes Prasad at 
whose suggestion 1 took up, and under whom I carried on the 
investigation. 


Professor Owen's objection to Stokes's treatment for the ease 
of a sphere . 

1. The formula of Stokes for the resistance which a sphere 
experiences when it moves with constant and infinitely small velocity 
in a viscous incompressible fluid was proved by its author in the 
following manner. 

The differential equations of Navier for the motion of the fluid, 
referred to a system of co-ordinates which has its origin in the centre 
of the sphere and which moves with that of the sphere, are 


' S !i’ + ” f! > =_ +l ‘ v ’"' 




( 0w , Qw , 0 w . 0?r ) 

'( 37 + “ 8. +r dy + ' 3; j- 


— PP 

d- 




Y 0) 


dn , 0 *? , df£ q 

3 ' dy 3 “ ’ 


The corresponding auxiliary conditions are, for H= a/.« * +y® + ** = oc, 
?/.==— IT, r=0, ?/:==0 ; for R=«, m== 0, r==0, ?c=0, if IT be the velocity 
of the sphere and a. its radius and if the ,»-axis be identical with the 
direction of the motion with the sphere. 

We suppose that the motion of the fluid brought about by the 
sphere is stationary. Thus the first members in the three first equa- 
tions fall away. Further it is clear that if at all the three functions 
u , r, w exist which satisfy the differential equations and the auxiliary 
conditions and which everywhere outside the sphere are, together with 
their derivatives of the first two orders, finite and continuous functions 
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of .r, //, s, then m, e, ?p, 


9" 


9 w 
9 J 


must diminish everywhere to 


zero as U tends to zero. It is therefore reasonable to suppose that if 

9 n 


U is small the so-called quadratic members 


must be of 


higher onler of smallness than the members 


dp 


.V 8 «, 


and 


that one may consequently neglect the quadratic members. If one 
does this the differential equations receive the comparatively small 
forms 






9 n dv 9 w 

8 + 8 ;, + 8 -- 




This system of differential equations with the auxiliary conditions, 
for R=oc, nz= — II, e=0, w—Q ; for ll=w, a=0, r — 0, u*=0, is very 
easy to solve. One linds that the functions 


3 all /, \ , Tr A .‘1 a 1 o 3 \ 

"=4 R» I 1 "" B- ) ’ ~ L 

«U /, o 2 \ 

4 R> V R* ) ' J ' 

8 flU /, (i* \ 

w= tk» O-b* ) 


3 i/U 

^a^B* "■ 


( 2 ) 


satisfy the differential equations «ts well as the auxiliary conditions. 
From these formulae one deduces easily Stokes’s expression for the 
resistance of the sphere. 
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From these one finds that the valne of h 


0u 

a* 


is 


and 


jaV'n 


M aU*x j 


4 iv \ 

< R* 


_9p _3 

fflU 

0.« 2 



) + 

(>-£ 


etc . 


)■ 


The ratio of the former to the latter contains .t as a factor and 
therefore its value becomes infinite at a great distance from the 
sphere. For this reason the formulae in question cannot be regarded 
as valid at points distant from the sphere. 


The motion of the ellipsoid of revolution by Lamb’s method . 

2. Let the equation of the spheroid be taked in the form 
/•=«'{ l+cP a (eos 0)}, where € is very small, so that its square and 
higher powers may be neglected. 

Let ii, v, iv be the three velocity-components and suppose «=« + U, 


so that 

h= 0, r=0, i<7=0 

at infinity, 

and 

U, r=0, w—0 

on the surface. 


The hydrodynamieal equations accordingly take the forms 


0 r- p 0 x 


+ rV 5, «, 


1 


U— = - 
0* P 02/ 


+vV a v, 


U®~ 

0 * 


1 dp 

p 0 * 


+vV’m’> 


. 9f . §w _ 0 

9* Qy 0; 


... ( 1 ) 


... W 


The inertia terms are to some extent taken into account. 
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The motion is supposed to be steady and the presence of any extrane- 
. ous force is neglected; thus from the dynamical equations we can 
easily obtain 

V*i>=0, ... (3) 


where p is the hydrodynamical pressure. 
Thus we can take 


where </> satisfies 
Let us take 


O.I 1 


v*«^=o. 


OX 


w=-%± +w'. 

a z 


... (3) 
... (4) 


... (6) 


Then fi-om the differential equation 


we have 


Ufi‘ =- 1 - l* +W*a, 

Ox p Ox 




Putting this assumes the from 


Similarly 


and 


( 7, -“a * ) “' =a 
( ) , '= 0 ' 
( v-2* 8 8 ) ”'= 0 ' 


8 a ' . 8«' . 8jfJ _o 

8:« 8y 8* 


( 7 ) 


11 
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The spheroid is taken to be ovary, so that its sections perpendi- 
cular to the ,r— axis will be circles and therefore the vortex lines 
will be circles having the axis of x as a common axis. We may 
assume 

i=«. ,=-|f , {=§*. ... (8) 

where X is a function of .»• and p (the distance from the axis of 
;f) only and £, i/, £ are the components of vorticity. 

Then we must have 


(’*-* 9 * ) X “°' 


(») 


Thus 

2i- 


,.a«'_ w _ dv _oc __( a^x a>x\ 
‘a.,r- v w "a7 a.v ~ { or + a> ) 


_ a»x 2J ,ax 
- 8,;.v " 2i a,; - 


2Lj£'= V* -•£ = •£. 

0 ,»: 0 ;i’ 0 s 0*0 y 


V* «>'=!* -Js = | 

a.* a.v a* a.-8; 

Therefore 


( 10 ) 


1 ® X X 

" a.r Xt 


r'=i 
2* a ?/ ’ 


„--i ax 


"2fe 0, ’ 


.. (ID 


leu* 

In (9), putting X=c X', we get 


0 . 



on TilK Motion op an feixipsoto 


83 


Therefore equation (9) cau be written in the from 

(v»-i«)c A *X=0. 

The solution of this differential equation is 


-k." -fcr 


where C is a constant 


From these we have finally 


„__a* .1 ax_ x -1 
a> + 2 k a Xi 1 


, = ._a* + i ax 
a y 21 - a y ' 


,,=_9i+i •*. 

a ■ at- a.- 


... ( 12 ; 


... (13) 


... (14) 




... (15) 


We have m= 0, r=0, /r~0 at infinity. Therefore <j> must obviously 
involve only zonal harmonics ol’ negative degrees and we write 


+*• l-k> 


... (Id) 


whero An, A x> A a , A,,... ... are different constants. 

If we take kr very small, we have 


X=C .« -»+ *!+*£ 1 + 
( r r 5S ■ r 


... ( 17 ) 


See l’rof. Lamb’s Hyihud yunmics, § 289, (Tliiiil edition), 
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I 3A -x=- c A k _*L ( 

2ft Q.c 2ft 13 r Qe\ f ) 

♦ 5 -£(*)♦ - !• 


I M. 

2k 9y 

-u n?,0) 


4^a.?dyO) + •••} 

i ax 

2k 02 

a* ( a A /■ / 


+ * »®s;( ; ) + -} 

Therefore 


ii 

i 


_C f4 ft_ 
2)1 L3 r 

■£0K + •••] 


and similar expressions for v and w. 

3. The constants 0, A 0 , A n A f , A s , can be determined from 

boundary condition i.t\, n = — U, for /'=a'[l+c P g (cos B)\. 

Therefore making use of tlie formula 

and retaining only the first power of c we have 

-U=^iP 1 (1-2 «P,)- ^1-2! P,(l— 3« P,) 

+ 4 * 3!P, (l—4tP,)— 4 4! P+(l— 5*P,) 
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+ V* 5|P.(1-«.P.)- A f 6!P a (l-7*P,) 

+ -£§- 7!P ' -8IP.U-W.) 

— ?? /i_ e p \ — Q p (1— 2tl y ) 

3 n' \ V 2 W* ,C ■' 

P,(1-.P,)- (20) 

In the above equation using the formula 

P,I\=B„ + , P. + , + B. P. + B. +> P, + , 

where 

u _3 (m+1)(»+2) 

* +,- 2 (2»+1)(2m+3)’ 

u _ «(h+ 1) , 

■“ (siw+iKar+TiY’ 

n _ 3 «(n— 1) 

*- ,- 2 (2«+l)(2»-l) ! 


and comparing the co-efficients of J* 0 , P,, P sl ...the following set of 
equations are obtained to determine the constants . — 


' l 

> U+ & A '~ 

.c: / 10 - 
V 15a' 

')=0, 



(i7) 

) A„— 

•*!•«•« . 

-<! / 3 ~ 4 i\ -0. 




V 5(1 ’ ) " 

35a'* * 

uow* ) 



(*•*) 


5! 2* , 

7 IF A ’ 

+t '(w") =0 - 



(*«) 

6« A _ 2 / 
5a'* 0 a’ * V 

*-¥) 

A. + «H* A.- 

J* € _< 

5W‘ 

C=0, 

(v) 

108* * 24 

35a' * 1 a” 

(>-S 

<) A " + lw>‘ + 

(5* ,, 
35a' L 

=0, 

(iv) 

80* . 120 ( 

*-8-> 

. 8|.21e . 

L * + 65^ A "“°’ 



(vii) 

600* i 144 

IE?s 

(*-»■ 

J A,+ 85a'" A,_0, 


.. (21) 


etc. 
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Wo have taken c to he very hid all and retained only its first power ; 
so we put for in (£) its value for the ease of the sphere, which is 
_Ua'» 

4 

Thus from (i) we have 


0 = 



... ( 22 ) 


We have A a , A s , all zei*o for the ease of the sphere, therefore 

for the ease of the spheroid the values of A a , A a , will contain c as a 

factor; therefor we neglect all terms like «A a , <A A ,...as we take into 
account only the first power of «. 


Thus from ( it) we have 



Similarly from (in) we get 



From (»•?). we get 

A,=0. 


Therefore from the equations it is clear that all t he constants such as 
A f> (i.v. tlie A's with even suffixes) are all zero. 


From (/•) we have 

A, = - 


81 V" 

“140 *' 


f‘25) 


A a . A 7 ,... will contain c 54 , c 3 ,... as factors and consequently they are 
neglected. 

Thus finally after a slight simplification we find 


bvr 

"=t[ 

-Hi-;*) 1-^(1- 

r 




+ “'- 

&(?)♦*' 


. Uo' 

1 4 


, (1 “35* 

)*7g f (!) 



+ 4“ ,,< t 


II 

: C* 

1 


) + "'’ 


etc. 


+ 3 o'* 
^35 

• 19I4 .-(!)] 
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Qherbeck'* nolntiov . 

4. If an ellipsoid moves in an infinite mass of viscous liquid 
with the general velocity U, paraded to the axis of .*• such that 
w = 0, i>=0. w = 0 at the surface and n= IT, r=0, ?/j = 0 at infinity, 
then Oberbeck has found out the following results for the motion 
of the liquid 


,=i: + V [, .»S 


[' 8 ? ♦'*&]• 


r, . £ ... 

P=-*rffo( + _1* +J! ils 

J ''(n*+s)(b*+sy,r*+s) 

A 

oo 

Q=27rofcr\ f - f 9 


A being t he positive root, of the equation 

■r B + f. + JL =1 

fl*+X h*+8 <!*+* 

and V and p! are constants such that 


A'= — , and /=«*, 


oo 


+*) (&■+"*) (<•’+*)’ 


oo 


+»T(6 , +*) (f*+*V 
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I propose now to deduce, from these results given by Oberbeck, 
the values of n, /;, w for the case, when b=c. 

I take the ellipsoid of revolution to be ovary (i i.e ., A=c) and its 
equation to be of the forms + tP 2 (cos #)] where c is very small, 

so that we roa} r neglect its square and higher powers. 

Therefore 

«=«' (1 + 0? &=«' (1 — ), a 1 — &■=«■<?■, and e=4r- 

* o 

We have 

P*=tl\o potential due to the spheroid at an external point 


— S-, ...1 

J L 1-1 <■ i 11 J 


(a 

where 

Similarly 


,, • larab * , ^ .r 

Al= and cos 0= . 



ar 


r (/»*— A* ) a 1 («*-&*)* 

L 3 r» 


i’ f (cos 0) + 



wliere M'=r4jr«fe*. 

Therefore 

p = 4ira&*l (a*- ?>*) 0" /1\ 

'r + 3 “ 1-5" 0.t» W / + 

and 

rx 4irafe 51 3 'l?7rrtfe a («* — />*) 0* /1\ , 

Q - — V + -T' 2 a“i(0 + 


Substituting these values of P and (J, we have 


w=U + 


L T 

Qo+ a *A 0 


4™^ r o 0 

~r L 3, r. 



d» 

0 s 



3 

r 


2 


9* 

9«* 



9* 

9.c f 



neglecting higher powers of e*. 


, a*P g 9 4 

io a.t* 



See Byerly’s, Spherical Uarmonicg, pp, 1£>5 and 166. 
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We have 

.#= — 1 , P,»= ^ ° + > 2 -- a , and P,P,= . 


Therefore 


„=u+ “ r- 4 i +../ 1 * w 

Q o +'(*A 0 3 L r r \ 7 / f» 


12 p 4 i p 

p? ® ® « T "•a Qf C ~ 


»•» 10 


5-]- 


i.e.. 


t = U + 


u w» 

j 0 + a»A n 3 


[-* - 2 ^ ( >-¥■ ) S -T? 

3 , 3 4 ! P 4 ,3 , 4 '4 ! P 4 1 
14 r 3 1U r* J 


From the boundary conditions we have 

//=0, when r=a'(l4-€P 9 ,J 

Therefore 

0 =U+x- ~r ~ \ -->.(l-«P,)- 2 -^-(l-*P, 
Qo + « Ao A L « « 


+»- (‘-I?* )?f a-w.) 

V r - +?-,«'•■ tL?» 1 

14 a' 3 10 a' 8 J’ 


neglecting square and higher powers of e. 

From this equation comparing the coefficients of P 0 , we have 

u+ . r r - 4 + 2< - * i =o, 

Q„+«*A 0 3 L o' 5o f 5<i'J 


since 


,,_18 o . 2 „ . 1 


CP,)‘=i P.+ y P.+ \ IV 

From this we find 

,. +a .A„=*=l , (. 1+ 4 .). 

Thus finally we find 

♦S.'-fcC-)]- 
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Similarly we can find out the values of e and w in terms of 


the differential coefficients of * , as 

r 


-V .[- 0-1 ■ • )&-»( )) 

+ “" (* S‘ )b%s 0 ) 

— ^ a'*t r* ( 

14 a« s aA 

‘H** «&(*)] 


-1- )&( \ ) 

37-8, 0 

) + i6 n ** a T a. (-,)]■ 

tteMstaucr 


5 Next I propose to find out an expression for the resistance 
experienced by the ellipsoid in moving’ through the liquid. 

Let V denote the resistance ; then for the ease of the ellipsoid of 
three unequal axes. Oberbeck has found out that 

8 tibc 


the resistance =d/unrUU. and K = 


a x 0 +«■«;, 


where 


e 

X n =<lfcr j 


ilk 


/ftf«+A)(6*+X)(c»+'\j an<l 


0 

OC 


■ lo =ahc j ~ 


ilk 


5 +A) v r (a*+A)a , +A)(« , +A) 


In tlio present case b=e, </=<*' (1+*), lr=a' ( 1— i 'j 
and X 0 +«*a 0 =g a' t ^ 4+^ . 

Therefore 


r _8 

R_- 


i '■(**) >+} 


and consequently 


Fssftr^oTJ ( 1 - J « y, 

and from my results 1 get the same expression for the resistance, 

b. The method used by me for the ellipsoid of revolution is capable 
of being extended to the case of the ellipsoid of three unequal axes. 



On a class of ellipsoidal harmonics and a method 
of solving the wave equation in 
ellipsoidal coordinates. 

B* 

SUDHANSUKUMAR BaNERJI. 

1. Jn the present paper 1 have developed a class of ellipsoidal 
harmonics which are solutions of Laplace’s equation and then have 
used these harmonics in solving the wave equation in ellipsoidal 
coordinates. The ellipsoidal coordinates used in this paper are 
(fit defined by 

.•■=<// u sili 0 cos c/>, 

U=hf) sin 6 sin <£, (lj 

.:—Cft cos 6. 

where constant obviously determines a set of similar and similarly 
situated ellipsoids. This system being analogous to the ordinary 
polar coordinates has got certain advantage over the more usual 
system A, /n, v representing a set of confocal ellipsoidal surfaces, 
hyjHfrboloids of one sheet and hyperboloids of two sheets respectively 
hut has also got certain disadvantage in as much as it does not form 
mi orthogonal system. The ellipsoidal harmonies in the coordinates 
(/), 0, <£) developed in this paper will be found to be simpler 
and more convenient for application to physical problems than the 
Lame’s functions. But perhaps the most remarkable application of 
these harmonics consists in the use that has been made of them in 
this paper in solving the wave equation in these coordinates. 
This equation which was lirst transformed by Mathieu 1 in A, /*, v 
was found to be so unmanageable that he had to content himself 
with approximating to its solution for the special case of an 
ellipsoid of revolution. Subsequent writers including^ Prof. Niven* 
have simply improved upon the approximations of Mathieu. 


1 (Jours do Physique Hathematique , Ch. IX. 
• Phil. Trans., Vol. OLXXI, (1880). 
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2. It is well-known that if (r, 0, <f>) denote the spherical polar 
coordinates of a point (r, y, z), 

r n P B "(cos 0) 

2rr 

( : + i,vcoxu + iynmi < ) " mudu . 

... ( 2 ) 

Obviously, by a generalisation of this expression we can define a 
function C" n ‘ (0, </>’) by the expression 

Qm (Q ^ = (JJ±WK» + W-^. ;_.(»+ I) 

2tt 

q2 7T 

1 (ccos0+ta8in0co8<f>cos?t + 7bsin0ain</>sin?i) H cnsMtfrf/t ... (8) 

0 

With this definition for the function C„ m (^ </>) . it is easy to see that 
p n is a solution of Laplace’s equation in the ellipsoidal coordi- 

nates (p, 0, (ft) defined by (1). 

Similarly we can define a function S B m f0, 0) by the expression 

8 .- 0 , *) = ( ’ 1 1 <*+*- & jJZ+L) (- 1 ,” 

2ir 

1 (ccos0+tasin0cos0cos?i + f6sin0sin0sin?/)"sin/rt ntlu ... (4) 

0 

and p" S B m (0, <£) is another solution of Laplace’s equation in (p, 0 <£). 

The function corresponding to the Legendre's function can be 
defined by 

1 { ^ 

C m (0j =£ 1 (ccos0+zasin0cos^costtH-i6sin08in0sinM) ,, <iw 

o 7 

IT 

1 [ccos0+z(a , sin ? 0cos*0 + 6 9 sin # 0sin f ^)^coB 
Q J 


, (n+ i»)(w+mi— l)...(*i + l 

2i r 




... ( 5 ) 
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and p n C n (0, $) is a solution of Laplace’s equation in (p, 0, 0). Whan 
a -6, the function is independent of <£, i.e M 



2tt 

(c cos 0-f ia Bin 0 cos u) m du. 


3. To obtain the harmonics which vanish at infinity we define 
the functions 


A.-(0,4) = l - 1 ). »(”- !) (n — m+1 ) 


i 


cos mvdu 


and 


(c cos 0+ia sin 0 cos 0 cos n + ib sin 0 sin <f> sin «)* +l 


Z7T 




Z7T 

1 sin mtu/tf ^ 

1 (r cos 0+ia sin 0cos <j> cos u + ib sin 0 sin <f> sin «0" + l 
0 

and obviously (£„"'( 0. </>) /p" + 1 and £>„"( 0, ^)/f» n+ 1 are solutions of 
Laplace’s equation which vanish at infinity. 


4. By an application of Green's theorem we can easily prove that 
the functions C - "(0,^), S - "( 0,</>), @„"‘(0,<£) and 5 n w (0,^i defined above 
all satisfy conjugate properties. 

The element of volume in the co-ordinates (p, 0, </>) is 


abc p* sin 0 dp dO d<f> 


< 8 ) 


which can also be written in the form 

dp.dS, ... <*> 

where rfS is a surface element and 
dp=p 0 dp, 


__ rtftc __ 

~ sin a 0 cos , ^+c , o* sin 9 0 Bin , ++o B 3 B co8*0) 


f ... (10) 



-.84 gUDHANSUKintAK BANEHJI 

So that the surface element rfS can be written in the form 


JS= ^ p' am OdOdt. 

V • 


... ( 11 ) 


Now, by Green's theorem, it* $ and 4>' bo two functions which 
satisfy Laplace’s equation, we have 


Jf 0'S?— «=)~ 


... < 12 ) 


& 1 a 

Hence si noo — =-■ . we see at once that the functions 

on >/ 0 dp 

C and defined above satisfy the following conjugate 

properties : — 


£J 

n tlir 

s. 

•» 


T C. m l#.+)C.' m (0.+)~dM+=:O, (,/£»') ... (13> 

Po 


w —iWd<t>= 0 f in=£w', . . (14) 

Po 8 


l (#»</>)] 8 d$ d(f>~ const. =A ft «suv>, ... ( l.Vi 

Pi* 


Also 

fX 

I l |S„“70,^)J* rW<i^=eonht.=A.. 

J n J II 

Similarly for the functions (g M M (0,</>), §,"‘((9,^). 


... (lfi) 


5. It is interesting to note the following relations between the 
functions C 1&n m (0,<t>) and pn M (0,<t>) 


2a + l 


C ll " , (0,<M=(u* *in*0 cos^+h* sin B 0 sin^+r* eos*0) ^ <g, m (0,</>), 


( 17 ) 


2/4+1 


S„ ,,, (^)=(fl* sin B 0 cos^ + Zj* sin B 0 sin B 0 + r* cos*#) - 

(18) 

When a=/i=c=l. C,,*(0,^)=$ 11 " l (0,^) = P I1 , ' , (c t o8 0 ) cosw^ 


and 


s n " (&«£) = S> » "(0,^) = P * * (cos 0) sin mj. 
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The values of the functions C H W (0,^), etc., can be expressed in -terms 
of the hypergeometric function. 

Thus we get 

,, (»* + **)! t-R»-+ l r- tan"^ „ /ii + m + l x + m + 2 ,i 

H (- “2 2 * +1 ' 

— /■* tan*0 ^cos 

c m(A JL. -.( ,I + I ») • **R B,,4,1 r" tau "0 L , /n + wi + l // + //1 + 2 tl 

h. (W J _ (i _ !g= _ T -__ a p T - * ^ t 2 • 2 — •’“+!> 

— /•* tan a 0 ^sin v ify, 

where F is a hypergeometric function of the four elements within the 
parenthesis and 

R. a — n* sin*0 eos*0-f b 2 sin*0 sin 9 ^-f c* cos*0. 
r*=(n* cus a ^»4-&* sin*0')/c*, 
tan \j/ = b/a tail <f>, 

<: being the greatest axis of tin- ellipsoid. 

5. Tt is well-known that 

P„(sin0 oos<£ sin# oos?’ + sin0 sin^ sinw .siur + uos0 cos h) 

m=« . . i 

-P.'cosfl) V.feos «)+a 2 . ; P."(« 0 S<»)P,"(n.s«) 

cos in 


If we write 

.t=r sin0 cos */>■ 
y=r sin0 sin<£. 
*=r < 


,< =/' sin ^ cos r, 
y'rsr' sin it sin i\ 
:'=/■' cos it. 


and II 

»,»« 2,r 

then we can write the above identity in the form 

r"r' H P„(ain^ cos$ sin n cos t»+sin0 sin^ sin n sin i?+cos0 cos n) 

1 i 2* f2r 

= 1 (z+i ■ cu&*o+ iy *\iua) n dv> X I cos m-#-/// sinw)"<f«»> 
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m— 

+25 

mss 


r n (n-m) ! n , r f 2 ’ 

_l(n+w)! n)W L J o 


(* + • ,«• cos to+iy sinw)" cos nuad<o 


X I (s' + «Y cosw+it,' sinw)" cos mwdto 


+ 1 (•+*»* cosw+iy sinw)" sin »iwdw 


r2rr -j 

I {z + i ' cos w + 1?/ si n w ) " si n mok/w I , 


that iti to say in the form 


g-^ 2 * +yy'+z:'+v {(yz'-zy'y + ( -• ■■:')' + < y-i/r')»)=co8w|"rf 

, f'2n f2ir 

=_i 1 (:+tV cosw+Zj/ sii)o>i"//o)X I (:'+>/ cosw+t';/' simot'rfm 

=», , r (2 

+s II* I ( r+^.s cosoi+»?/ sinwi" cofi mwr?w 

m -l(n+m ) ! „, m L J n 


( r + i.f coso )+»?/ sin«i" cos wiwr/w 


X I cos w-f <y sin w*'" cos wwrfw 


■f 1 (Y-f ?*/ eosw + zy' sinw)" sin mwdw 


ffc 

X 1 (Y + zV cosw-fY?/ sinw)” sin Mw</w L 


Now if we write 
»:=flp sin 0 cos <£, 
y~bp sin 0 sin 


.»'=/ sin u cos (», 


y'—i J sin « sin r, 


zszcp cos 0, 


2 , =r / cos u } 


we get 




sin0 cos fft sin u cos v+6 sin0 sin<£ sin u sin w+c cos 0 cos u 


+*{(6 sin0 sin<£ cos w— c sin u sin v cos $)* 

+ (c sin u cos v cos 0 — a sin 0 cos cos u) % 

+ (a sin0 coB<ft sin u sin v— 6 sin0 sin</> sin u cos v) , }^cos w J dw 
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(c cos 0 +ia sin 0 cos <j> cosw +16 sin 0 sin ^ sin ©)* dm 


X 1 (cos u+i sin n cos v cos a+i sin u sin v sin a) n da 


i~ n (»-«0 ! II« ff 

- =1 (»+m) ! b i w Lj 


( c cos 0 + i a si nflcos^cosw + i &sin 0 sin^sina>) * 

cos mada 


X I (cos n+i sin n cos v cos w+i sin ?e sin v sin «)* cos mada 


+ 1 (c cos e+ ia sin 0 cos <f> cos m+ib sin 0 sin sin <*»)" sin mada 


~2nr 

x 1 (cos n+i sin n cos v cos <u+i sin h sin v sin a) n sin madia J. 


In other words, we get in accordance to our previous definition 

> 

C* (0, <f> ; M, t>)=C B (0, <f>) P, (cos n) 

m=n ( x . r 

+25 I C." («. +) P." (cos n) cos mv+ S.- (0, *) 

w= l(n+w)!L 

P m m (cos ?0 sill wiwj ... (19) 


7. We shall now obtain the solution of the wave equation 


(V i +fc , )V* 0 

ni terms of the functions introduced in the previous articles. 
13 


... (201 
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It is well-known that 
ff 2» . 

f f (^(.isinMCOsu+ysinwsinw+zeostt) 

| « f(n,v)dudo. ... (21) 

0 0 

represents a solution of the above equation in cartesian coordinates. 

Hence in the coordinates (p, Q> <£), a solution of the above equation 
will be given by 


W C* ' Ap(«sin0cos^sin/uHJS( ! + 6siii0sin^sim/sin6 , + ccosOcosf/) 

1 c f(n % v)ditdv ... (22) 

0 0 

It is obvious that by properly choosing the function / ( it . v) wo can 
construct a set of solutions of the equation ( V * + A* )V =0 in p, 0, 

Let us detine the function (kp) by tlie relation 

-«-» . 

<j/,(kp)=z ~ \ \ c C.(^) ^ <«W*. ... (23) 

0 0 />n 

When (i=6, 

w w Ape cos 6 

il/ n (kp)~ t i — 1 c C,,(0)(( ,a si!i 2 0+a a eos*0)sin0(/0 ... (2A) 

h'c'J 

0 

? Arpc cos0 

tty expanding e in the exponential series, it is easy to evaluate 

the integral term by term and to obtain an expression for ^„(Ap) in a 
series of ascending powers of Ip. 

i n ... ’ • 

One way 1 of expressing the result is 

i:f ‘ . ,(ck P y ; 



... 

1 See a note by Prof. Baker on a formula connected with the theory of spherical 
harmonics, Proc<&6nd r Halh. 8oc. f Vol. XV, (1016). 
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where the summation extends for all values of s for which n+*+2 is an 
even integer and 

a = .. r v +2— u 

* L 8 {* ~n~ dir* -* 

) • 

■ 2«-4 *(*— !)(*— 2)(s— 3) 0 ,-t IT , 1 

2! 0£— ♦ u — * + 

U = L r 0: + 3J! + 0 ’ 1 il " + r ~ f/) 

' tK«+2-7)J!L0^ + 0V + 0{'J 

Hit 

U= (b*c *£ * 4* c* a * 1/* -f a * (c£ -f i* a( cosw + ibrj sinw) n dto 

0 

and (, vj, ( stand for sin 0 cos <£, sin 6 sin <j> and cos 0. 

It can be shown that the differential equation (V a +A* a ) V=0, can 
be transformed to the form 

+^~\ + 'i+ C."(9. $)J + ^,C„“(9,*)=0. 

where D.»(d, *) = k tP-M." + 


2tt 


f «-l 

X \(c cos 9+ in sin 6 cos ^ cos it + ib sin 0 sin ^ sin w) 

0 

/c<«0 sin 0 cos cos v + i sin 0 sin + sin n \ CQs mmJu 
\ <■ (1 b ) 

and that ^(Ap) satisfies the equation 
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7T 76V 

,= l |^2»J jl)„»(0, *)C.“(«, <f>) sin md+ 

0 0 

2tt 

Q, +h + *) j j cc -” w * )] * 8in 


7T £7T 

’•=rj j 


<£)]* sin OtlOihfr. 


With this definition for \f/ n it is obvious that we can expand 


ikpc cos 0 


in a series of the type 


iJcpc cos 0 

e = A o ^ o (^)+A l ^ l (tp)C 1 (fl ) ^)+A,^(ip)C,(0,^) + ... 

+ A «^«(£p)C * ($,<£) + •••) ••> (25) 

where A/s are simple numerical constants and are given by 

IT 2tt 

A.=ftrf' [C .(6, <m. ... (26) 


Similarly, we obtain the expansion , 

ilcp(a sin 0 cos sin n cos t>+6 sin $ sin ^ sin u sin fl+c cos 0 cos u) 
e 

=A 0 ^ 0 (fy)+A l ^ 1 (A:p)C 1 (d, 4 > ! «. «) + ••• 

+A,^,(^p)C,(tf, ... (27) 

the constants A 0 , A lf etc. having the same values as before. 

The expression for V can therefore be written in the form 

If 2 IT 

V= JL AbWW ff C*(0, u t v)f(u 9 v)dudv. ... (2S) 
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If now C n ($, <f > ; u, v ) be>xpanded in a series of the form (19) and 
if /(w, v) be chosen to be 

sin n P n '"(cos u) cos mv , 

a solution of the wave equation in the co-ordinates p, 0 , is at once 

obtained in the form 

... (29) 

If on the other hand/(u, r) is taken to be 

sin u P„"(cos n) sin mv, 

another solution of the wave equation is obtained in the form 

*). ... ' (30) 

A number of interesting physical problems can be solved with the 
help of the solutions obtained above. For example, the non-stationary 
state of heat in an ellipsoid given by p=l, with the condition of zero 
temperature at the boundary, can be expressed in terms of (29) and 
(30), 1c being a root of the equation 

Similarly, the periods of free oscillations of a gas, contained within the 
ellipsoidal shell p=l, are given by k which are the roots of the equation 




A memoir by the present writer on the many elegant and interesting 
properties of the functions introduced in this paper and their 
applications to physical problems involving ellipsoidal boundaries will 
be published shortly. 



Some cases of Tidal oscillations in 

CANAL8 OF VARIABLE SECTION. 


BY 

Sasadhaji Dasgcpta. 

1. Problems on seiches in lakes and tidal waves in estuaries 
have attracted considerable attention from mathematicians for a 
long time. Prof. Chrystal 1 and Lamb s have attempted to give 
a satisfactory mathematical theory of these phenomena. In view 
of the very interesting theoretical results obtained by these writers, 
I was led to study some more cases not considered by them. 

Towards the end of the paper I have considered the second and 
higher order waves in a parabolic lake. 

It may be remarked that the only case for which the second 
order tides have been determined is the one considered by Airy 3 
and Me. Gown 4 in which the section is uniformly rectangular through- 
out. . As usual I find that the frequency of the “ second order 
tide ” is double that of the primary disturbance. 

I am thankful to Dr. S. K. Banerji for the interest he has 
taken in the preparation of this paper. 

Part I. 


Fil'd Order Tide*. 

2. The free tidal oscillations in canals of variable section are deter- 
mined by the equations 


9 _ 9 . 9 r g 1 

0 1* b{.c) 0tf L 0« J ’ 

... (1) 


... (2) 

■>=-*„) 8 8 ; (S{) - 

... (3) 


1 Chrystal, “Some results in the mathematical theory of seiche a" Trans R. 8. 
Edin., t. XLI, p. 599 (1905). 

* Lamb’s Hydrodynamics , 4th edition, p. 207. 

• Aiiy, “Tides and Waves.” Ency. Met r op., Art. 192, (1845). 

4 Me. Gown, “On the thoory of long waves " Phil, Mag., (5), t. XXXV, p. 26y 
(1898). 



some cases of tidal oscillations in canals 

where S is the section of the canal at the point $, 17 the tidal eleva- 
tion above the equilibrium level, b(x) the breadth, and ( the tim* 
integral of the displacement jjast the plane x up to the time t . 

I now proceed to obtain the solution of these equations for various 
types of canals. 


CASK I. 


o. Suppose that the horizontal section of the canal is a parabola 

4 i .2 

given by &(,«)=*— and that the depth is constant. 

Assuming that rjx cos (<r/ + c) wo see from ( 1 ) that 


>!■ 1) 
dx* 


X «•*! 


+ fc B ?/=± 0 


w 


where ft* =<r* fyh, 

Tlie solution of ( 4 ) is given by 

1 

>/= Ac J, , (A a js) cos (crt + e) 


_ 1 


= Ar ^ ^ * sin (Am*), cos (<t/+«). 


If the canal communicates with an open sea at its mouth ;«=«/ 
at which tidal oscillations of tin* type »/=C cos (<r/-f c) are main- 
tained, then 


r , a sin (kx) . / , , \ 

>/=G — 7F“\ cos (cr/+«). 

sm (An) 

If the canal be closed at x=<t, the admissible, values of A- are 
given by 

93 t=r 




tan (Ara)=Ara. 
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4. The depth being constant, let us inquire under what circums- 
tances, 


9 yK _0 
di* 6^)0* 



(5) 


has a solution of the form 

V=<K-r)f' C^(»)±«r<]- ••• ( 6 ) 

where F is an arbitrary function and <£, t are definite functions of 
the argument ». 


Now (5) can bo written in the form 

4 

1 8 , i?_ 0*i? , Qy 9 log [6Qg) ] 
gh d~t* 0 ** 0 .« " 9 ® 


Substituting the value of y from (6) in (7) we have 

F" </>-#'* ) (‘W+#"+ 

— F ^</>"+ Q lo ^[^ ,1 ')J 0’^ _o. 


Since F is arbitrary : — 



2W+w+ 9 . ^’=o, 

O ^ 

&+ 9J° **to =o. 

0 JJ 

lK<0 = ± +C„ 

*(•*) = (Ba+C)*-, 

6(0) = A (B,r+C)>. 

If 0j=C=0 and also ^s=fe*, then assuming F=e we get 

1 ho harmonic solution which we have already considered. 
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CASK IL 

5. Assuming that both the bed and surface of the canal are 
sloping, so that S =zb 0 h n .r* f the other circumstances being the same 
as in case I, we get from equation (1), 


1 0 

■ • 0 

2t f l 




Patting =2ii: and =/., we have 

qK 


p + 'J+/.-v= o. 

cr:* : ii: 


Therefore, 


if = A;” 1 .1, ( A-: ) cuh(o 7 + c) 


= A(2 •) 1 J j , (2A'.»*)*"j cos (crf + t). 


On determining the constant, we have 


» = B U-)’ 


ms (<r/ + «l. 

J,[(2fc»)’l 


Now if we assume tlmt i)x cos (mrl i where r; is arbitrary anti it % = 2^? 

u 

a particular integral of 

9vl a."’ 


1 9 r,* ^1 +-\=0 

* 0« L 0* J 2 ' 

)j=A £(2.rJ* J .1, ^«(2r) a J CDS ncrt 


=-A 6 J.w^l . 

H 5 


= _A j9 

wr 0 


7T 


cos [m( 2.£)* cos <£] «« nvl. </<£ 


V 

s:— ^ [cos w {(&•)* com + cos cos o-/} J fty 


14 
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Therefore we have as a solution : — 
ir 


7)— ^ |^F{(2l)^ COS^+O-/} + ^1(215)“ cos^-crf} J t1<f> 

0 

where F is a function capable of being expanded in a series of cosines. 

To determine F we shall have to satisfy the initial condition. 
Suppose »/=»/„ when /=0. then 


t r 

J jy 0 d r =z 2 ^ F [ ( 2f ) a COS 0 )'/0. 


if 


then the determination of F involves the solution 
of the integral equation 


7 r 

Vl =2 f F |(2.)* cos 


CASE ///. 

6. If the surface is parabolic and the bod sloping, such that 
k(.i‘)=zh n . ,t\ \h.(.r)]*=a then the equation (1) becomes 

\ ® p ^1 + *; v ,=o. 

,1 0* L 0®J gK 


i 


2cr 9 


Putting :*=2.«, and k * = — - we get 


d a 
a r 


? + 2 *?+t«,=o. 




Since iy is to be finite at the origin 

iy=Aj (fo) cos (cr/ + «) 


_ * 

=A [ (2,r) Y J “ cos (»< + «). 
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Assuming that the bed is sloping, let us enquire under what 
circumstances (l) may have a solution of the form : 

rf=^(x) F (\j/(x)± trt). 

Following the same method as in ease I, we get 

4>U) = (B.4 + r) _1 


mid /»'.*•) = 


D[B.r* + CJ* 


CASE rr. 


7. Let us now eonsider the ease 1 when the breadth is constant, 
the longitudinal section through the .r axis is parabolic being given 


by // ( «• ') = // 0 ^1— mid the section perpendicular to the axis at any 

point a parabola of lat us rectum, say, where k varies from point 
to point and as can he easily seen is given by 


A== 


Jh 



When .*'=+ 0 , the limiting parabolas at tbe extremities of the lake 
coincide with the bounding lines. 


Flitting 


n 



.r)</* in (2) and f.‘l) we have. 


0*m 

8/* 


0 ,, u 




( 8 ) 


e* 

a» 


where 




)■ 


Chrystal and Lamb have considered the section perpendicular to the .r axis to 
to* rectangular, 
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Substituting in (8) and assuming that uoo nos (o44-c) and putting ,* =aiD, 
we have 


(1 — oi*) ^4-r/#=0. where r=.^ iT - a 
0 ti» a 4 r/// „ 


... ( 10 ) 


This equation has the following solutions consistent with the 
boundary conditions : — 


(a) 


$ 


:U 

4 bji„ 


(1-W* ) 


COS 


(</, 


/ + €'. 


1_ 

M 0w 



_a 

0 <i» 


<*os («■* ,-/ + «). 


where C(r,cu) is (’hrystal's seiche cosine function and c gll _ 1 is a 
root of C(r.l)=0 f if being=2x. <2.v— 1) where s is an integer. 


(b) 


:m.S (r, 

ibJiA 1 - 


, .01 I . . . 

-cos f tr, ,/ + « i. 
— w“) 


1J=— jjP [S w)| <*os (ir,,l + t) 
no, o 01 

where 8 (r, co) is Chrystal’s seiche sine function and r # „ is a root of 
S O,l)=0, it being =2* (2*4-1 ) where * is an integer. 

hi either ease the period of the a — nodal seiche is given bv 

T„= — = 7 , -V- , where /^length of the lake. 

cr„ v/dw + l )f/A M 2 


This shows that the period of the a — nodal seiche is times the 

2 


corresponding period for a lake with tarnsverse rectangular section. 


— If the longitudinal section he a convex parabola, the other 
circumstances being the same as in case IV we get the solution in 
terms of Ohrystal’s seiche hyperbolic sine and cosine functions. The 
period is however given by a similar expression. 
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cam: r. 

S. If /i(«)=//. ,y/ 1 — /.«■„ if the longitudinal section 

is an ellipse whose major axis is in the equilibrium level, we have 


a 


’ [ - <u, 


Putting '■ = sin *2:. we get 


^ ^ +20, cos where 0,=— - tt 

f/ ' .70. 


/x: e = oc 2/n’r 

To solve it assume q—c ;> /<„»• 

// — — oc 


2 /: 


Substituting in (1 ) and equal ing the? eo-eflieients of powers of e to 
/.ero, wo obtain the system of equation* 

( / x+2w/;*/> rt +0 I ^_ 1 +6» 1 /y JI + l =O, 

2,-1, 0, 1. 2...J 


If wo eliminate the co-efficients />„ etc. after dividing the typical 
equation by 0, — !■/<* to secure eimvergenee. we obtain the infinite deter- 
minant 


-e, -<», n „ „ 

4* — 0 , 4 *-#, 4 a -fl, 


U> + 2|* -0, 

a*-e, 2 *-e, 2 a - 0 , 


o o 


—6, w>) a — 0j ,, 

o«_e, o«— o % 


=o 


0 0 I) 


K ('>-*)• o 


2*— 0, 2*— 0, 2*— 0 t 


0 0 


(I 


- 6 , (_/>-4)* — 6>, 

4*-0, 4^-0, 4»-0 1 
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A (1/0=1) say. 

Thus we get sin* i n’/i ^ =AfO) sin* ^ g ^ . 

[See Whittaker's analysis p. 409], 

This determines /a. Then h K is given bv /*„ where L. 

Ii« 

= co-factor of b n in the determinant. A O/O and l,o=-eo-fnetor of b n . 

Thus if the canal communicates with an open sen in which tidal 
waves 

rf=z(* eos (i rf + t) 

are maintained, we have 


u — oc 


'/= 


H = — OO 

n — oo 

> i.., 


eos ( <r/ + c ) 


where r, is given hy sin 2r, =r--L , r x being the distance of the mouth 
of the canal from the origin. 


Purr 11. 

Smnul ami IHylin' Owin' 7V//c*. 

9. Adopting the Lagrangian plan of making the co-ordi nates 
refer to the individual particles of the fluid, the following equations 
can be easily established : — 



V 

h 


8f 

0' 


>+K 


( 2 ) 


where the symbols used have the same meaning as before. 
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10. Let 6=& 0 and S=6 (l /» =/> 0 /t 0 ^1— , so that the longitudinal 

suction is a parabola given by h =// 0 ( l — \ . 

V «V 

From f 1), putting - = : and neglect i ti^r the third order-terms we get 

«■ 0 ^- a 0 Jl_a 0 £ 0 r (l -., 0 il 
0<* 0: L 0* J « 0: 0: L ' ' ~0 r J 


i &i d’i 

a ' § r* 


... (3) 


Neglecting square terms in (3) we have 

•«* 9 _'i= 9 r<i— «) 9 n 

!//-,. 0#* 0 . L 0: J ’ 

Assuming that foe r fiT ** and putting o /* = /M a -f l ) we have 

l [o--i ii] +«(«+>*=''■ 

This has tin? solution where >i is determined by the con- 

dition that $ is finite when : = + 1 whence we see that u- is integral. 

For any integral value ol‘ #i, ir H is given hy «/„*“/#(>/ + 1) — ^ ?> . 

Now reverting to equation (3). assume 

f=CP lt ( £ ><-* ,r *' +2A,l*A.V 2 ' :,r * / - 

where A r is supposed small so that its square can he neglected. 
Substituting in (3) and always neglecting A, 1 etc., we have 

+ ' i!aJ =-2A,Kr+l)IV 2 ' :<r ”' 


& £ [<— £]*'•' 


C* 01*. 0 ,p « , 2><r,< ’ 

a '87 1 
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2 ;•(/•+ 1)J A, l»,r* 


2itrJ 


.*L' 9- 1 :. . u{u + \)\\r 2,<r * / - ^ »J1. [fc 8P. 

<* 0: <! 9: L 0-- 


— n(u + 1)1 




2iv,t 


= 0 , 


or 2 


[^4« (« + 1 ) — /•(>•+ 1 ) J A r I \ i?'"" 1 

-? [* ( i V/ 


, a J) v i a |i 

we shall now expand 2z ^ q~T ) ~ + 1)1** g - * in a series of 

zonal harmonies. 


Let f<:)=2: ( ®'/ + 1 »P. 8 1 ’- 


~ [-IM(-«—l + '.2«— .">) I’. _, + ... j —;{»(« + 1)1',] 


Now 


P » - 11 P 4 . '*“~l p 

2 w — l 2u — \ 

P p ** i> I H — p 

1 i 1 *-3 —■* y - 1 * — a i k f f 1 » — i 


2n — r> 
«— J* 


2u . — r> 
/< — »> 


i> P — __ r |> 4- ILTJi P 

1 2w-!> ’■ * , ‘“ ,i 


etc. 

/(--)= -®£ r{“^— ‘ W(H + l)}P.+ 2 i H -:t)L'._ s + -Ji>- 7 )l ‘.. 4 + ...| 

=[«.-, P.-.+JL l*.-* + .-lLl , .P. + l , .-» 1’.-, + ...] 

= C a „ __ t P„ (l „ l ^_ 3 1% „-:i 4“ *t*Cj 1* 1 

(for all values of /i even or odd. the last terms of f(:) will contain P, as 
can be easily seen). Here 

D„ = — Hu" — /», 
l)„ a =2(2n-:|), 

1 )._ 4 = 2 ( 2 «~ 7 ), 

B.-i = 2 ?»— 1 , 

B,_,= 2 «— 5 , 

B._,= 2 «- 9 , 

etc. 


etc., and 
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Now using Adam’s result for the expansion of the product of any 
two Legendre’s co-efficients in terms of the Lengendre’s co-efficients, 
we have 

n — n i* 1‘3*5...(2»— 3) (w + l)(w + 2)...(2w— 1) _ /A , x 

,1 _n h 1.3.5...(2»— 5) n(n+l)...(2n— 2) w/l „ 

(n— 2) ! 1 (2^T)( 2n+l)...(4,,-3) X (4 ”“ S > 

+ I)„B, , 1,3 ' 5 - (2 ”rl). (» +!)(»+ 2)...(2«-3) „ 

(*-«)! (2n + l)(2»+3).. . (4n-5) { } 

+B „ 1.3...(2w— 5 ) n(n+l)..(2«-3)_ . 

"" 1 («— 2) ! (2»/-lj(2«+ij...(4»-5) ( 5) ’ 


Ct,_,=otc. 
Thus 


* = d c_, 

1 a [4w(w + 1) — 1 • 2] 


A. = - 


« [4n(n+l)— 3-4] ’ 

\ ( ) — C ^L 

a [4w(w+l)~ ( 2w— 2}*+2)(2?i— 2/+ 1) | ' 

Tlie nature of the solution obtained above shows that if ( is calculated 
to 2nd order of approximation we get tides of the 2nd order being 
proportional to c 2 and the frequency being double that of the primary 
disturbance. Continuing the approximation we obtain tides of higher 
orders of frequencies 3, 4... times that of the primary. 

11. The following particular cases are interesting: — 

1- When n=l t 

£=01’ .(zV/" 1 ' -t ■ lV0e 2<<r,/ 

3 a 

and , 

cTj is given by erf = 1-2 • — a ° • 


2. When *= 2, 

£=CP,(*y Vr *' »’«(-•)+-• !*.(»)] - S 


'litrj 


and 


cr, is given by <r*=2.3. ,J ~« 


3. Whon w=3, 

e-op.M^.‘— £[ «p,( 0+ “J i'.(--)+^ ] 


aiu * <r, is given by it* = 3 . 4 . • 

15 


Xe 


2i<r 9 ( 



The Stress-Equations of Equilibrium 


BY 

Satykndraxath Basi\ 


It was shown by Mitchell that ihe six siress co-efficients in an 
isotropic medium satisfy six equations of the type : — 


V'X,+ 


1 

1 + cr 



V a Y,+ 


1 6 * Q 

1 + cr Qi/0r 


0, 


These equations however have not been used for solving the 
general problems of Elasticity. It is shown here, that the equations 
can be successfully integrated, in the case of a semi-infinite body 
bounded by a plane. In the case of the sphere the equations can be 
conveniently transformed, in a different form, which then admit of 
integration in an infinite series of spherical harmonics. 


(1) The semi-infinite solid bounded by ?=(). 

The surface tractions X,, Y., Z., are supposed to have given 
values over the plane #=(). 

Consider the equations 


V*X, + 


1 

l + <r 


ai© 

a;»!0r 


= 0 , 


V*Y, + 


1 9*0 =o. 

l+o 1 


V*55,+ 


1 

1 + *r 


9*0 _n 

a*** 
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Since © is a harmonic function the general solution can be written 
as 


X, = 

Y, = 

Z, = 


1 . 90 J.V 

• a,„ 

1 g 9 © j. y 

2tl+<r) dy + 


1 


00 


2(1 +<r) ' 0, 


+ 55, 


(1) 


where X t(J Y,„, Z 44 , arc harmonic iunctions which have given 
values X,, Y., Z., over the plane e=0. 

The functions are therefore uniquely determined ; they are in 
fact 


also since 


X '"“ i & 1J 7 J "“- '■-= l $7 jj V 
/,,n= L Q: jj '‘r 


tlxdt/, 


ax, a v.* , 0z r _ n 

“8 41 + »r ’ 


we have from (1) 

_ 1 8© . .1 0 / 0b . 0M . 0X 

2(i + cr) 0- 2^r 0:* 0.i; 0y 0j / 


where 




and 


o = l + ,r[0L + aM + 0X]. 

7T L0JJ 0 ^ 0 - J 

I inis X M Y, Z f> 0, are all dctorminel. 

r fhe (solution may be afterwards completed, and U, V, W found 
( 1 ‘t as in Comitti'e method. 
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(2) The problem of the sphere. 

Consider the three equations 


V a X,+ 


1 9 a O_ ( 


l + o- 0® 


"=o> 


V*X,+ * 

l+.tr dxdy 


VX. + .J- -jr§= °- 

1 + <T 0 ,{' 0 Z 

Multiplying by .r, y, r, and adding we have 

[*V’X,+0V a X,-HV a X, 


or. 


Now since 


we have 


Similarly we have 


■*,U' 

, I 1 ® + y a 

a.,* J a t 

■© 4 

c0 2/ 

. 0 S O 

'a^a'- 

+sX ' )+ i+,('d' + * 

8 4 

01/ 




a_x. 

+ ax. 


V a -: 

07/ 

05 

ax, , ax, _ax. 

; 9* dy a - 

=0, 


h }. _9. ( 

i+o- a ,' \ 

■ 

=0. 

• 

h J a | 

l+«r 0 y * 


=0, 

► 

h_L - a \ 

1 + CT 02 ' 


=0, 

> 



90 


where r-Q^.^O is. also a harmonic function. 
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The form of the equations is exactly similar to the preceding 
equations. 

(3) The sphere of radius a , has given tractions X r ‘, Yj.., Z r 
over the surface. 

Assuming 0=50„, 


where O, is a solid homogeneous harmonic of the nth degree, 

r' ®°-0=S(»-l)0.. 

Or 


also remembering that 


V , 0‘ , ~u , )K , B =2( i 2M + tt)K J M where F„ is a solid homogeneous 
harmonic of the wth degree, we see that the solutions of the equation 
(2) can be expressed in the form 


,v — 1 _ 

} 2(1 + cr) 


• f " . 1 1 ) ('- s - f ‘ s ) d S- +«x, 

2n+l O 1 ' 


>Y,= 


w-i, *i + \ +* t '- 

2Tn») s sri (r '-"'' -£r + " z - 


where X, flJ Y,. (( , Z r „, are harmonic functions which have given values 
over the surface of the sphere r=//, and hence are completely deter- 
mined. If 

X ri =JX„ Y rm =$Y m . Z r .=3Z. ; 
wc have 


(/•*— a *) ^ «— 1 

2(1+7) 


2m +1 


90. 

97 


+o3X. 


'Y f = 


(r*— a*) ^ m— 1 

2(1+7) 2»+I 


9©* +„SY 

9y 


n 


»z r = 


2(l + 0r) 


» — 1 

2ir+i 


80. 

8>* 


+«2Z.. 
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^(rX.j +.A(rr,)+ 8 ; <r/„) 


__r ax, ax, ax, -I r av, av, . ay. -1 

“1 "87 + 87 + 97 J +1J L 0* + 0y a* J 

+s f ^ + 0 .-* 1 +X,+Y,+Z,=© 

L ay o - J 

it follows that 

1 s w ^ P .. 9 0- 90. . -90.-] 

°“ (1+ir) ^(2» + l) L* 8^ 9 if + * 9- J 


+«2 1 


«/ ax. ay. , az. \ 

‘l a-' 0« + 0- ^ 


or 


®=- ffj * tii' ®- + " 2 ( S a X ; + »i +%)• 


fco that 


^ T O+tf)0fo+j)+ w Q ir 1 ) 

~° n L " o+i)a+v, - - 


where 


^ . dx H+l , oy^n+x I 9 ^m4i 

H ““ d* + + 


9y 


di 


So that 


(r+ <r j(2#+i)+ii(fi-i/ - 

Thus X r , Y ry Z„ Of are all determined in terms of the known 
value of X f , Y„ Z, on the surface. 



On a special square matrix of order six 


BY 

C. E. Culms 

Summary . — The matrix $ defined in equation (2) is one which occurs very 
frequently. Its rank and its reciprocal arc determined in Art. 1. The remaining 
articles contain illustrations of its use. In Arts 4 and o the stress -Btr&in relations 
of an isotropic body are determined without assuming the existence of a strain-energy 
function, the general argument being a simplification of that contained in Chapter 
VI of Love* if Elasticity. 

]. Homogeneous linear transformation* of the variable* in (he 
matrix 

y\ y-> -a ■>•//]• 

It we use the notations 

( 1 ) 


*=m:= 




..A 

=det <f> 






26 t r lf 


2a x b x 

al 

bl, cl 


‘>h,c„ 

2<V'«. 

2a t b 9 

"!!» 

h* r* 

U M ' .3* 




2«.A 



h t r t 

+ S* 


«A+«A 


^3^1 » <V'i ’ 

Vi 

+ V.V 

, V , 1 

«r s A, -f rr, A, 


b | b i9 

l>, c. 

+ Vl. 

c,<», +<•,«,, 

a |/> 2 A x 

to tlie 

variables x 

<y> ~ 

tlie irans formation 



( 2 ) 


! «i, h x . ; X ! 


y 

II 

d 2 , c g | j 1 ; 

: 


*S» ^3* °3 ! ^ 

■ 



1 - 


we obtain 

_ I 1 0 

[**, y', **, yz, M| ^]=[X», Y*. Z', YZ, ZX, XY]. « 


(A) 


( 3 ) 



no 


C. E. CliLLIS 


When c l sz\a l +/ib X9 c 9 =Aa 9 +/Li6 9 , c a =Xa s +/x6,, the minor of \j/ 
formed with its 1st, 5tli and 6th vertical rows becomes degenerate, 
and consequently all simple minor determinants of that minor matrix 
are divisible by A* In fact the affected minor determinants of i/r 
of order 3 belonging to that minor, when arranged according to the 
scheme 

(123, 156, 146, 145, 256, 246, 245, 356, 346, 345, 

456, 234, 235, 236, 134, 135, 136, 124, 125, 126), 
form the matrix 

A*[— 4^1*7 jjrt.,, fl i * 5 fl i » *" i * j \ , "™ it | * , 

— a a a 2 a , a 3 ?l a l a # re 3 , 0,— o’- a * , 2c/ 3 a n 3 , 2n 1 f7 s a , 0, 2a x *«,, 2a 1 a a *, 
— 2a 1 a a 9 , 0], ... (4) 

and the co-factors in \j/ of these respective determinants form the 
matrix 

A. [—A, A, A,, A l %-A 1 »A af -A 1 -A aii A l A s *,-A a \ A/A ;i , 
— A 8 A s * A 2 A a * , A,» f 2A l A,A 3 , 0,-A.A,*, A^A,, \ x \,\ 0, 
A 1 *A 3 , Aj A.*,— A, a A a , 0]. ... ( V) 

where [ABC] laa is tlie reciprocal of [afo] l9S . Hence by expanding the 

determinant [c] tt in terms of tho minor determinants of order 3 

belonging to the 1st, 5th and 6th vertical rows, we see that 

[c]“=det A 4 * ... (5) 

It follows that i]/ is uiidcgencratc or degenerate according as $ is 
undegenemto or degenerate. 

It is easily seen in a similar way that when </> is degenemte, every 
vertical minor of i/r formed with four vertical rows is degenerate, and 
therefore the rank of \j/ cannot exceed 3. It then follows from (4') that- 
when <l> has rank 2, the matrix if/ has rank 3. It is moreover obvious 
that when has rank 1 or 0, the matrix i^has the same rank. Therefore 
the rank of \j/ depends on the rank of <f> in the way shown in thi* 
following scheme. 


Rank of <f> 

3 

2 

1 

0 

Rank of i/r 

G 

3 1 

1 

0 



on A special square matrix of order six l.-ij 

Again if [ABC] 1>a is the reciprocal of [a6c] las , and if we write 

*=m; 


AC, 

B * 

"i * 

c,*, 

BxOx, 

C.A,, 

A,B, 

A.*, 

B.*, 

<V. 

B.C,, 

C. A, , 

A.B, 

01 

«r* 

< 

B,*, 

CV, 

B,C„ 

C»A„ 

A.B. 

2A,A s , 

2B,B S , 

2C,C S , 

B.C. + B.C., 

C.A.+O.A,, 

A.B.+A.B. 

2A S A„ 

2B,B„ 

2C,C„ 

B.C.+B.C,, 

C, A, +C, A,, 

A S B, + A,B, 

2A,A,, 

2B,B„ 

2C,C,. 

B.C. + B.C,. 

<\A,+C,A,. 

A.B. + A.B, 


(8*) 

we soe by direct multiplication that 


r -lfl r "Ifl 


M" K =k H fi =A 2 |i] n ; 

•» 1 — 'n L J «! 1 J o 


... ( 6 ) 


and this shows that 


the reciprocal of [<?]* is A * [K]“. 

When A=£0, we deduce from (A) the inverse transformation 


I 


^ n A a , A a 


A| Y . = | B,, B a , B 3 

i i 

| K jCnC,, C, 


...(A') 


from which it follows that 


A*. [X*, Y», Z*, YZ, ZX, AY] = 0*i ^ ■'*]■ [«]!. (3') 


as conld have been deduced from (3) by prefixing [E]° on both sides. 
Note. — When $ is uudcgonerate and 





— — 

A n A„, A a 


a it ^n 

Bn B 2> B a 

is the inverse of 

Mg, ft 2 , C a 

0 n C„ 0 3 


1 

| a a» c 3 


16 
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\ii 

the matrix Y defined by (2') it* the in rer*e of tho matrix iff defined by (2), and iln> 
two mutually inverse rmiisforuiutions 

x ' j X A,, A„, A, | ! , | 

Y ' , j V - B„ B a , B, J I „ 

j L z _ . c ” c " °* i L* • 

lead to the two miiLimlly inverse traiiNforiimtiuns 

i — »« 

[.I- 2 . I/S I/e, w, *^]«[\*, Y*, Z 5 , YZ, ZX, XV]. .• . 

■ — in 

[XS Y*, Z , YZ, ZX, X Y f ] • [.r s , ■-*. ;,r, xy]. f H]* . 

2. Hank of th* j matrix 


//l*1 

?/i~V 

; r r ii 

*xVi 

V* y**- 

.. H 

H 2 f 

3f«V 

- 2 2 * 

1,1 2 // 2 

M n =/K y. 0= ! V. //,*• 

*.*. 



'•' S y.n 

j V. yS, 

, 8 
- V • 


‘+••*41 


\ •** *» 




•'’ 5 y 5 


i 


where (*•,, y,, • x », (.r B , y a , r # ), ...(■»», y.,, rj the (project in ) 

co-ortlinah* of fire distinct point s , P % ,...P ^ in homogeneous 2-tcjy spaa. 

If h point I* lias co-ordinates (at, ;/, z ) with respect to one triangle of 
reference, and co-ordinates (X. Y, Z) with respect to any other triangle 
of reference, there exists a transformation of the form (A) in which 
and we have 

/Os y, -)=/(X, y, Z)7\ 

1 — 'o 

r— 16 

where c is undegenerute. We conclude that the rank of Mr ,s 
*— » a 

the same whatever the triangle of reference may be. 

If all the five points Pj, P a ,...l* 5 are collinear, we can take the 
straight line on which they lie to be the Nide #=0 of the triaii'-d* 1 
of .reference, and P { and P„ to be cornel’s of the triangle 
yefertmee, and suppose the co-ordinates of P lf P fl ...P B to be (0, b-W' 




ON A RPKCIAI. SQliARK MATRIX OP ORDF.ll SIX 


1*3 


ai, 0. c), (0, p t , yj, (0, P t , y,), (0. /?,, y,j, when fc. r. /*,. ft, 0,. y„ 
y,. y s , lire all different from 0. Tlion M , lias same rank as 

*>’, 0, j8,«, /3,«, £„* 

°> r *. yi*» y,‘. y»* 

0, 0. /3 t y,, p t y,. /3,y, 


Tints in this case ft/| 3 has rank .‘1, 

If four hut not five of the points P t , I\....P 5 are eollinear, we 
ran choose the triangle of reference so that their co-ordi nates arc 
K. 0, 0), (0, b % 0), ( 0, 0, c i, (0, /?,, y t ), (0, /*„, y t ). where each letter 
denotes a non-zero quantity. Then (VI.-, has the same rank as 

ri*, 0, 0, 0, 0 

<U a , Pi 1 - PS 

0, 0, <•. y,‘, y,‘ 

0. 0. 0. /l,y„ p,y. 

Thus in this ease IVU has rank 4. 

If three hut not four of the points P t , P t ,...P A are eollinear, 
we can choose the triangle of reference so that tlieir co-ordinates arts 
i/», I). ()•, Ml, />, 0), (0, 0. r). (0, fi % y), (.!„ //, j), where //. h . t\ p. y . • are 
non-zero quantities, and y and : are not hntli zero. Then IV | 5 has 
lie same rank as the matrix 

0. 0 , 0 . 0, 0 

0, h 9 . 0. 0. 0, 0 

0. 0. M. O. 0. 0 

0, p*. y py . 0, 0 

;«*, //*. : a , //r. , y j 

wliioli is 4 plus the rank of [ r, y J, Thus in this ease has 

i"nik 5. 

^f no three of the points 1\, are eollinear, we can 

choose the triangle of inference so that their co-ordinates nre (a, 0. 0), 
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(0, 6, 0), (0, 0, e), (a,, p x , y 1 ), (a 9 , y 8 ), whew each letter denotes 

a non-zero quantity. Then |V|» has the same rank as the matrix 


a*, 


o, 0, 

o. 

0, 

0 

o, 


ft*, 0, 

0, 

0, 

0 

1 0, 


(), r». 

», 

o, 

0 



y.\ 

fty>» 

yi«>. 

p 

a * ! i 

ft 

y.*. 

fty*» 

ya a m 



yi a i» a ifti I 

Since the simple minor determinants of the matrix i 

0»y*> y* a .» ■ 

cannot all vanish, we see that in this case IV| n has rank 5. 

Thus in all cases the rank of the matrix /(,»■« y, z) is given by 
the following scheme 



1 i 35 1 * ' T, \V\ 

//*”» "2 » //s^2» * B'^S * ®iVt 

Note 1. — For the matrix M 4 — 

•**3*1 2/s fl » *3*» ^3*1» *3*31 *3^3 

«/♦*, *4*. !/•*♦» *4®4» 

we have the following sclinino. 



ON A SPKC'IAI. SQUARE MATRIX OF ORDRR SIX 


J:>5 


Noth 2. — Tlio rank of tho matrix 

■ t; i a > J/i“. *i 2 , f/,*,, s i-i’ii .*M/, 

Ma* '*'2 * U'i » ^2 2 t If 3^ St ,r sVs 

\ ,r 3 a i 'a‘» ?/.i c .a» s s a 'si 

in always 3, when tlio tlinti points I*,, |» 2} P., nrr> distinct. 

•1. Quadric carer nr rarer* thentnjlt fire [firm points in hennny me- 
nus 2 •waif space. • 

If P,, P a ,...p. are live distinct given points whose (projective) 
co-ordinates are ( r p y l% f.r B . ?/,, - 8 ),. ..(**, y 5 , - R ), then 

«•* + % a -f r: 2 + 2/'//s + % ; »■ + 2A r y =0 


will be a quadric curve passing through them if and only if the 
matrix of the co-etlicients satisfies the equation 



% article 2 the possible ranks of |\/| are a. 4 and : and therefore 
the number of unconnected non-zero solutions of the equation is 
either 1 or 2 or .*1. If we disregard the quadric curve of rank 0, 
we see that- : 

(1) There is always at least one quadric curve passing though the 
5 points. 

(2) Except when 4 of the points are colli near, there is only one 
quadric curve passing through the 5 points. 

(3) When 4 of the points hup col linear, but not all 5 of them, 
there are exactly two unconnected quadric curves passing through 

the 5 points. 

(4) When all 5 of the points are collineur, there are three and only 
three unconnected quadric curves passing through the 5, points. 
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In ease (3) a quadric curve through the 5 points consists of ...the 
straight line on which 4 of the points lie and a straight line 
passing through the other point. In ease (4) a quadric curve 
through the 5 points consists of the straight line on which the ft 
points lie and one other straight line. 

Noth.-- Conic or conics through five given cop! a nor points in common H-wny sjtacc. 

The foregoing results are of course true when (*,, y lt s t ) t (.••„, »/ s , .?«), (.r it 
Vs,",) arc rhe projective co-ordinates of five distinct given copin mi r points with 
respect to a reference framework lying in their plane, the quinine eurves being 
now eonies. The points sit infinity may as usual he taken to he those for 
which i — 0 : ntul some or sill the given points may lie on the line at infinity. The 
ft given points determine a conic uniquely except when 4 of them are colliiicar. 


4. The stress-strain relations for an inotropic solid. 

Consider any body, such as a solid, which is slightly strained 
from a state of zero stress. With the ususil notations for the 
components of strain and stress with reference to rectangular axes 
(OX, OY, OZ) let 


[e,, c a , Cj, , e :i . r„J — [c r ,. c v „, c... e„ ; , 2 e : , , 

|K„ K..K,. K 4 . K.. K.|=|X„ Y,. Z : . Y,. X ,] ; 

and let the stress-strain relations for tliose axes of co-ordinates he 


K = \r,\ n c . 

' ‘ > ■»« L— J . 


. . (7) 


Let (OX', OY', OZ') he any other set of rectangular axes 
through 0, the direct ion -cosines of OX'. OY\ OZ' with reference 
to the axes ( OX. OY. OZ ) being respectively ( /,. m i% u x ). 
( ^ti ll * )> ( ^ ,h ? #'■»• w B h When this second set of co-ordinate 
axes is used, let c l? c a ,...r fJ , K ls E a „..K fl he replaced by #•/. c a \ 
E,\ E a ' |t ,.E # ', and let the stress-strain relations he 


E = «' 

« n 1 — 


... . (T) 


Then the body is isotropic (in its uiiHtrniiicd state) if mill only if 


m:= [c] 


6 

A 


for all choices of the second set of axes. 
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Now if 


v> 

Hi 2 a , 

lit*, 2)11 f II J. 



21, Ml, ! 

1.’. 

III * * , 

W 8 *. 2ffl | )l | . 



2/, Ml, 

1.*. 

"*»*• 

« 3 *. 2=« s «,. 

2m.,/,. 


a/ v» i » j 

V,. 

in 2 in a . 

)l S llj. HI* lift +Hi a lt a . 


v.... 

+/,,«, I 


I/I a III 2 . 

II H II , . Ill :t II 2 + 111 2 II , 


I*'"! 

+/,»,, 

1,1.= 

Ill 2 III*. 

ii j ii *. in- j ii * + II* a II ,. 

"i /* + "»!,• 

/ , ,M , 

+ /,MI, 


... ( 8 ) 



/a / « 12 

' i • 'a • ' s j 


. — '« » ^ i 

12 = 


2 / / 2 / / •>/ 1 

“'•'a* *-' .v i • i f a 

rii 8 iii 3l 'htk r nt x . 2/i<ji/t 8 

-n g n 3 . 2ff 


-n illljHj. M 9 H. 3 . Hi 3 II a + 111,11*, MljMj + HtjMj,. + //t a M, 

M,/,. M,/ r IH a II, +»H,M a . #1 / 1 +«,/,, »,/,£+»*/, 


/ | III l ■ /j lll'j • HI | II 2 I " HI j| II ] • ? 3 HI ] "4* f | HI <y • / ] IIIji "f" / g III i 


... (8 f ) 


we have 



/.f*. M] al ul [12 )* a iv two mutually inverse* uiidogenerute square 
matrices ; and the formulae for the transformation of si min and 
stress components are 


• — n 




1 — « 



(») 


From (7) and (9) it follows that 



i&8 


c. ii. cut Lis 


Thus the body is isotropic if and only if we always have 


M 


« 

6 



( 10 ) 


*>■ m:w:=km: ... oo') 

liowever the axes (OX\ OY\ ()/') are chosen. 

First let the new axes be formed by merely reversing the axis of *p. 
Thun we have 


I I I I I I Mi i 

f 'i i f 's * l *s » '* * ’ • '-r, I — !/i* *'i • *V r i s r ( . j. 

PS.'.K.'. R,'. K,'. K.', R/|=[R.. B„K.. 


In this case [r # ]* is formed by changing the signs of the first 
four elements in the last two vertical rows and the last two hori- 
zontal rows of [r]", and the equation [/]* = [#*|“ requires that all 
those 16 elements shall vanish. From this result ami the similar 
results obtained by reversing the axes of y anrl r, we see that it is a 
necessary condition for isotropy that |r]" must have the form 


j - .3*8 ! /•’ i o 0 | 

! r, 0 i ! ! 

M e = | . where m"= ' <) /,* 0 -. 

a ! o, k H : i 

3,3 ; o o A\, : 


an 


If we give it this form, and write 


H’= 


u, p 
q, r 4 


(M) 


the necessary and sufficient conditions (10') can be replaced by 

MK-HH 


(13) 


mk*wx. 


... (M) 
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12') 

( 15 ) 




w:w:=w:w:. 


( 16 ) 


whore [«]*, [p)*, [7]’ have the values shown by (8;. From ( 14 ) it. 

follows at once that another necessary condition is = A-,; and we 

can therefore write 

*1 =*•=*» =fi- 

Next let the new axes (OX f , OY', OZ') he formed by turning the 
axes (OX, OY, OZ) through any angle 0 about OZ, so that 


h, 

iu lf 

"l 


cos 0, 

sin 0, 

0 

1*, 



= 

— sin 0, 

cos 0 f 

0 

h, 

i,l 3 J 



o, 

o, 

1 


Then the necessary equation ( 13 ) is 


cos*0, sin a 0, 0 | 

sin*0, cos*0, 0 

j 0, 0, 1 


j *’i x f n ; 

! se i ^sa t? as 

I I 

• ^ .1 i a :i 





( 'n ^ia *’ia 


cos 2 0, sin 9 0, 0 

i ^a a r %n 


sin*0, co$*0, 0 

**a i ^Sa ^*33 


0, 0, 1 


an, l this equation is satisfied for all values of 0 if and only if 

c *i =r i»» c si =r aa» r n =r *»* 


17 
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From this result and the corresponding results obtained from rotations 
about OX, OY, we see that it must be possible to write 

r, , =r a a =r a x =c x a =r x „ =c a t =X, r l t =r g g =r a , =X+p, 

and that the condition (13) is then always satisfied. 

Finally the conditions (15) and (Id) are satisfied when and only 
when 


p-fi. 

Thus the necessary and sufficient condition for isotropy in the 
unstrained sfate is that [r] rt shall have the form 

0 , 0 , 0 
0 , 0 , 0 
0, 0, 0 
n, 0 , 0 

0 , ii, 0 

0 , 0 , 

When we replace l»y ami write r,,+r yy +<*,,= A. tbc 
corresponding stress-strain relat ions are 

X,=XA+fy Y,=XA+fy Z,=XA+2 /x c ts . 

Z x =/iC. fJ X y =fiC XJf . 

5. The stress-strain relations for any isotropic body. 

If. as must he the case when the body is not a solid, 
unstrained state is not one of zero stress, we must replace (7) by 

K 

1 


C, d j 


■ 0 , 1 




[c]* = 
L 


*•+/*> \ 

A, \+p, 
A, A, 

0, 0 : 

0 , 0 , 

0 , 0 , 


A, 

K 

A+/i, 

0, 

0, 

0, 


... ( 18 ) 
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l3l 


and (10') by 



0>1 


0>I 

- 

Oil 


o 


r, d 


r, d 


f»). 0 

0, 1 


o, i 


0, 1 


0 S 1 

... 

Oil 


0*1 


All 



The conditions that the body shall be isotropic in the unstrained 
state are the same as before together with the additional condition 


H m;=k c 2 °) 

Considering the three particular cases in which the direction of one 
of the three axes of co-ordinates is merely reversed, we sec from 
(20) that we must have 

r/ M =r/ Bl srf 61 =0, ... (21) 

and these values reduce (20) to 

- ( 22 > 

Considering the cases of rotations about OX, OY, OZ, wo see that 
tho first of tho conditions (22) can only he satisfied when we ean writo 

and then both conditions are always satistied. 


Thus any slightly strained body whatever is isofivijnc in tho 
unstrained state if and only if the stress-strain relations are 


X, 




| Y, 

i ^ 



X+2/t, 

X, 


0, 

0 , 

0 , 

-p 1 

x, 

X+2/i, 

A. 

", 

0, 

0, 

-p 1 

X, 

X, 

A+2/i, 

0 . 

0 , 

0 , 

-p i 

0 , 

o, 

0. 

th 

0, 

0 , 

o ; 

0 , 

0 , 

0 . 

0 , 

fl. 

0, 

o ; 

0, 

0 , 

0 , 

0 , 

0 . 

/*' 

0 I 


e >, 
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or 


X c =XA + 2/i <**,— Y„=AA + 2/a jj, Z*=XA+2/* e s , 

- Zj(”/i t!j ,tj Xy—f^-Cxy. 
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On T1I15 FORMATION OF OPTICAL IMAGES BY A 
BIFF It A CT1 X < 1 BOB X BA 11Y. 


| With a 1'hih! 1 

BY 

Biippkxdra Chandra Das. 

In ;i recent paper 1 published in the Philosophical Magazine, Prof. 
Bauer ji has noticed that if a circular aperture placed in front of 
a lens is illuminated by a point source of light and if a small screen is 
placed in the focal plane so as to cut off the entire geometrical cone of 
rays, a bright image of the source may lie traced along the axis behind 
the screen and for a considerable distance beyond. As remarked by him, 
this phenomenon is somewhat analogous to that observed by Porter 2 
and Hufford* almost simultaneously, namely, that, the rays diffracted 
by a circular disk can form an optical image of the source along 
the axis of symmetry, hut differs from if, as in this case the image 
is formed by the rays diffracted by tin? boundary of a circular aperture. 
At. the suggestion of Prof. Banerji 1 undertook a detailed study 
of this phenomenon and have succeeded in obtaining a mathematical 
theory. While carrying out. the experiment, 1 have observed that 
the central bright spot is surrounded by two sets of alternately 
bright, and dark rings, the outer set being at a considerable distance 
apart from the inner one. A large number of very faint rings 
may also he observed in the space between the first set of rings 
and the second, but not between the first set of rings and 
file bright spot, which region is marked by almost- complete 
darkness. It appears that the configuration of the outer set of rings 
depends to a considerable extent, on the form of the screen placed 

1 Bauoi'ji, “On tho radiation of light, from the* boundaries of diffracting 
upurturoH,” Phil. Mug., vol. xxxvii., Jan. 1919. 

* Porter, “On tho Formation of images by moans of mi opaque disk,” Phil . 

| Vol. xxvii, p. 073 (1914). 

'* Hufford, “Some now diffraction photographs,” Phyn. Her. vol. Ill, Sor. 2, 
1* SM] (1914). 
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in the focal plane. These rings undergo modification if the screen 
in the focal plane be either displaced or replaced by one having 
a different boundary. Figures I and II iri the plate illustrate the 
phenomenon observed with a circular diffracting aperture illuminated 
by a strong beam of light allowed to pass through a circular pin 
hole. The central bright, spot has a circular shape in these 
photographs. The formation of optical images by a circular diffracting 
boundary illuminated by a lion-circular point source of light is 
illustrated in figure 111. In this photograph the source is triangular and 
the central bright spot will he noticed to lmvo also a triangular shape. 
Ill any case the image is found to closely follow the form of the source. 

Let /• be the radius of the circular aperture of a lens L which 
is illuminated by a point source of light O and let the beam 
converge to a focus F at a distance h from tbu aperture. Let the 
light at the focal plane he cut off by means of an opaepio circular 
disk of small radius For the sake of giving definiteness to 

the problem, we shall impose an upper limit to f, say f a , that 
is to say, we shall suppose the diffracted rays to pass through an 
annular opening in the focal plane. 



to be 


KJ 


•( 


mr 

~h 


0 


sill vt, 


where K is a constant ami , A being the wave length of 

A 

light. 


The disturbance at any point Q, distant .0 from the axis, 011 a 
screen S placed at any distance c behind the focal plane can bo 
regarded as due to the diffracted rays which pass through the annulus. 
Xow if R be the distance of y from P, then 


R“ =(£ cos sin" 


=£*— cos <^+4j"+c". 



ON THE FORMATION OF OPTICAL IMAGES 


The effect at Q due to an elementary disturbance at P is, by 
Huyghen’s principle, equal to 

•h( Wr () 

(fixity K V- — ^ ' . V sin (m R— w/). 

Hence the total disturbance at Q is given by 

+=Kf 2, T*' J { J, ( 7 <W. 

o J X 

If the opening be small, and Q is very near the axis we may 

substitute ^ for } , and the expression for the total disturbance 
c K 


becomes 


'*'=> 7 i ) si " («H-irf) 

0 \ 

Since x and f are very small campared to h or r, we have, on 
extracting the square mot and neglecting terms of the higher order, 

B=,+ is + i'V - *• 

Putting m ( ,+ £) — vt—io, we can write 


= [(’ sin S cos o>J , 


2ir 


c=^ j j, ^ 7 ^ ) 008 ( ~ "',7 £ eos + ) 'W* 


0 

2 ir £, 


s= i ^ J * ( T £ ) Rin ( ~ t ( cm *) ,IW - 


0 £, 
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On integrating with respect to 4> we easily get, 

f. 

C=2* j J, (AO cos ( J <?£, 

t 

s, 

S=2» j J, (A{) J.( B£) sin ( J K’) 


(iii) 


0 


where 


4 ««r t» 

A=*~ , B-fix, fi= 


We now proceed to evaluate these integrals. Integrating by parts, 
without putting in the limits for the present, we obtain 

j J lV AO J. (BO eos( \ K’) <K=™ ( l K 2 ) j"-', (AO •'» OKU 

+'* jWaOj 


■i, (AO •'» (BO <K'K 


Now remembering the formulae 


i ‘ 

we get 


^ •' * *L-i (.*') (Ir—i •* J, ( (r) , 

P- Ml = .Jj.+i (■) 

d - L J *■ 1 

j J, (AO J. (BO 'It = jV j J '-W> .B£ J. (BO <1 (BO 

= gi • ■ B t J, (BO + £ | . J -» B£ J, (B£) <H 

A» f .1, 

B*J (A 


1 A 

A’ B 


J, (AO J, (BO + 


(AO 

(AO» 


(BO* J, (BO d (BO 
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and by successive application nf (v) this becomes tinally 

= l [g J. (A© J, (BO + £ J, (AO J, (BO 

+ ^ J .(AOJ. (BO + ...J. 


On substitution of the above, the second term of the right hand 
side of (iv) becomes 

A ] 4 [ H J * J * m) + •'» < A *> J « ( B *> 

+ Js J » (AO -K (BO+ ...] sin W) '/( 

=| sin (>0)j ( [ J J, (AO J, (B{) + A ’ J, (AO J, (BO 

+ ...] >l( 

+£jc<™ (W) j { [ A J, (AO -J, (BO 

gi J, (AO -T, (BO+. ..]</(• <?C. 


Again, proceeding as in the previous cose, 

j (AO J, (BO <«(= | [ B J » (AO J, (BO 

+ g| j, (AO J s (BO+...], 

J i - 1 , j, (ao j, (bo « = | [ g! j; (ao j, (BO+-] 
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Hence 

J C [ £ j, (AC) .1, no + A* j, (AO J, (BO+...] 4 
=4[ J j, (AO J, (BO +2 A* i. (AO J s (BO 

+3 A* J,(AC) J*(1IC)+...] 

Proceeding to perforin tlie integrations in this way we tiimlly arrive at 
the result, 

j J, <H) J. <l«> <™ (W) •'«= J ™ <W> [■>.-( )’u. 

♦( tf y + 1- '«■'[(?)“■-( 'if )■“.+-]• 

where 

1>» = * .1, i AO J, (BO + *-* -1, 'AO (BO 

+ ~ J, (AO J, (BO+. 

T),=A J, (AO J, (BO + 2 A! J, (AO J, (BO 

+3 A; j, (AO j* (B0 + ... 
D,=^ J, (AO j, (BO+3 A* j, (AO J 4 (BO 

+« ~ J, (AO J. (BO +-. 
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If we put 


■-“-(I) ■». + (£) 

K = (»)"'-(»)■"•+••• 

we can write, 

4 C 

C= 2 * [m eo»(l M (') + X sinOi 1 ) J * 


and exactly in tin* same way, 


S= 




The terms hero are expressed in ascending powers of 


A 

B 


and ^ 

B 


and 


the results therefore hold good only when these are less than unity, 
in which case the series are all convergent. Near the axis however, 
whore we require our results to hold good, r is very small and so also 


is B and thus ^ is very largo. Wo shall in these cases have to express 

our results in a series of ~ . It is easy to do this hy the previous 

method, provided we note that in evaluating the integrals like 
J Jj(Af )J„(B£)</£ hy parts, we shall have to integrate J l (A() and 
differentiate J 0 (B£) instead of the reverse method adopted in the 
previous case. The final result ran be written in the form 


C= 2 * [-P co»(JM’)-Q sinUK*) ] 


£, 

(r 


where 


S= 2 £ [-P sin (}f*C)+Q oos(W) 

P=E„- ^0 *B,+ ^0 * E, — ... 

«-(£)“■-(£ )’ E - + ' 



Uo 


BllUP&NDRA CHANDRA DAB 


and 

K„= J 0 (AOJ 0 (BJ) + | J,(A{) J.Qtf) + I" J,(A{)J,(B{)+ .... 
E l = J l (AO^m)+2^3^Ai) J,(B£)+3 5* J,(A£)J,(B{)+ .... 
B.=J > (A{)J„(Bf)+3|j s (AOJ,(BO+6 J t (A£)J,(BO + ..., 


etc. 


If I denote the intensity of illumination, then 
I = C» + S\ 


The only quantity involving n is B which is=/n*, and to discuss the 
maxima or minima on the axis where «=0, we are to remember that, 


Lt. J 0 (.r)sl, (.!•)== J a (jt)sz ... =0. 

.r— >0 J-->0 


We now easily get. 


K 0 = 


K, = J,(AO, B, 

* — -JMJ 


c— >> .t — ^0 

0B« _ 

0K, . 

s »«i = ... = o 

a« 

0- “ 

a,.- 

*— >0 

X — >0 

.1— >0 


Also since 


J i (#) — a» 

.v— >0 

we get on a second differentiation and substitution of .t?=0, 

H- =- W? »o , 

>o o* ,c— >o 

U n 13-’ m -W K > • 

a! >0 O** 


Tit. 

>0 


=-4uV. 


0*' 




x — >0 
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Thus 


y - (?) ' •>.<«>+ (?) '.mao-..., 

(?) J.f AO- (?) • , 


u. |'*= r Jt . 9-2=0, 

,, — >0 0 — >0 0 " 


, A *]* 

u - |4 =->’£’ P 
. — >0 0 ’ 


fit. 


012 


>o ,_>o a - * ^ . J^o 


Denoting the values of 

f [~ p 00H (W )-Q sin (lK* )] 

hy C, ami C a when £ x and f a respectively sire suhstituted fur (, and 
I he corresponding values of 


x [ - p si,, ux’.)+Q ««*.,] 


1>,V S, an«l S s we get 

UaC.-C,. S=,S 2 -S l . 
i.i. 90 _ 8S 

.() Oi‘ c — y) O ' 

,._!^o |r» =—■ 

Hence 

IA. 91 = IA 1 ( ( . 8 C +S 8 S) 0 

•' — v) 0 ,<; jj — ^. o “ i a r a..- ) 


>0 0' V u! >0 ; 

u. |1J = u. I j c +s .01? + ( »c y + /oj? y } 

■>— >0 0-** I 0*’ 8 f’ + v 0.8/ + V 0*7 1 

= u - -i/** r(o,-o,)«.*c t -c l «c l ) 

.t— ^0 L 

+ (S,-S l )((,«S,-£ l *S 1 )]. 
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Tho intensity is maximum for all points on the axis provided 


an 

d> 


when .»;=0, is negative. 


It will appear from the above expression 


that this quantity is negative when f B =£ 1 and will continue to remain 
negative even when f a and {, differ from each other. The exact stage 
at which the expression may change from negative to a positive value 
will depend on the actual magnitudes of C a , C, and S a , S,. This 
gives a qualitative explanation of the formation of images behind the 
screen. 


The .author has much pleasure in acknowledging the help which he 
lias received from Prof. S. K. Banerji in the preparation of this paper. 



On Joachimsthal’s Attraction Problem 

BY 

Saslndka Chandra Dhar 

1. Given the total attraction at any point due to an infinite 
homogeneous rod as an arbitrary function of the perpendicular 
distance of the point, Joachimsthars problem 1 consists in 
determining the law of attraction. Assuming that the law of force 
is i/r (/•), Joachinisthal succeeded in solving the problem for the 
case when if/ (/*) is expansible in a series of negative powers of 
r. In the present paper, I have shown that the problem can 
be solved without making this assumption. I have also given the 
solution of an allied problem which invokes the determination of 
the law of density in an infinite rod, when the total attraction 
at any point is given as an arbitrary function of the perpendicular 
distance of the point from the rod, the law of force being the 
Newtonian Law. 

■>, The problem as given by Joachimsthal 2 is the following : — 

The elements of an inlinitcly long and homogeneous rod AB 
attracts the point O whose distance from the rod is //, according 
to an unknown function of r, /.<?., f (r). To Hnd this function, 
if by observation, the total attraction along the perpendicular OM 
is known to be F (//), where OM=//. 

If, for the sake of simplicity, the mass of the particle O, the 
density of the rod and the constant of attraction be taken etpial to 
unity, then the attraction along OP due to an element /// at P 
on the rod ( M P = t) is 

f (0 <H> 

and its resolved part along OM is 

f (r) cos 9 dt y 

0 being the angle MOP. 

1 Joachimsthal: Crelle's Journal. Bd. 58. 

a My attention was drawn to this problem by Dr. Ganeah Prosnd, to whom 

1 beg to express my obligations. 

Joachimsthal . loc-cit. 
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Therefore, the total attraction along OM due to the infinite rod 
AB is 


oo 



\j/ (r) dr 
✓ r* — /*“ 


If we write f (h) for F we are required to solve the 

following integral equation of the first kind : — 


oo 



\\r (r) dr 
x'r'-h* ' 


(1 


The solution which Professor Joachimsthal has obtained is based 
on the assumption that \p (r), the unknown function, is cajiable 
of expansion in negative integral powers of r. It is possible to 
obtain the solution of the integral equal ion (i) without making 
this assumption. 

Examining the form of the solution of the integral equation 
(1) as obtained by Joachimsthal, we may assume, (following a method 
of (ioursat), 1 that 




I 


r<t>(.< ) d.c 
y/.r* — r* 


(Si 


where ^ (./*) is the unknown expression whose form is to he 
determined in such a way that the equation (1) is satisfied. 

If we put rrzh/, we get from (1) and (2) 


oo 


m= 


i 


xj/ (hr 1 ) <h> 

W* — 1 ’ 



( x)de 

V.t.'—h' ?* ' 


B. fionrmt “ Snr iin problome D’invorw'on Besolnc Pnr AM," Arl« 
Uathtmntica, Vol. 27, 1«0». 
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Hen Re in the latter integral, if wo put = hx\ we get 

x 1 

Therefore, 

00 oo 

/"■>=" j w-, ) 7?W.' 

whieli. <>n changing t he order of integration (hy Oirichlet’s formula) 
becomes 

oc ,l ' 

fih)=h \ <*> (/i./) I 4^-' =p=-r 

• J v J i) (y*— /* i 


whence 


oo oo 

='t’ r J' o/) </■'— * | </>(•)'/'• 


?/> (*)~ “ /' ('.<•) . 


... (3) 


Thus the form of </> (.«•) is determined and the solution of the 
integral equation (1) is obtained in the form 

oo oo j / Ft r)\ 

2 f ' V * ' 

t J J • 


(/ 


... (4) 


It should be noted that the integral equation (1) has a solution, 
only if f (/$) = (), when // = oo. When this condition is satisfied, 
its solution is given by (4). 

t. The solution of the integral equation (I.) may also be 
obtained in series, by following the method of \ oiterra. Ily a 
suitable transformation it is possible to write (1) in the form 




j*K, (v)*(i-)rfr, 


C) 


19 
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where 


oo 



/ O) fa 


r 



and K, (:, r)= 

o ~ 

The equation (f>) is the well-known form of Volterra’s integral 
equation of the second kind, whose solution in series can be easily 
obtained. 

5. The problem connected with that of Joachimsthal is the 
following : — 

The density of an infinitely long rod AB varies according to 
a certain law, rh., a function \f/ (/) of the distance / from M the foot 
of the perpendicular from the external point O. To find the 
function, if by observation, the total attraction of a mass at O, which 
attracts according to the inverse square of the distance, along the 
perpendicular OM is known. 

We take, for the sake of brevity, the mass at O and the 
constant of attraction to he unity. 

The mass of an element of matter dt at P is \f/(t)dt and 
hence the attraction along OP due to this mass is 
Therefore the total attraction along the perpendicular OM is, if 
we take the density function ^ (/) to be symmetrical about the 
point M, given by 


oo 


“j 


t (0 dt 
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If the observed total attraction is given by f (^), then we get 
the following integral equation of the first kind 

00 

/w =aj . ... ( .) 

0 

where ^ (/) is the unknown function whose form is required. 

6 It should be observed from the study of the integral 
equation (6) that the necessary condition in order that a solution 
may exist is that / (/*) = 0 when /< = oo, which means physically 
that there should be no total attraction, when the unit mass O 
is situated at an infinite distance from the rod. This condition 
is evidently satisfied in this case. 

If we suppose ^ (/) to be of the form 


v7i* +7* 


\ / £ a +7 v . /<+(*) d* 

Jj* — Ik* ~+T*) 


(7) 


where^ (r) is an unknown function, whose form is io he determined 
in such a way that the equation (ti) is satisfied. Therefore we 
get 

OO 00 


/(*)= 2h 


) 


0 


lit 

(A , +/ , )S 


j. 


\/h*+t 9 


* + / * . J!(f) (x) iLv 


oo 


oo 



X<f> (.«) dt 
V'.l!*— 1/* 


(where y*=A* + ^*) 


oo oo 

=2h \ 

h i 


( 8 ) 


(on changing the order of integration) 
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Now f the integral 
x 


i ij 

h h/.e 


< h Jy ... = . 

y, — /**)(! y,’ ) 


_ 1 l 'J'/i . . 

•« ! J !/i 

K 

(wlien h=,rh l ) 


(»=■«».)• 


1 



) 

v'(i-i) fi— *, 

m,* 



l 

f 

-/£ 


l 

V '*-d( 

& ) 


*.* 


If wo put 


* = A? + ( 1_ / ( ? V 


the above intogial becomes equal to 

1 


2// 


Hence from (8) we get 


Therefore 


i r '/« _ 7T 

//.'• 1 >W1 — o) 2//r 


1 

A 


f (h)=TT I </i* . 


-1 


</>(•”)= /'(/> . 

7 T 

Therefore, tlie solution of the integral equation (G) is given by 




.</ (j:) ri c 

vV — (&*+<*) ’ 


v'fc'+f* 

which gives the unknown law of density. 



On the potentials of heterogeneous incomplete 
Ellipsoids and Elliptic Discs. 


BY 

Ntkhilkanjax Sex 


1. The potentials of heterogeneous ellipsoids have engaged the 
attention of tnanv eminent mathematicians and solutions have been 
obtained by them in definite integrals and in series of spherical 
harmonics. These are the two most important forms in which the 
potential function for an ellipsoid has hitherto been expressed. The 
density in most cases is taken to be of the form 


i — 


r'-' 



J 1 ‘ y /G *) 


and the law of attraction is assumed to he the inverse wth 
power of the distance. While the ease of the complete ellipsoid has 
thus been studied tpiite at length by many writers, the potential of 
an incomplete ellipsoid has not as yet received proper attention. 
The late Prof, (irube while giving a solution for the potential of a 
complete ellipsoid indicated a method by wliieh the potential of a 
uniform incomplete ellipsoid may be determined. 1 The object of this 
paper is to study the potentials of heterogeneous incomplete ellipsoids 
and elliptic discs and to notice incidentally the potentials of ellipsoids 
with certain discontinuous distributions of mass. 

The results given here have all been obtained by the use of 
discontinuous factors, a method first applied by Diriehlet in the 
determination of the potential of a uniform ellipsoid. The principle 
is this. 2 The potential is given by the integral 



1 C relic, Voli. 69 and 98. 

a Kroneckcr, Vorlesiingon fiber bestiminto Integral©. 
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taken all throughout the volume of the ellipsoid. This integral has 
been multiplied by Dirichlet by 


oo 


2 
7 r 


J 


sin0 cos a$ 
0 


dO 


which has the value unity if s < 1 and zero if * > 1. If 

s—( ~ -f y~ 4- *_ ) then for all points inside the ellipsoid #=1, 

\ a* 6* c* / 

the integral is unity and for all points outside it is zero. 

Hence after multiplication we can take the previous integral 
throughout the entire infinite space and 

oo oo oo oo 

i sin# cos aO dO d. dy d: 

j , — . 

— OO — OO — OO — oc 



This quadruple integral can now be reduced to a single integral. 

Later on Dr. Hobson 1 by using a different integral suggested by 
Kronecker 2 obtained by the application of the same method the 
potential of a heterogeneous ellipsoid of h dimensions for a more 
general law of attraction (inverse (///+ l)th power of the distance). 

In the present paper use has been made of l)r. Hobson's integral 
which is multiplied by a second discontinuous factor chosen according 
to the condition of the problem and by the application of the 
method followed by Kronecker and Hobson the potential function is 
ultimately obtained as a surface integral. 


2. We propose to take up the case of the semi -ellipsoid first as it 
furnishes an important example of the method under consideration. 
The discontinuous factors to be used now are the following 


oc 


(0 



c(q+i’w) 

(q+tw) A 


dw* 


2tt X-l 

rw c 

or 0 


if C> 0 
if c<0 


A>1 

(q positive) 


1 Proc. Land. Math Soc. vol, 27- 
* Vorlesungen, he. 

9 This integral has been used by Hobson, vide ante . 
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- + s 


= 1 if y >0 

or 0 if vj <0. 


Suppose that the semi-ellipsoid (a, b> c) lies on the positive side of 
the plane ij=0 and is of density* 

•-(»-* -I «->» 


where a, j3, y stand for , , - — , , £ , respectively and F„ means that 


0_ 0 

0 y" 0: 

after the differentiations are performed y\ z are all put equal to zero. 
Now consider the integral 


P = 


r 

r(\) 1 #■ 




(q + *V)A 

OO QO OO 


j j j 


«f+/fy+yf 


(1£(lr}iI£dicF 0 , 


— OC — OO — c 


where 


/'• = + (?/->/ 2 + (c-O*. 

It is the potential of a semi-ellipsoid (for which iy>0) of density 
o- under a law of force varying as the inverse (/// + l)th power of the 
distance at the point » , //, z. This we write in the form 

P=i P.+V, 

where P, is the potential of the complete ellipsoid of density cr and 


V = 


- 1 r 




(*-s 


(q+m)A 

°t+fy+ Y( 


dtdyUdvdw P„ 
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It easily follows from the integral (ti) which may also be written 
in the form 


= 1 if,>0 

TT I 0 

0 or —1 if i?<0, 


that 2V is the potential of an ellipsoid with a discontinuous 
distribution of mass on opposite sides of the plane */=0, riz., of the 
distribution of a volume density or throughout the half-ellipsoid for 
which 17 >0 and of — a- throughout the other half given by ^<0. As 
the form of <r has been assumed to be such that the potential id* the 
complete ellipsoid for this distribution is known 1 we shall confine our 
investigation to the determination of the function V only. 


3. Now 



Hence 


V - 


1 

2t r* m 



r(q+/>) 

i 1 


4+/fy+ y£ -/ [(■'— iV+Oj-v^+iz-O* 



d( dq d£ dr dir df F„. 


at this stage we integrate with respect to £, r/, £ respectively and we 
have the three following integrals : 


J 


-( 1+ i±»") { . +2 (i + ,,) J 

<n 



Hobson, l.c. Dyson* Quarterly Journal 1891 vol. xxv. 
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V , ,4.9 + '‘" 




sill qv dq =: 


V,+*£! 


[("+JN '•]/('+’£') (* + £), 

; ' sin 7 I' 

n 4- im J 


l+ q_+*«> 


Til „ (<1+ '"’ ) ™-l + 


2tT*M f" | 


jj): 


(q+<V)A 



TrVn 


^ q 4- in' 
t + — 

tl* 

'Vt+ l+i,r 

h* 

\/, + q.±'«- 

(-D 

’ ('»+£) 

-i- 

i*+i) 

-L- 

t . q+tir 
. a* 

t . q+w 

T 

t+ q+ i «' 

f* 




. V ' 1 * / 

sin - — «/r r/w #7/ F # ; 

,+ a^' 


now changing the variable from i to 0 by flic substitution 

1 ±«? -0 
t 


20 
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we have 


y HOC 

2 V Will 


r<» ( f f 


■(H) -” 00 

X m 
(q+tw) 2 

,,t Py - '•’y : 

b'+0 c'+0 

1 / d'u'O 

4(q + ?V) \ a a +0 


* (b’+ 6 ) (c*+ 0 ) 

_ _ Ob' 

>■ * (h+wUO+V) »in,r /'*?/ +. ^ ] ,/«> J6 dr V. 

L & a +0 - (q + iic) (l>'+ 0 ) J 

(1) First suppose a=/f=y:=0. iV, <r= (l— ?-*— ■ ^ 

• V n » c* / 


,_1 « 5 e rJA) H - - - 

“w 2 A JJ \ / '(«*-i- 0 ) (*>*+#) (f*+ 5 ; 

r jp* v* -■ *1 

(q+»)[l-,.- +< -,^ pS -^ FS ] 


/ . • > A -M 
(q+W) * 1 


b *0 . vh*y 

,, ~ 4 (.]+i«V )T/> + 0) s,n 0M-0 


Putting 
and since 


ft, y r=ft < h : _ 

* r /< 


r -a»r* ) - P' 

I COS fiv dv = ^* T e ^ a9 


1 1 ^ 


con f 3 vdfidv = ^ j* 6 4 a* ^ 
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I 


sil^/?W ^ s/tt 


2 a 


J 


« ,ttt ’ iip , 


and 

wo have 


oo i 

r -a'U* . / / 

j * 


’4a* 


i/a’ , 


6*0 


f , -1 (,,+*«,; n*+i>) sin b'y 

J 6 “+« 






Hence 


1 oo 


1 


=L JH X )_ _ 

"* JJ <- 6 ’+®) ''t'l'+tf )(<•’+#) 

- r \a'/ oo 

fn+t >, r i_ __?/i _ _ii _ i^vl 
<■ 1 L «'+0 b*+6 r'+b 0(6 4 +#)J 


— OO 

oo 


(< 1 + 1 ip) Hr +1 


Bnt 


j 


, , . , r 1 |! y' :• o'b'il* 1 

li q+ '"’' L 1 <i’+0 b'+e c'+e 6(b'+b) J 


— OO 

2 7T 


(f | +iwj * 4 + 1 


J ,lw 


'( x- r +l ) 


fl_^l _ _ s* 5 V 1 X—? 

L u 4 +0 5* +6 c 4 +0 0(5* +0) J i 


or 0 According as 


(»- ?+»») • 


j a* ?/* :* 5* />*»/* 

~ MlA 7*4-0 07ft* + 0V 


a*+$ b*+0 r»+0 0^’+0V 

is positive or negative. 
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lie 

Hence 


V=l- 


ra) 


irab*cy 




+ 0) V(a*+0)(r.*+6) 


■(rMHr**) 

r i_ •! £. - a*x. i »-» 

L a' +6 b*+0 c*+0 6 (b*+0) J 


<hd6, 


and the integration is to bo taken for those valnes of * and 0 
which make 

R = 1 — - — ^ — — *P. V >0. ( 1 > 5 > 0, ^positive;. 

a*+d h*+0 r*+Q 6{h* +6) = = 1 


4. The above inequality defines the limits to which the integration 
should be confined. The potential function in this case is expressed 
as n surface integral and the region of integration will he evideul 
from the following considerations : 



(t) VVhen tho point is outside the ellipsoid it is evident 

on writing the inequality in the form 



&»+0 ; 0(b*+«) y 


that tho expression within the bracket in R will be negative so long 
as 6 is less then which is the parameter of tho con focal ellipsoid 
passing through the point (.r,y,c), *.e., the greatest root of the equation 


a*+0 


yJL 

6»+0 
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So that no real value of s will make R zero or positive. From 
the value 0 O onwards upto infinity the expression within bracket 
will be positive (its maximum value being 1 hence we can chose 
s such that R may be positive and for any definite value of 9 the 
maximum value of s that will make R positive is the value of « 
that makes R vanish. Now it is also obvious from the equation 
lt=0 that $ which vanishes with 9=9 0 , will henceforth increase 
continuously and will approach infinity with 9. If we now draw 
the , lino .$=1. the area of integration is easily found. The point where 
the curve cuts the line $ = 1 is given by the equation 

i_ * B - _i!l - _i! h% y % .o 

a*+ff b % +0' r a +0' 0\b* +&) 


HeiuE*. cap express V as the sum of two such integrals as 

( %>2 ,.S .2 v 1 

1— * 1 :i_ \ 

a *+0 t ,*+6 C»+e ) oo x 


+ 0 ) 

& h 


n 


I (MO 

K s=0 

where the integrand is denoted by I. 


SL' 


dmU 


(/V) When the point is inside the ellipsoid the expression 

within the bracket will be positive for all values of 9 from zero upto 
infinity and hence we can always find s such that- R vanishes. 
The origin lies on the curve 11=0 and as 9 gradually increases s 
also continuously increases along with it and ultimately goes to infinity 
with 9. The region of integration can now he easily obtained by 
drawing the line s=l and the function V is expressible as the sum 
of the two integrals 


seiv+i) A \ i 

O’ by \ a* +0 6 9 +d c % +0 ) ^ j 



5. The case of the semi-ellipsoid of uniform density under 
^wwtjoniam law of attraction is important and may be deduced from 
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the result given in §3 by putting \=l and m=l. 

\=2ab'cu ff- , <W,lK - - Cl- ----- *' 

,/ J J (c*+tf) L «*+0 b*+0 

_ X 1 i 

c*+6 0(<>*+0)J 

for the limits defined us before by K >0. 

This may be reduced to a single integral by integrating according 
to the scheme of the previous article. For 

by f d* f"|_ i* _ y» 

V6(b*+6)\ V(a'+6){1? +O)O : >+0) L <i'+0 (b'+O) 

.2 T if - 

-f+e-M+f,]' = A j * 

hu 

wheie A =\'(a'+6)(b 1 +0)U'‘+0) . 


u « — 1_ •*; _ . . 

•+ o b'+d ..»+o’ 


this integral as equal to 


so that 


, *V£- .. 

+ i -7.- »>» - ’ 


r 

^ /Jv'a’-jS*** rf»=| 


X 

and ^ p \Zq*~ fi % 8* d»=J- \/a*—y3> + 4^ 


a* . 1 p 

Hill c 

P a 


v 

r M ( - dB _ _ /t jl 1 , _ y % _ 3* \ 

J i/(a 1 +0)(>+0;(r.»+0) V </*+0 b* + 0 C*+0 I 
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oo 

+ ab ' C y( J* L f (l-_± - 1L 

*1 (i> , +e)^e(a* + 0 ^+ 6 ) L v n >+o v+o 

& 

_ ** b*y' \ 

c*+e ~e(b'+0)) 

( \~a*+0 ~ tf+6 ~~ r'+O ) v '^ ,, + 6 ) —1 i y 


</0{b'+6) 


( l- _ y' _ Vl 1 
V « s +e h*+o c'+o ) J 


The lower limit of the first integral being 0 or 6 0 according as the 
point is inside or outside the ellipsoid, 0„ and O' being defined as in §4, 
It should be remembered that the potential of the semi ellipsoid 

P = i potential of the complete ellipsoid + V. 

fi. Now, going back to the integral in §3 let ns suppose that 
u. /?, y do not vanish. We have to deal with the integial 

« sin .. #>*±_ ] 

f -V '< b'+0) Iq + /«■) ' <■?>» - ffl ‘ (iV+fl) ( q+tw ) 3 


This by the substitution 


S l>t y +. _ /»•«_ 

(/.*+(? T “ (h'+0) (q + 


>>°) j ' 


transforms intc 


V? - 2/ (<1+ 
b^/Qib* * 


} _ff»’y(q + iu')+{Pb'ff) t t , 
+iw) + .>Ph 0 l " b'(h* +0)6(ti+iu>) fa 

* *f 0) vAj -f - 1 iv J 


v _ rw h f ( v 

o r-( m \ a C I I (b*+0) V6(a*+$) (c*+0) 

2 ” r U) 5 8 

0*.r C) x C*£^ 

V+* +p ~l^+r +y rT+o 


Q dOdt P, 
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!=j [>• 


y(q+ftr)+)j£ft0] 


. r .r" y* :• 1 

<■ (q + lW; L 1 “ «*+0 “ftM-tf r"+0 0(fc*+0) J 

(q + »«>) J 

1 r «•« tt . + W /I _.•)*• + r * tf v*l 


(q + i>) ^ a ^ ^ fq+i'/r) 


fibO 

..» A ~ J+- 


(q+t>) [ *- J'+O - etc -] 


ri + 5i a: n rf(r . 

L 1 >M(7+nr)"J 


*- i [A ]-»•♦*•• 


where Q x = I e 


(9 + ,W) [ 1_ - 6,C ] f _____ 1 


(q +''»•) 


X-s + 1 


1” • (q+i 


A \ ,U 

X — f + M + 1 S 


2 tt „ X— ! 


r(x-f+i) 




RB0 

2(2 X-to+ 2) 


+ 2•4•(2)^-m+2)(2X-m+4) + ••• ]‘“ ( * 5+1> "' 


where R is an defined in §3 and 


B~4 A = - a '~ a»+ *!£! (l-*')+ ill! 

0 a*+0 b*+0 ^ ;+ c* + fl 


and also 
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when R is positive, for negative values of R the integral vanishes, and 
in a similar manner 


Q.ssAflW R A— f+1 

H ' * p r (x-?+2^ 


rv, _rb» , i 

L 2. (2X-TO+4) ' r , J 


where R is positive, and is zero when R is negative. 

Now replacing a, /$, y by ^ , . £ . , and allowing the whole 

O* oy 0 2 

integral to operate oil J? 1 ( - , 4 , ) and finally putting V, y\ z' equal 

\a o c / 

to zero after differentiation we have 

v=v,+v. 


where 

V 


and V 


__ 1 (A) 7T«ft*C M f ^ 0®" 

1 ”« r is)r (x-s-i-i) y J J 

x yM KL0_ + 1 

xtt L 1+ aTifi^S+4) +, "J 

_ 1 r (*) f ( , 

* 2mro ' nx-;+2) J +«>(<=■+«) 

xR X -^ +1 [l+iYi^i+4) + •] 

where 

„_»'+« 8’ . *•+• S. , J .e , +6 9* 

r«~ 9-*' 

and as before the integrations are to be extended over those values 
of 6 and s which moke 

B=l— _fV _ j£_ - »* . - >0 (1>*>0, 6 positive). 

*1 
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-7. The case of the semi-elliptic plate comes in this connection and 
can be treated exactly in the same way. By using the same 
discontinuous factors and after a similar series of processes the following 
results may be obtained. 

For a semi-elliptic plate of density *r where 

<r= (l — ™ ^ ^ ^ on the half iy>0, 

\ a * o*/ 

the potential P=J- P x + V, where P x is the potential of the entire 
elliptic plate of this density and 

__ 1 [W ft 

-*Tr( 5 )r(A-s+n y J J (fl+6 . )(fl+a . )i 

1- 

(t*+0 h*+0 B 6(h*+6) J 


where the integrations are to be taken for all values of .* and 0 
which make 


l- _ . UL 
a* +6 b*+0 


Bib* +B) 


>0. 


[!>."■> 0, B posit i ve ] . 


The discussion about the limits of integration given in §4 would also 
apply in this ease. Supposing the plate to be homogeneous, t la- 
potential under Newtonian law of force is given by 


V= ab*y 


ff 


Mis 


x , tlie limits being properly taken 

b'+Byu'+B) 

_ dQ r * y% ; » “jj. 

~~ a J \ / e(af+6)(b*~+0) L ~ n^+B ~~ h*+0 ~~ B J* 


0 fi. 


+ tt6 a y 


i°° dB 

l 0 (b'+e)(a'+ 6 )*' 


according to the scheme of integration given in §4, and the lower 
limit of the first integration being 0 or $ 0 according as the point is 
inside or outside the plate and B 0 and B arc* the greatest (positive) roots 
of the equations 


1- 


'+0 


u- - 

-• S't\ a +e 


V* 

&•+# 

Jl 

b'+e 
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The case of the density 



can be treated exactly as the corresponding three dimensional problem 
and results analogous to those* given in §f» can be obtained. 

8. Having done with the semi -ellipsoid we propose to take up the 
ease of an incomplete ellipsoid bounded by a plane parallel to one of 
the principal planes. By slightly altering the second discontinuous 
factor given in §‘2 the potential of the incomplete figure may be 
obtained by an exactly similar analysis. Supposing that the solid 
under contemplation is greater than a semi -ellipsoid and is limited on 
the upper part bv the plane y)—k the suitable discontinuous factor 
would be 

1 I" HinjfK — i)r 

* J 

0 

which is J or — } according as y]<k or >k. 


.If the density is given by the function 


<r= ( 

iJ'-f-n x ~ l vt 

ft 

' 

V 


V 

a 2 It 2 r* / ' 


7i’ 

c / 


the potential P of the figure is given by 


P=iP 1 +V 


where P, is the potential of the complete ellipsoid of the same density 
and 


V= J ro) 


M 


sin (k— ifV , 




(<i +<'«•) 
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y — Jt I W 

" r(|)r(x- 1+ i) 


C f f * 


+ •] • 

»(?*• A < l -> + t- 4 *)"' 


▼. = - 1 


( r ) ■-(*-*+•) 


u ,(| fl 1 "* 

3J(i — **) A /(o*+0)(c*+®) 


A-l+l 


fi+ . _5™ 
L 2 - 2 A— »H 


dy \^+0 b'-e (1 * ' + b' c'To) 


ks * cj 


a* . b*+o a* . c»+fl a* 

J o» a-:* 6«(i— *•) a ;/* ' r* a-* 

and the limits of integration are to he determined from 

r>« 1 • c * _ _]£_ _ ** [A:(6J l +e)-4*y]' , Q 

a'+0 b'+O r'+O b'Oib’+O) 

^ 6 positive' 

A scheme of integration analogous to that given in §4 may he 
worked out in this case also. The two dimensional problem may he 
dealt with in a similar manner. 


The potential of a complete homogeneous ellipsoid may be deduced 
fr&n the results given above. This will also serve as a test of the 
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accuracy of our results. Putting X=l, m = 1 and F=1 the potential 
under Newtonian law of attraction. 


p = * r. 



_ r w +* )-*> vi 

(f+O) ^9(a* + 9 )(c*+0) 


[ 


1- 


o‘+tf 


6 * + 0 


r* +9 


{*(»• +6)-b*y] 
6 * 0 ( 6 * + 0 ) 


*» 


] 


i 

ds dB 


[for the limits defined by R' > 0, and when the ellipsoid is complete 
A=i. Following the scheme of integration given in §4 with only 
a slight modification necessary on this occasion it is evident that 
in the present case O’ will tend to infinity as k tends to b. Hence 
the integral is equal to 


h >/ 0 b* *4“ 0) I"" j .< * y % ;* *1 ! 

b(b 9 0)—-h*y L b*+6 r a +0 J 

oo 

2u6ef f mi+J±Z^y) 

J J 6' / 0(6«'+0) * / (a*+0)fi*+0)i.c»+0l 


0, 9 . 0 


[i- j±. - JL. - ?* - W**+ # >-W <>Yd<,w 
L «•+* 6*+e <-+e b>9(i,'+9 > J ‘ 


the lower limit of B being 0 or B„ according as the point is inside 
or outside the ellipsoid while B„ is defined in the same way as in §4. 


Now since 


J 


v'a 1 — fj*8 9 ds 


ir a* 

4 r 


the integral will ultimately reduce to 


i v a be 

0,’e. 


oo 


dB 


+0)(6 , +0)(<’ , +^) 



_ *• 

6*+0 c*+0 


=*P.- 
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Thia is as we should expect. In tlio case of the complete homo- 
geneous elliptic plate under Newtonian law of force the corresponding 
integral is 



[Kb 9 +0)—b*y~\ 
0(b* + Q)Va' + 6 


ds <16 


= " I J 


\b>b -ft?) — b*y] 


1 


ds dO 


b\/${b*+0) \'e(n*+0)(b*+0) 

while the liniit.s of integration are defined by 


1- 


a*+0 


_V_*_ 

h*+0 


z ‘i 

6 


! b(h*+0)-hy\* ( 

b 9 B(h 9 +6) 


and this by the ]>revious method reduces to 



dO 

^(^+1)1 [h'+O) 



(i*+0 


y ' _ -*’1 

b'+e e] 


which is half the potential of the complete elliptic plate. 

9. We now propose to show how the present artifice of evaluating 
an integral by the use of discontinuous factors may be successfully 
employed in detennining the potential of any part of an ellipsoid and 
of an elliptic plate. As the procedure is the same in both cases we 
here deal with only the elliptic plate by way of illustration as it 
involves simpler calculations than the three dimensional problem which 
however, does not present any fresh difficulty. To avoid needless com- 
plications we assume the density function to be given by 



remembering that the case of the more general distribution is in he 
treated in the usual way. Take the integral 


1 

2ir 


1 


(/t;+ , 

v * s 


It is known that the value of this integral is unity or zero according *u* 
the expression is positive or negative or in other word* 
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according as the point (£, rj) lies on one side or the other of the straight 
line 

y+H+c=0. 


Hence the integral 


oo oo oo 

_ 1. r ( *) i f >i( <iv 1 

m 'iir J J V " J 




fill' 


(q+'«M 


oo 

r 1 f w ,, (i+«+o*' lh+ {\ 

12tt 1 r -J 


gives the potential of that part of an elliptic plate Ui, h) of density 
v which is hounded hy the elliptic arc and (lit* line i/+K£+r=0 and 
encloses the portion in which the expression ly+A’f+r is positive. 
This may he written as 


l*=4J\+V 


where l 1 , is the potential of the complete elliptic plate of the same 
surface density and 


v= i r( a) 

m 47t* 





(/* /> 2 



(q + />) 


A 


) 


sin r/r cos i ££ + <•) r ^ 
r 


oo oo 


. 1 c/iy ( e 

. 4,> J J >■ J 




— oo — oo — oo 


= ▼» +v,. 


ihr 


(«! + «■») 


f* 


cos TJV s in (kj+c) y ^ 
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Now making use of the integrals 


f 


— +2 hr 

8111 

e ve do 

cos 


— 00 





It* 


4a* 


sin 

cos 


bv 

a* 


it may be shown that 


V, = w,+w;, 


where 



f (A) Vir ab 

O-t 



M 

V(a*-+eT(b^+«) 


"': e +J1K- +r 

a*+& b* +0 y f"j ** y * 

/k*a , "<rr~S*fl’ X L a*+0 b'+d 

v a*+0 + 6 s + 0 


0 


( 


a*.o b*y . 

«•+<? ± 6*+* ±C 


) 


fr *«*0 &*0 

a* + 0 + 6*+0 



x ■ i 

A ¥ — i 

ffo ; 


wherever the double sign occurs in the integrand the upper sign is 
to be taken with W x and the lower sign with W/. 


And similarly 


Hence 


V^Wj-W/, 


V=2W lf 


where the limits of integration are defined by the relation 


l— — — y a _2* 
6* -H? 5 


( «Al , 

a'+O + 

a*+0 6*+^ 



*■>(). 


\ 0 positive/ 
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10. Before conclusion it. is necessary to recall the criticism by 
Kronecker 1 ou Dirich let’s inetho 1 of integration. He observes that 
however elegant Dirichlet’s method may appear to be it is not altogether 
free from serious diflicultics. The change of the order of integration 
and other points noted by Kronecker are not easily justifiable. These 
objections would stand in all the examples worked out in this paper. 
But it may be added that though the process of integration is 
unsound fimn the point of rigour it gives quite correctly all the 
known results about tbe pot-entals of uniform ellipsoid and of elliptic 
plates (§8). It may also be shown te give many other results in 
connection with problems which may be solved directly. By way 
of illustration we take a very simple example and propose to calculate 
the volume of the incomplete ellipsoid of §8 by the present method. 

By the ordinary method the volume 

k 

=*mihc+mc l ^ 1 — | yiy 

«/ 

0 

=%vahr+Trtich ^ 1 — ) • 


Now the use of discontinuous factor give* the volume=vol. of semi- 
ellipsoid between proper limits. 


The 


, ,,(“(> 5-S-S )«+*>, 

itegral = Jt 1 _ d/c 

J (t| + />) 


oc oc oo 


1 ^ j* j* 


— OO — OO — oo 


OO OO b* v * 

= 1 f f g (, l + ?lr ) wSw ,tbr f(q+/!f) gill ,. t Ju . dv 

2,r, J J W+'‘*0 (q+ ,»* 


— ooO 


u 


1 l.c. ante . 
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But 




j d. .nrWrs^J (q+,»ij 


' 0 


Hence the integral 


1 oo 


=i "" j j " 

0 — oo 


(q+tir) ( 1— 


(q + *«')* 


(I si I ir 



<!*■ ( 5 »). 


!>«><• 


which verities the result, obtained by direct, calculation. 



On thk Wave-Equation in Ellipsoidal Co-ordinates 


BY 

S |i till A X8 l'K I 7 M A R B \ .V E K J I 

1. In a previous impel' published in the Bulletin, it was shown 
that if the ellipsoidal co-ordinates p. 0, <j> l)e defined by 


■'■=«/> sin 0 eos c f>, y = hp sin 6 sin <f>, z =rp cos ft 


ft' (\* (ft and p* S, m (ft <f>\ 


where 


v,r ( 0 , 4 > 


= f#/ + ii/) ! < 


and 


S.- (ft <M 


( ■#/ + w* ) ! i 

wT/: “ .) 


(r eos O+ia sin 0 cos <j> cos v 

p 

+ M sin 0 sin «/» sin ?/') " cos mwhi 

(r* cos 0 + /(t sin 0 cos 0 cos // 


+ ib‘ sin 0 sin <f> sin ?t) n sin mvdu 

constitute a class of solutions of < lit* Laplace's equation which are 
extremely suit able for problems involving an ellipsoidal boundary. 
Hu* familial 1 method of determiuiuu: by means of ordinary spherical 
li.irmonies the potential of a spherical bowl or a circular disk at 
!,1, .v arbitrary point from the known value of the potential on the axis 
becomes at, once available for solving similar problems for an ellipsoidal 
howl or an elliptic plate. The potential of an ellipsoidal howl or an 
•'lliptic plate can be easily obtained atony point on the axis and the 
potential at any other p.iint can be at once expressed in terms of 
' /( V H (ft +), p- S." (ft p— ■ 1 <£„* (ft </>) or p— 1 S,” (ft <l>). The 

niotmn n f an incompressible liquid in an ellipsoidal cup and many other 
Potential problems can be similarly investigated. The detailed discussion 
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of these problems will be given in a paper shortly to be published. In 
particular a method was suggested for constructing a set of solutions of 
the wave equation 

(7* + **) V=0, 

in the ellipsoidal co-ordinates (p, 0, in terms of these harmonics. The 
possibility of the solution being expressed in the form of a product 
'I'Alp) 0) was tacitly assumed in the method. It will be noticed 

in the light of the further results obtained in this paper that this 
assumption is not rigorously justifiable, but when the assumption lias 
been made, it is possible to obtain an expression for ( kp) which 
represents the mean value of the function on the ellipsoid p and that 
with this value for ( 7rp) , the quantity (kp 0," (0, <£) very nearly 
approaches a solution. An approximate treatment of the motion of a gas 
within a rigid ellipsoidal envelope will be given in some detail towards 
the end of this paper in illustration of the solutions. 

2. If we put x=za.v\ y=l»y\ then the wave equation can he 

written in the form 


1_ 01V 1 91V 1 

a® 0 .r/ 2 ft* dff* 


9®V 

d:” 


+**V=0. 


If it is assumed that this equation has a solution of the form 


K. IK , 


where lt„ is a function of p only and T, is a solution of the equation 


1 +L 9 2 l » + 1 d‘^K _ ft 

«* 0V 2 ft* dy’* r* a?* 


then we obtain 


i 8 vr.u.) ,i 

a* 0*'* T &* d ;/ " v 

that in, 


0/* 


+ A*R,U.=0. 


I 0*H. 
a* 0.f'* 



0*R. , 1 0*R. 

0y'* 0 04'« 



0R. 

0 .' 


0U. 

0/ 


! 0R. 0U. i 0R. 

6 * 0y' 02/' r* 0 2 ' 


9 07 ] +*- ,R - u *=°- 
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Now since R, is a function of p only, we have 

9R. _y 0R. 9R, _j / 9R„ 9 R._: # 9R. 
a.c' fi a? ' ay p dp 5 } "a P 

Therefore the above equation becomes 


r 1 9 ( JL R ! 1 

+ l - -A 

/?/' 0i t. > 

+ l 9 / 

9R. Yi 

L't* ©•<' \ p 0 p J 

1 '<* oy 

\p 9p , 

1 + r» 9-'* 

p 9 p Al 


+ 2 ' +- / , +•"' 1 + **R.U.=0. 

P dp L« 0c />’ Qy ' ,s 0; J 


This pan also be written in the form 


1 0 / 1 9K.\ f l! ./* , ^1,- 

p 0p \P 0 p / L «* A* '■* J 




i 0R,r.,/ ■*' 9u. an. ou. 
L“\«* 0 ' 


P 0 p 


I n * i * 

/>* ay c* 0 : 




+ , '-Of. 4 )] +i " , - r -= a 


It will appear from this equation that it is r.nt possible to separate 
the differential equation for H„. lint it is easy to obtain the differential 
equation satisfied by the mean value of 11 „ on anv ellipsoidal surface. 
If we put. [\=p n C n (0, </>). this becomes 



0 

n 

0 R. 

\ l\>6. <l>i 


0R. r 

P 

dp 

Vp 

a p 

) p." 

T ' 

P 

dp L 




n 

1+ 1 +i; 

t* c* 

K 

IM>] 

where 


1 

_ sin 

i* 0eos a ^> 

sin* 

0 sin* 



Vo 


T* + 



and 








<£) = I (c cos 8+ in sin 6 cos cos n 

Zirn I t m 1 


■f ib sin $ siu ^ sin wV" 1 
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cos 8 mi sin 0 cos </> Cos w , / sin 0 sin sin 


•|a *' *' 11 


ini' ),z«. 
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Multiplying this equation by the eon jugate Function C, (0,$) ami 
integrating we obtain 

7 r 2ir 


(' %“■ ) j J ( i! - <»• 


<M| * s,n 0 , 10,1 0 

v. 


‘ V; [-j] 


l>. (0, </>) (', <0. </.) sill 


+ («* + L + r‘)\ \ <A'] S X''' OMty'j 


+ ei<„ \ \ [VjO. </>))* sill &/&/</>= 0. 


Xow it is easy to see t hat 


I2n+3)j | (C. (M)| 

0 0 

7T <m7T 

^ j j "■ 


40 1 a *"1? ,/W,/,/, 


(0, (6, 4) sin OMIt 




(0, </>))“ sin 0<10<l*b. 


Hence the differential equation for R n reduces to the In 

' ap C *S» ) 


{o. <j>) i * sin 0tWii<t> 


7 r sir 

j j 


y>„ 
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Hit* mnd it ion. which any two distinct solutions V. V' o{ the wave* 
•■‘tnation. which llitMiiselves or their differential co-ollicionts in the 
direction of the normal \anish on the surface of the ellipsoid, must 
satisfy, namely 

l 7T ‘iff 

Wp» sill 0</p/0*ty= 0, 

0 0 0 

ls J, l«o easily seen to he satisfied hy these n|i|imxiniAte solutions. 
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3. One of the most interesting applications of these results is to the 
investigation of the motion of a gas within a rigid ellipsoidal envelope. 

To determine the free periods we have only to suppose that 

Op 

vanishes when p=l. The symmetrical vibrations in which the 
disturbance on each similar and similarly situated ellipsoidal surface 
is in the same phase will be determined by \ (k'p) which satisfies the 
equation 


P 


0 

a p 



0*. 
a p 


M 8 . „ 

+i - i i*.=°- 


Therefore 


*.= - 

The free periods are given by 


( ^P \ 

v (^. + y + ^) J 


*'3* 


»*p 



1 

b 1 



= 1-430 :w, 
4-4774*-, 


2 • 4500ir :M70 Pt. 

f>- 1 -SIStt. etc. 


The first finite root corresponds to the symmetrical vibration of lowest 
pitch. In the case of a higher root the vibrations in question has 
ellipsoidal nodes defined bv the values of p corresponding to the inferior 
roots. It will he noticed that the pitch would be lower for the 
ellipsoidal shell than for a corresponding spherical shell obtained In- 
putting n=&=r=l. The amount by which the pitch is decreased for 
an ellipsoidal shell of given dimensions can be easily calculated from 
the above formula. 


4. The case of w = l is perhaps the most interesting. The 
differential equation satisfied by i j/ x is 


P 


9 (i 9*. ) + * 

op V p dp / p 


t-; +*'•*' = c - 


where 
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Hence the vibration at any point is given by 


0 Nin k'p rT 

6 m: Up 11 


where Uj =«■ sin 6 cos </>, h sin 0 sin «/>, or c cos 0. lienee the air sways 
from side to side in the directions of the three principal axes. For 
vibrations in the direction of the r/ — axis, the periods are given by 


y/bk 



1 

6* 



■f>C257r. 1'8908 tt, etc., 


for vibrations in the direction of the 6-axis by 

vr>k 


y/ 


( 1 + 3 + M 

V«« «>* ,;»/ 


= a fifi25ir, 1' 89087 r, etc., 


and for the direction of the r-axis by 


\'5A- 


y/ 


( 


11 



— •(R*25ir, 1-89087T, etc. 


5. When w=2, the differential equation satisfied by xf/^ is 


0 

0/» 


( i a*.\ 

V /. 0/> ’ 


Q'K 

a,. 


+ A>,=0. 


when; A’’ — 

7A-* il2.»*+3(6‘+c‘)— A«‘te+r’ ) + 2 fcV] 

(W* +<•• +4«*)+ ( * + /( l t + -j ) [12« 4 +3i&‘ + e 4 i—U , (b'+c')+2b , r t J 


7A-* [l*ii*+3(«‘ 4 +«*)— +«»)+2r , o*] 

* c’ +«* +■«(»)+ ( 1 + 1 + M [12h*+:](.c*+<i*) -46 , (r* +a*)+2c*a*] 
V a" 6* r* ' 

or 

* 7 A** [12r*+3t.i* + ^)-^(a > +A*)+2(f»6»] 

, « , +&*+4r*) + ( V+.L+ ^ [12c* +3(n* +6*)— 4o*(a J +b*)+2o’b’] 


The spherical nodes aix* given hy 




23 
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of which the find finite solution is ‘riving a , (one graver 

than any of the symmetrical group. Tlio following will also In* seen to 
he nodal surfaces 

2.t: a — ?/ a -v 2 =0, - :* -,r 2 =0. ‘J. 2 -*■ -y 2 =0. 

It will appear from ihe above results that corresponding to a 
single mode of vibration of the gas inside a spherical shell we get 
three distinct modes of vibration for the ellipsoidal shell. This result 
is also clear from the general expression. The periods lui* the at li 
mode are determined by A - which are the roots of the equation 

0. |Y — 1 9 \ »i» l‘'l> "I __ „ 
dp L\ p dp p J 



R is elear from tin* above expression that by an interehance of tin- 
letters a, />, r in the expression lor (U. »/>) we net three distiinM 
types of viliralions. 

tb As we are not yet in pu»i*»inn uf un\ rigorous *nlul ion of tin 
wave-equation either in the eoiiloeal s\ stein A./i.r or in the '•y-tein /*. W.«-i. 
it is thought that the approximate 'olntiuns given above may he useu 
with advantage to elucidate some of the obsenre points in tin* ellipsoid, d 
problem. One .advantage of 1 he solid ion is t hat tin* met hods a I ready i'i 
common use for the spherical problems can be easily extended to suin' 
analogous problems for the ellipsoidal houudar\. 

Further results on the harmonics (V" < 0* </>), S„" (0, <jbi and t h«* 
solutions of the wave-equation and their applications to other physical 
problems will be published in due course. 




ON T11K NTMKKH Ah ( A IXThATlON OK TILK HOOTS OP THE 
mjlWTlONS I \ "(/■)=«» KKOA 111) El) 

AS K<Jl ATIONS IX >/. 

[Part II] 

li Y 

Biioi.nxatii P.m, 

In in v Hist paper,' "On the numerical calculation of t lie roots 
of I ln* e<|itat i»»ns P," ( /* ) • nml ^ P," (/<)— 0 regarded as e<|Uations 


in 1 promised to irivo 

sonn? further 

tables 

for 

the 

values 

<>r , , . (nr. ()-* .0 - T mill 0 

1- (i 

l‘J 

. These 

tables 

have 

nosv 

been 

completed and are iriwu in tin 

‘ foil,. 

wiiiif pai^e 

•s. 





Tin* met Ik m l which I hillnwi 1 ! in calculating tin* roots was, as 
I explained in nix lIcM paper. derived from an asymptotic expansion 
nl P/' ■ /a ) as a function of n ren-nlly *riv» n hy Prof. Watson in the 
"Tiausacl ions of tin* ( 'amhrid^r Philosophical Society" i October. 1918). 
I should also point out that the expressions lor </ for which these 

functions vanish ami which I have obtained from the asymptotic 
expansion arc rapidly eoiivcrirciit and very convenient for numerical 
work. 

The values of u for which P N " (/<) vanishes arc iriven hy 

t , U . , M , 1 ) 

>,=: V+ •• j 

+ +u , |ii a +«4i«*' , + •••} 

1 Hulli't in of tin* Calcic i i Mil :i . • oi l 1 ii- il S i.'i ,, iy. \ r « » I . IX. N°» -■ M ovli (11)19), 
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where 



2 k—m+ 


3 

2 


IT 



}• 



.C’.C,— 3C', 
. - Wr 


_3U,C', +3U',C ,-C 1 »C',-15Q , 1 , 
“* (2f)» 


••• 

C,=ro*-i, 

C',=(«*— i) cot 6, 

o, —:)(»»• -i) cot-tf, 

= 1) cot 6, 


and o',, a',... arc written for , -J 

The roots of the equation P." (/*) =0. 


Table I 

6 —^ , «t=0 

4 


h 

£ 

o, O, u s 

a x a\ 


a',o, » 

1 

6-5 

•0192 — -0014 --0000 

-•0000 

•0000 

•0000 6-52 

2 

10-5 

•0119 --0005 - 0000 

-•0000 

•0000 

•0000 10-51 

3 

14-5 

•0086 - -0002 --0000 

-•0000 

•0000 

•0000 14-51 

4 

18-5 

•0067 --0001 - 0000 

-•0000 

•0000 

•0000 18-50 

5 

22-5 

■0055 --0001 --0000 

-•0000 

•0000 

•0000 22-50 
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The root* of the equation P n m (^)= 0 


Table 1 1 

6 = l - w = 1 


k 

* 

«1 


«» 

a l a 'l 

a,a\ 

a \«9 » 

1 

46 

- 0833 

•0092 

•0000 

1 

8 
t — • 
&•» 

•0003 

•0001 4-40 

2 

8-5 

- 0441 

•0025 

•0000 

-•0002 

•0000 

•0000 8-44 

3 

12 5 

- 0300 

•0012 

•0000 

- 0000 

•0000 

•0000 12-46 

4 

16-5 

- 0225 

•0007 

•0000 

- 0000 

•0000 

•0000 16-47 

5 

20-5 

-0182 

•0004 

•0000 

— .0000 

0000 

•0000 20-47 


Table III 


0=1 • -=* 


k 

t 

“i 






n 

1 

2-5 

-•7500 

•1500 

-•0190 

-•2250 

0910 

•0450 

1-52 

2 

6*5 

-•2884 

■0221 

-•0011 

-•0138 

•0022 

•0011 

615 

3 

10*5 

-1785 

•0085 

- 0002 

-•0033 

•0002 

•0001 

10-28 

4 

14-5 

-1293 

■0039 

-■0000 

-•0010 

•0000 

•0000 

14-34 

5 

18-5 

-1013 

•0029 

-•0000 

— • 0005 

•0000 

•0000 

18 - 3 ? 


Table TV 

0 =^ , m=0 


* ( 

°i “t 

“n 

a , a , 


M 

1 10 

•0216 -0010 - 

•0000 

- 0000 

0000 

•0000 10 03 

2 16 

•0135 -0004 - 

•0000 

-•0000 

0000 

•0000 16 02 

3 22 

•0098 -0002 - 

•0000 

-•0000 

0000 

•0000 22 01 

4 28 

1 

pH 

1 

•0000 

-•0000 

0000 

■0000 28-01 

5 34 

•0063 - 0000 - 

•0000 

-•0000 

0000 

•0000 34 01 



182 


H HOT, A NATH PAL 


Tlio roots of Uie equation I\" (/i.)=(). 


t £ «, 

tl 7 

Tabi.k V 

0=1 , ,=1 

a 1 «' , U,«' a 

«'i“a 

n 

l 7 — -0!)27 

•IMHUi 

•0000 — -0018 * 0001. 

•oooo 

0-88 

2 13 — 040!) 

•001!) 

•0000 — (HIOl 0000 

•oooo 

12 01 

3 IS) — 0341 

■000!) 

•O0OO — -0000 -0000 

■OOOO 18-03 

4 25 — • 025!) 

•0005 

■OOOO —-OOOO -0000 

• oooo 

2L-05 

5 31 -0200 

•0008 

•0000 —-OOOO -0000 

• oooo 

80 • DO 

A- £ 

« 2 

Taislk VI 

0=T , i##=^ 

0 ’ 

“\ rt 2 

n 

1 4 -.Oils 

• 101 1 - 

• 1201 - Hi.vj oil:: 

•0200 

2-2«> 

2 10 — • 3247 

•Oil >2 - 

■Oos2 — -0105 ooll 

■0005 

!) • 8!) 

3 10 - • 2027 

■0008 - 

.0081 — -0025 -0001. 

•OOOO 

15 02 

4 22 — 1470 

•0088 — 

•0012 — -OOOO -OOOO 

■OOOO 

21-72 

5 28 -1150 

•0080 — 

•0007 —•0001- -OOOO 

■OOOO 27 • 78 

*■ £ “i 


TamjK VI 1 

®=r 2 ' M =° 


n 

1 20-5 -0227 

-•0005 

-•0000 — *0000 -0000 

•oooo 

20-til) 

2 32-5 -0143 

-'0002 

-•OOOO --OOOO -oooo 

.0000 

32*5.) 

8 44-5 -0104 

-•0001 

-•oooo --oooo -oooo 

•oooo 

4 K>3 

4 56-5 -0082 

-•0000 

-•oooo --oooo -oooo 

•oooo 

50-5:5 

5 68-5 -0008 

-•0000 ■ 

- oooo --oooo -oooo 

•oooo 

(58-52 
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Tim mots of the equation l > „"(/*i=0. 
Taklk VIII 


•“« ' “ =1 


k ( 

'*i 

11 , 


a ' l' l 2 

n 

1 11-5 

— -mm:. 

•0033 

•0003 

-•000(5 0000 -0000 

IV It 

2 2(1*5 

-■0.W8 

•0000 

*()()()() 

-•0000 •0000 -oooo 

2(1*30 

3 3S*5 

—•08(13 

0001. 

■0000 

-•0000 0000 -oooo 

38*3(1 

4 50*5 

-•0:177 

•0002 

*0000 

-•oooo -oooo -oooo 

50*30 

5 (1:1*5 

-0M3 

0001 

•0000 ■ 

- oooo oooo -oooo 

62*41 




Taisi.i: 

IX 






n , -2 


A' £ 


a , 



)i 

1 S*5 

-•S22I 

(MSI 

— *0723 

- OS77 0108 -00.il 

4*7 7 

2 20*5 

-•3IL 1. 

*00S3 

-*00(11 

— '(H).i 7 -0003 -liool 

102 1 

3 32*5 

— , :J 1 33 

•0033 

- *00:1:5 

—•0018 oooo -oooo 

31*67 

i 1 1*5 

-•137:1 

*0017 

- 000(1 

- 0005 -OOOO -0000 

13 00 

o 5(1*5 

-•1:188 

0010 

-01)00 

-•OOOO OOOO ■000(1 

1 56*03 

The values of n 

which 

make '1 P." (fx) vanish are 

t/fi 

given 


w =£+^ |a, +n t +a,— — n.'n,- ... | + ^ 


+ n i a ’« + -”} 
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where 

i=' ( *- + j -t). 


( 


\ i 


V 


)•%' 


( 3 «f 

__ a^a\ 

3d 1 fi lt . d !*rt* 

\ -J- 

V 

a'„* 


/ («)■ 


«. = — }■ cot 0, 

n'„=((+l\ 

(nt 1 -!) cot 6-} (m'-i) cot. 6. 

«',=(l+|) (m *-*)-'>» *-*)-£ cat»0, 

a, = -i (m’-4) (m*— y> cot 0+*; cot 6 

-* Cm’-IV cot 0+rV (m’-f (m 1 -!) cot 5 0, 
<*'»=-* (£+£) J-)*H i (’»*— i) («» — t) 

-* (£+*) f •»’-£) cot s 0-TV(m'-J) (m'-i) cot«0, 


aud 


, are written for 


<fa, 


da, 

M 
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Tlie roots of the equation f (u) = 0 

aft. 

Tahlr X 

0=*^ , ?/i=0 

o 

A* £ a t a 9 a, tt 1 a , i a\a a w 

1 7 — *1 154 *0309 —*0003 -‘0018 *0000 *0005 G*83 

. 2 13 r<-*0841 *0166 -*0002 -*0002 *0001 ‘0001 12*89 

.■3 19 - 0114*0113 - 0000 -*0001 *0000 0000 18-03 

4 25 -*0339 *0080 -*0000 -*0000 *0000 *0000 24*9.» 

5 31 -*0274 0009 -*0000 -*0000 *0000 0000 30*90 

Taiii-k XI 

0=',«=-l 

0 

k £ a x a 3 «, «!«', a , 1 a 9 w 

1 10 —*0824 —*0005 0011 - 0000 -*0005 -*0001 9*71 

2 10 -*0524 —*0410 *0005 --0002 - 0001 -*0001 15*82 

5 22 -*0385 - 0290 *0003 -*0000 -*0000 -*0000 21*87 

4 28 -*0303 -*0232 000 L -*0000 -*0000 -*0000 27*89 

5 34 -*0251 -*0191 *0000 -*0000 -*0000 -*0000 33*91 

TarYiK XII 

0 = T , || 4= -2 
0 

k ( a, a, a a a i a, i a 'i H t tl 

1 18 — -0041 —•2585 --0000 -'0002 -'0015 — *0013 12-88 

2 19 _ -044,4 --1783 -0015 --0001 - 0005 --0004 18-58 

i 

3 25 — -0339 — -1303 -00H - 0000 --0003 --0002 24-08 

4 31 --0274 — -1047 -0008 --0000 - 0001 - 0001 80-74 

5 87 --0251 ---0877 -0000 - 0000 - -0000 - 0000 86-78 
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The roots of the equation. A P/ 




Table XIII 




6= Y2 > m ~° 


k f 


o, °« 

o,a\ 

O,o', o'jB, n 

1 14-5 

-1244 

•0336 -0008 

-•0009 

•0003 0002 14-12 

8 26-5 

- 0601 

•0178 0000 

-•0001 

•0000 0000 - 86-29 

3 38-5 

- 0504 

•0131 0000 

-•0000 

•0000 -0000 38-35 

4 505 

- 0365 

•0098 0000 

- 0000 

•0000 ; 0000 50-39 

5 68-5 

- 0896 

•0074' ’0000 

- 0000 

•0000 0000 62-41 



Tahlk XIV 





=-l 


k ( 


n, u. 


rt,a' t o',o, n 

1 80-5 

-•0888 - 

•0698 --0005 

- 0003 

- 0003 - 0008 19-88 

8 38 5 

- 0565 - 

•0434- - 0000 

- 0000 

- 0001 - 0000 32-11 

3 44-5 

- 0414 - 

•0315 - 0000 

- 0000 

— 0000 - 0000 44 22 

4 56-5 

- 0327 - 

0271 - 0000 

- 0000 

- 0000 - 0000 56-28 

5 68* 5 

- 0270 - 

•0204 -‘0000 

-0000 

- 0000 — 0000 68-32 



Tahlk XV 




•“n*- 

=— 2 


* ( 

°i 

O, a. 

o,o', 

a t a r | a' 1 a, n 

1 86*5 

- 0691 - 

•2676 -’0051 

-0001 

- 0007 - 0006 85 06 

2 38*5 

—0504 - 

-•1829 - 0009 

-•0000 

- 0002 — -0002 87 58 

3 50*5 

-•0365 - 

1888 —0000 

-•0000 

- 0000 --0000 49-83 

4 62-6 

—•0896 - 

•1119 - 0000 

-•0000 

- 0000 - 0000 61-96 

5 74-5 

—0248 - 

0939 —0000 

-0000 

- 0000 — -0000 74-03 
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On the Influence of the Finite Volume of 
Molecules on the Equation of State 


BY 

Mkciii Nad Saha, M.Sc\ axu Satyknihia Nath Bast, M.Sr. 

It is well known tlr.it t lie departure of the actual behaviour of 

N /*0 

gases from the ideal state defined by the (({nation p=. x is due to 

two causes: — (l) the finitcness of the volume of the molecules, (2) the 
influence of the forces of cohesion, i.t\ the attractive forces amongst 
the molecules. Van dor Wauls was the first to deduce an cm j nation of 
state in which all these factors are taken into account; according to 
van dor Waals, we have 

N kb u , . x 

/' = , “ ••• ( 1 ) 

where 4 = 8 x volume of the molecules, •/ defines the forces of 

cohesion. 

In all subsequent modifications of this equation (Clausing Dieteriei, 
or 1). Bert helot), the changes which have been proposed all relate to 
the influence of t lit* cohesive forces ; the part of the argument 

dealing with the finitcness of molecular volumes is generally left 

untouched. 

But it has been found that the results of experiments do not 
agree with the predictions of theory if we regard </ and b as absolute 
constants. Accordingly it lias been proposed to regard both and b 
as functions, of volume and temperature.* 

But before proceeding to these considerations, it is necessary to 
scrutinize whether the influence of finite molecular volumes is properly 
represented by the term b. From theoretical considerations, the 
conclusion has been reached that this is not the ease. The argument is 
as follows : According to Boltzmann’s theory, the entropy 

S = /’ log W + C, 


* Uonipuro van (lor WjiiiIs, Vine. A mat. 1010 ; Vnu Lruir, Vmr. Amst vol. xvi, y>. 44. 
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where /£= Boltzmann’s gas-constant, W = probabilty of the state. Let 
us now calculate the probability that a number N of molecules 
originally confined within the volume V and possessing finite volumes, 
shall be contained in a volume V. Neglecting the influence of internal 

\7 

forces, the probability for the first molecule is for the second 

y Q ° 

molecule the probability is where /9=8x volume of a single 

* o H 


molecule, for when the first molecule is in ]X)sition, the space enclosed 
by a concentric sphere of double the radius of the molecule will 
not be available for the second molecule. The available space is 


y a 

therefore V— ft, whence the probability is v -1. Introducing similar 

' o P 

considerations for the rest of the molecules, we lmvc 


AV _V V-0 V-*0 V-N-l/S? , y) 

~ VJV.-*’ V.-W V 0 — N— 1/? "" W 

We are, of course, neglecting those cases in which partial 
overlapping of the ragions occupied by two or more molecules occurs ; 
for the number of such cases can at best be a small fraction of the 
total number. Even cases of actual association do not include these, 
for in that case, two discrete molecules become merged into one, 
without their outer surfaces being actually in contact. 

From the relations S = /• log \V + ( 1 

and 

we can easily verify that 

P 


/as \ P 
vav L o 


kO . V-N0 

= ~ 7i ** —y- P ~ 


R0 

2b 


log^ 2, ’(H=NA) 


... W 


As a first approximation, when h is small compared to v, we 


'SkO 

obtain p— — (Boyle -Charles- A vogndro Law), and 


as a second 


approximation we obtain 

NA’0 

p = = — j (van der Waals correction). 
v — ft 
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We also note that 

pV=N&0. 1= ^, where .-= ... ... (4) 

To account for the influence of internal forces, we multiply, 
following the lead of Pieterici, the above expression (3) by 

a 

t> a having the same significance as before. 

From this equation of state, we can easily verify the following 
results for the critical point : 

Critical volume. V r = /i=.*VlGl>5, 

e— 1 

K = =3-513. 

P, .V, 

The corresponding values of V r from the van der Waals and the 
Pieterici equations are (34, 24) respectively, and of 

/. are ^ =2 , (><V 0 =*» G95^ respectively. 

As a matter of fact, for the simpler gases, the value of obtained 
in this paper agrees better with the experimental results than the 

Dieterici value \ } ; we have for oxygen* &=3*34G, for nit regent 

/■= 3*. r >3, for argon J /• = 3*424, for xenon§ /== 3*^05. We need not 

S 

consider the van-der Waals value ^ for it. fails entirely. 

The most serious drawback to Dieteriei’s equatiou is, according to 
Prof. Lewis (r/Wc Lewis's Physical Chemistry, vol. ii, p. 117) that it 

V 

makes b or tlu? limiting volunic= y r , while the limiting volume, 
obtained by the extrapolation of Cailletet- Mathias mean density line to 

* Mathias and K. Onnes, Proc. Feb. 1011. 
t Borthelot, Bull de la Soc. France de Phy*. 107 (1901) 
t Mathias, Onnes, and Cromimdin, Proc - Amst - 1^13, p. 960, vol. xv. 

§ Paterson, Cripps, Whytlaw-CSrny. Proc. Hoy. Soo. Loud. A. lxxxvi. p. 579 
(1912). 
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the temperature 0=0° K is about ~ . The value of b obtained in 

4 

V 

thia paper, viz., therefore agrees better with this value. 


It is yet premature to predict what influence this investigation 
will have on the speculations concerning the variability of the volume 
of molecules with temperature. A more detailed investigation 
dwelling upon this point, and the application of the formula (4) to 
Amagat’s (pv, p) curves, will be communicated shortly. Meanwhile 

n 

we point out that the factor has been introduced into the 

expression for *p 9 only as a provisional measure, though it is 
considered that this step, though not quite exact, is one in the right 
direction. In the next paper an attempt will be made to introduce 
energy in to probability calculations. 


We may note here that in several papers in the Amsterdam 
Proceedings vitfr vol. xv., p. 210 **t Dr. Keesom of Leyden had 

also made attempts to deduce the equation of state from Boltzmann’s 
entropy principle. But, in the expression (2) for W, lie introduces, 
before differentiation, an approximation in which terms up to second 

order in are retained onlv. In this wav, he arrives at. tlu* vim dor 
r 

Waals’ from r — b for the in 11 nonce of finite molecular volumes. In 
obtaining our present equation of state (l<), no such approximation 
has been made. Recently Prof. Kammerling Onnes* has published the 
critical data for Hydrogen, which may serve as a test for tin* theory 
proposed here. 


Onnes finds P,. = 12*8 A/w, V r = ) = A 

tf r ‘OoMij 

0 r =38*18, K = 338. 

This value agrees best with our critical constant. 

Sir T. N. Pal it College of Science, Calcutta. 


* I’roc. K. A. \V. Anifitonlam, 1917, 20*l7fl-184. 



6n tub Limit of Interference in the 1 ? abry-i*erot 
Interferometer. 

by 

Much Nad Saha. 

WIiuii :t monochromatic source of radiation (tor example that 
•riven by a vacuum tube when excited by an electric discharge) 
is examined by a Fabrv-Perot interferometer, we obtain bright 
and narrow rings of maximum intensity separated by wide dark 
intervals. If the distance between the plates of the interferometer be 
gradually increased, the maxima gradually decrease in brightness, 
until we reach a limit where we can no longer distinguish between 
the maxima and the minima. The theory of this phenomena has 
been worked out by Lippich, Lord Rayleigh, 1 * * and Sc* lion rock, a 
and is shown to be due to the fact that the emission centres 
(in this case the gaseous atoms) being in motion, a sort of 
Doppler- Fizcati effect is produced in the line of vision of the 
observer. They have shown that when the pressure is small, the 
critical distance A (or the limit of interference) is connected by 
the following formula with the wave length \ of light, the tem- 
perature T of the tube, and the mass M- of the emission centres: 



This theorem has been made the basis of a wida series of 
experiments by Michelson, :l and the French School 4 of opticians 
including Fabry, Perot, and Ruisson. Among the various problems 
to which the formula (a) has been applied uni}’ be mentioned 
the following. 

(/) The temperature of the discharge tube when emitting a 
monochromatic light. 

1 Lord Baylcigh, Phil. Mng. November, 1915. 

* Schdnrock — Ann. d. Physik, 1907 B.d. 2‘J. 

* Mioholeon — Astrophysical Journal, 1895, vol. (ii), p. 251. 

4 Buisson et Fabry — Journal de Physique, iotno ii, 1912 p. 441-464. 
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(/7) The temperature of stars and nebulae. 

(mi) Mass of the omission centres of lines in the spectrum . 
Probably the mass of the emission centres of many lines of unknown 
oriyin in the solar corona and many nebulae (e.g, A =5007 A v) 
which are attributed to hypothetical elements 1 Coroninm and Nebit- 
linm may be determined by this method , if exj)crimental difficulties 
con be overcome 2 


The value of the constant A is of much use in all these 
investigations, and it is generally deduced from theoretical consi- 
derations. While going through the literature on the subject, I 
found that A is generally calculated from 
object. approximate and not altogether satisfactory 

considerations, though an exact solution is not difficult. My object 
in the present communication is to effect this improvement in the 
theory . For this, we must t begin with a preliminary scrutiny of 
the theory of the Fabry -Pero Interferometer. 


The Fabry-Pcrot interferometer consists of two plane parallel 

plates of glass, both half-silvered on the 

Theory of the Fubry inside. If a rav of light is sent through the 
Ferut Interferometer. # * . 

plates, it undergoes several internal reflections, 

and at each reflection from cither surface, a part issues out. 
Every incident ray is thus subdivided into a large number of 
parallel rays. If the angle of incidence is very small, almost 
normal, as is the case in practice, the number would be infinite. 
Let us confine our attention to the rays issuing on the side fur- 
ther from the source of light. The parallel rays issuing at some 
particular angle have got path differences amounting to 2 d cos«, 
4>d cosa, 6d cosa etc. according as they have suffered double re- 
flexion once, twice, thrice, or, any number of times. When these 
rays are brought together by a converging lens we shall have 
the interference phenomena. Thet parallel system is composed of 
rays transmitted directly, i.e. without reflexion, — this ray can 
be represented by E. cos nt, 

rays suffering reflexion twice, fourtimes etc. Since at each 
double reflexion there is a retardation in phase amounting to 


2ir A 


A 


and the intensity is reduced by a fraction f, we can represent 


- Nicholson — Phil. Mag, 1911, vol. 22, p. 864. 
* Fabry and Bourget Compte fiendu 1917. 
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the rays by the equations 

/B„ cos (nt—fi), PK. cos (nt— 28), pli. os (h/— 38), 

" hero we put A =2<l cos it, 8= -5^. 

A 


The resultant rav is now represented by 

K=K M {eus w/+/cox (?// — 8j+/ 2 cos 28) + ... } 

= hi„jeos nil l +/ rim 8+/* cum 28+ ...) + sin nf(f sin 8 

+/* sin 28+-) 


= K„ 


. I — /’ c*n s 8 . . 

(■ns I// •' s . + SI II *// , 

1 — 2) cos 8+/* l 


/ sin 8 
2/ cuh 8 +/ 2 


Therefore < In* intensify 1 — 1 

1—2/ cm >s 8+/ a 


1.. 

<W) 2 


1 


1 4/ sin* 


(! 

2 


77/ /.v /.v ///* onh’iitin/ f/tmn/ 
sil ii*s cil* (lie maxima and (lie 


'//’ ///.- i nffi'/'rruiurtrr. The i 1 1 toil - 
minima are all in the ratio of | : 


I + 1; /' * 11* we take /“'/j, this ratio becomes M): | , the? angular 

(i -ry 


separation 



If the theory held rigorously, we could 


observe interfereence with large values of A. But this is not the 

, m . ease. For example in the ease of the sodium 

l henry ta not exact. _ 

I.),— line, no interference can be obtained when 

A exceeds tte.w. This is due to the fact .that the radiant- particles 

are themselves in motion, and the theory cannot be perfect unless 

we take account of this fact. 


According to Maxwell’s distribution Law, the number of par- 
ticles having their velocity between o and /■+ 

l)i>pplor Effect in — /fy* , « . • . • 

tlw EmicUlioii centre. itv is Ac t!r The frequency of radiation 

emitted by these particles is //(1+r/c) where 

•* is the wave frequency of light emitted by particles at rest. 
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In the expression for retardation in phase, we must therfore re- 
place A by X^l + £ ) and write ) in the place of 1 


The exact theory. 


The intensity of light emitted by molecules 
having their velocity between /■ -f dr, and r is 


</l = B 


— /?»* 
e tfr 

1 — 2/ cos S( 1 + r!r) —f* 


The total intensity 



v tlr 

1-2/ COS 8(l + r/cj+f* 


We have by Trigonometry, 

1— A -1 + 2 / l-OS 8 + 2 /'* MM 28 + 

1 -2/ hw 8+y * 

-ft<' 

Now, we have ^ sin ilr—l I 



We have therefore T= 


B. 

1 -/* 


_1 /«8 \« 
A A ft V' / 

r V /* 

£ l + 2Sf" cos w8 J 


Now let l,=the maximum value of 1, corresponding to 8=0 
=the minimum value of I, corresponding to 
Then the visibility factor V is, according to Michelson 
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^° W P ( A? ) ,s ^ ,e or ^ or We can, therefore, safely 

omit terms containing/*,/" etc. 

_ i / 4 ^[A y 

V is therefore = 2/e P \ Xc ) 

From the kinetic theory of gases, we have 

when ro= weight of I he radiant atom in grams 
oi=Aveight of the hydrogen atom 
M =atomic weight of the radiant gas. 
ac= universal gas constant 
T = temperature 


Then we have, since — 


RobuIi. 


A = 
A 


;a A )•-*■$)■ 

[WJMJjl 



(h) 


Ijord Rayleight took account of the first two interfering brawn 

only, bat by thin he had evidently the M/- 

Comparison with chehon interferometer in hi a mind. But I 
Lord Rayleigh s 

Result. think that when we arc applying the result 

to the Fabrg-Verot interferometer , we should 
take into account all the infinite number of interfering beams, and 
the effect of refiejciou. This is exactly what has been done in the 
present communication. 


The exact evaluation of the constant -- ^ log, ^ cannot 

he done unless the reflecting power of the plates, and the value 
of V be known. / will depend upon the silvering of the plates, 
while V will vary, with the observer. Thus Lord Rayleigh takes 



12 


M. N. SA1IA 


the visibility factor equivalent to *0*25 while Sehon rock ■■ takes it 
equivalent to *05. Assuming that V=‘025, aiul/=*75 


We have A = 1*50x10" \/y 1 


(o) 


while according to Lord Rayleigh 


^ = 1-42x10“ 
A 



As it is, the descrcpaney between the two values calcu- 
lated by two different, methods is not much. But for particular 
observers, the discrepancy may bo considerable. Tt is to be hoped 
that investigators will take notice of these facts. 



On the Mechanical and Electrodynamical 
Properties of the Electron. 

BY 

Mkcjii Nai> Saha. 

The object of the present paper is to extend Minkowski’s method* 
of four-dimensional analysis to the investigation of the mechanical 
and electrodynamical problems connected with the electron. As is 
well-known, Minkowski has treated the Principle of Relativity by the 
method of four-dimensional analysis and wo have thereby to abandon 
two time-honoured concepts of Physics «>., absolute independence of 
lime and space, and the constancy of inass. The correctness of 
these two principles is no longer a matter of hypothesis, but is founded 
on experiments. It is therefore to be hoped that the results of 
these investigations will be helpful to us for the elucidation of the 
mechanical and electrical problems connected with the electron, 
though sometimes difficulty ma\ be encountered in putting proper 
interpretation on these results. 

The notation is the same as that adopted by Minkowski, and for 
the convenience of the reader, it is explained at the very outset. 

1 

(/*, y, l=zirf) denotes the space and time co-ordinates of any 
point in the lour-dimensional world— 

1 r n 

, ■„ M- u- .1 

0*1, = /l- w* L c j » » -■ * 'J 

r* 

denotes the velocity four- vector of the point. 


* Minkowski’s method of four-dimensional analysis is'cx]>oundcd in two papers 
(1) Kanm uud Zcit, published iu the Phys. Zeits, and (2) Dio (iruudgleichungen 
fur dio Eloctro-mnguetiBchon Vorgiingo in bowegten Korpern-Oott. Nock 1008. 
Thcso two papers have .been translated by me, and uro being published by the 
Calcutta University. 
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We pnfc #/«* = — (da 2 +dy* + d, a +<M a ) ; therefore wo have 


(w 1} W a , w s , «>*) = £-» Jr )» and — /— 1 (w l9 w aJ w s , w t ) 

denote the direction cosines of the four-dimensional tangent to the 
path of the particle. 

We put ,)=(1I„ H„ H,), the components of the 

magnetic field, and (/, /*** /., J = “ *(E,» the compo- 

nents of the electric field. Minkowski has shown that /' constitutes 
a six- vector. 

(a,, a„ a„ a,)=[K, G, 11 , if], arc the conijKHients of the poten- 
tial four- vector ; (F, 0, 11) are the vector potentials, <#> is the scalar 
potential. 

pz= electrical space-density ; 


P 



"a '«.■» 
C 



r 



«v «v "•.! 


are the eoniponeiits of the stream four- vector s ; 
is known as the rest-density of electricity. 


p„=p/l — a* 


a 

The vector operator □ =(/■ a +j ± +k -f- ^ ) is known as 

d'« oy o ' dt 

( Ck 2 A ii O 2 a | \ 

+ ■=— + x + ^7 I 

o< oy o« oJ a / 

is known as the generalised D’alembertian. 

The equations of electrodynamics can lie written in the forms 


a 


9 . a 


the 


lor ./==*, lor /’*=0, 


./—curl a, D*a=— s, Da= 0 . 


2 

Scalar and Vector Potential x of moving electron . 

Lienard,* and almost simultaneously Wiechertt showed that the 
scalar and vector potentials are given by the expressions 


* r(l—n,) v ' rr ( 1— «,) 


( 1 ) 


# Lienard, L’Eolairago eloctriquo 16 (1898), pp. 5, 53, 106. 
t Wiechert s— Arch, Neerl (2), 5 (1900). 
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If P be the point at which the potentials are calculated at the 
time i t and M be the position of the electron at the time where 
MP=c (/— /,), the distance MP is denoted by r and [w] denotes the 
velocity in the position M, and (// r ) its components in the direction 
of r. 

The formulae are deduced from the theory of retarded potentials 
and do not involve the principle of relativity. 

Sonmnerfield* has shown that the formulae can also be deduced 
from the theory of relativity and can be thrown into the compact 
form 


a= 


[w> 

[_R •■//>] 


R being the fon r- vector joining the two points. ... 




It is quite clear that the forms (I) and ( i ) arc quite equivalent. 
( R ■ /r) denotes the scalar product of the two four victors R and n\ 

In a paper published elsewhere, it has been shown that from 
Minkowski’s four-dimensional analysis we obtain 


In this formula, (.»’, y, /) denote the time-space co-ordinates of 
the electron (A), (/r tf w. it w. it //»,) its velocity-components, (■■' // /') 

denote tlie space-time co-ordinates of the point B at which the 
jioteiitials are estimated. 

P denotes the four-dimensional perpendicular distance of B from 
the axis of motion of (A) ; since the direction-cosines of this axis are 
—i(w XJ //’ # , //* 3 , w> 4 ), we have 

p* =( — ')*-+- (//—//)* + (^- O f +('-0* + [(■'-*>. 

Now if we make the assumption that the time co-orclinates are so 
chosen that 

>s, «.•(/_/■)■ =r«, 

or 


Sommerfeld— filter die Ke1ativit*t».Theorie, Ann. d. VhyBik, Vols. 38 nnd 33, 
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the formula (3) becomes the same as (&), and therefore (1); also 
the assumption which we make here about the interval between the 
tiine-co-ordinates is identical with the premises of Lienard and 
Wiechert. 

1 am not quite certain whether this assumption (4) which 
is made here is at all essential. I am inclined to think that 
it is not essential, but necessary only for the interpretation of the 
result to those three-dimensional beings whose senses are not sharpened 
enough to enable them to grasp a result expressed in four-dimensional 
figures. 

3 

The Electric, and Magnetic Fields due to a n/oring electron. 

If a denote the [>otential four- vector, the components of the six- 
vector/' giving the electric ami magnetic fields are given by 


/'=( *iii*l a = 


0L a a a 

a y a // 9:' 9 r 

a i a At at 


Thus 


j . v 


9a, _ 9a, __ 

a.' a y' 


I o\ u H L ete. 


where a , =P ® ^ „ a 2 = 1 * ® ? > et c. 

o» ay 

we can easily verify that if we put r(t — = we have 

H ' = ^ [ 0/~2/')] - wl.e»X=(l- ) 


e 

rUV 


[Vxr]. 


The electric forces are given by 


/„ = -*■ K, 


9a 4 

“9/ 


9a i 

a ur 
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and generally E, = £(.u— d ) - ™ 1 J (C) 

These values are widely different and simpler than the values obtained 
from the older theories, for example, cam pare the values given by 
Crehore (Physical Review, July, 1917, p. 148). 

The discrepancy is due to the fact that in these older theories, 
we always assume that the equation 


(«— t') B + (*/-»/')* +(=-:')" +(l-l') a =0 

is an essential condition. Hut in performing differentiations with 
regard to (#', //', z\ //), we here assume that they are quite indejjend- 
ent of (jr t y, z, l). 1 am not quite definite as to which of these two 
standpoints is more in accordance with Minkowski’s ideas of time 
and space. However it is preferable to keep an open mind on this 
point. 


Maxwell’s Stresses, Poynting-vector, etc. 


Minkowski lias shown that if we multiply f bv its 
obtain a matrix 

own matrix, we 

//= 

hia ^is 

s,. 

S.» 

»S 22 li b 2S 

8,. 

^9 l 

^ a a *^3 9 b 


s. t 

s., 8„ 

S..-L 


where 

k i * = [ J i a /a * "h J i « ) -l s 1 1 


1 


s„ 

s.. , 


X, 

X, 

X. 

4ir I 

8., 

8., 

8.. 


V, 

Y, 

Y, 


S», 

s„ 


i 

54, 


54. 


denotes the 
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Maxwellian stresses, ?(S l4 , S a4 , S iVt ) denotes the components of the 
Poyn tin*?- vector, and S 44 is the energy function. We have generally 


X,= £■[/„/.,+/» A. ] 


etc. 


Now on the standpoint taken up hy me, it is quite easy to calculate 
these quantities, it- can he shown that 

X,= ~~ [— o*(l+2iPi a )+ u i 2 J» X,= ^ [-w.if.a'+tt.o,!, 


8jtP“ 

The Poynting-vector (X,. Y,, 7j,) 


(?) 


= f’ii- K-a, a, +H) 1 iC 4 a»). (-a,a t +W,v t a t ), + W,tC 4 u*)| (7’| 
wP* 


G* 

iukI till! energy function 8, , = 1.; = — p- a [— o*(l+2(p < , )+« t *], <7“> 


, p 9 P _ p 9P 

where «i = P g n “. = » ~Q^r 

and tt*=Oi , +o t , +« 3 *+a 4 *=P*" 


5 

The law of attraction between two moving electrons. 

We can now proceed to find out the attraction which one moving 
electron exerts upon another moving electron. 

According to Ldrentz’s theorem the components of the force 
acting on an electron (A) moving in any electromagnetic field arc 

w./i.+w./j.+w./.. 

-v" 

Y=^i/i,v N +u>,f ti +w t f tt (*) 

’ 1 - -I 

...... :i p#twi A., +«•)/., 
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and we can also add the ourth or the time-component 

^=— ^ [Xmj + +Ztt a ], p= \f 1— which is propor- 
tional to the rate at \v* eh work is done by the moving charge. 
We have 

Ii=e [», /i,+w, /,.+)(', /,*]. (8‘) 

In this case, the field is due to a second electron, (charge r\ position 
*' ?/ ~ velocity components (?*•/ u\' ir B ' ivj). 

According to the last section, the potential four-vector 


a= 




. where 


-0* +0/— y')* +(«— O* 0 a +[(^— 

+fa-y>V+ 0— 

/=Curl a, 

+ "’’ I:- + "‘‘ aO'W 

Now putting «t=f*c'(ic l ?c l / + mviV+ ^ s ttV + «V<‘/)/l V i (9) 

find that X= - £ (5-) , (10) 

where — denotes differentiation in which v is only explicitly 


a 9 

involved, similarly with ~ = ■— r. 

8^ 0 li- 

ds 


IV : 


5 t LIBHmkY 
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l= ("* f* + ' f * ^ + "’» f; + '"‘ 4i)' aHil> eR8ily 8ee ”' W ° 


have similarly, 


v _ a* _ </ / 9±\ y_ a* _ «*/ 

9 y <1* \ g 'ly ) ’ 9 * d* ■ 8 — ' ' 


ds 

We can say that $ is the kinetic-potential of the electron (A) 
in the field of the electron (11). Similarly if denotes the kinetic- 
]K)tential of the electron (B) in the field of (A), 

==tV(ir l ie l '+ir 8 ir f f +ir,ir s , + /r 4 ir 4 ')/P, C 11 ) 

and we have similarly X' = ^ ptt *’ ••• (1-) 

da’ 

Let ns now interpret tlie results in tliree dimensions. We have 

er'(i'*(x—.i-’) / , tin 1 cos 6 \ ec'ff » /vn 

X i^/T 1 J r*A»jS*l r / ’ 

where 

p= V l- £,/3'= V l- , x= (i- 2i) 

In three dimensions, the forces are equivalent to a force 

l 1 _ ««' COS 0 \ ,1 n 

r»X»/jV c* )’ 1 ' 

in the direction of the line joining tho two points, and a force. 

i e HJ 1_M m ' (15) 

r*A*/3c\ e ) ’ 


in the direction of the velocity of the second or the attracting point. 
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AVe thus perceive that the force which comes out in a very simple 
form in four-dimensions takes a very complicated form iu three- 
dimensions. 


The kinetic-potential 4> 


'( < l -r)’ 



mi cos 0 
r a 


+ 



(Id) 


The kinetic-potential is practically coincident with the kinetic- 
potential assumed by Clausius in order to find out the law of attrac- 
tion between two moving charges of electricity. Clausius lias shown 
that this kinetic-potential leads us to the celebrated electrodynamic 
laws of Ampere. A short resume of the work done in this connec- 
tion is given below for the purpose of comparison. The problem 
was first enunciated bv Clausa in the year 1835, and was called by 
him the fundamental keystone of elect lodynainics.* 

(1) Gauss : — The forces are the derivatives with regard to ( .<•. y, -) 


of the potential function «£= l, ‘ £l — J . (ltV) 

r~) Weber takes the potential function <£= * *- £l— -i ^ ® ^ ^ J(16") 

Both of these forms have been long discredited. Latter writers 
have pointed out that the force cannot be simply the derivations 
with regard to (.», *) of some |>otential function, but are the 

Lagrangian derivatives of a certain kinetic-potential. We give the 
forms of this kinetic-potential according to different investigators. 

(1) Clnusus *= e S ( 1- ) [1881] ■ (16*) 


* For the literature on the subject, see Maxwell, Electricity mul Magnetism 
Vol. 2, Chap. XXXI II, nnd J. J. Thomson, Application of dynamics to problems of 
Physics nnd Chemistry, pp. 35, efc. cs«j. 
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where ?i and n' are the velocities of the two electrons, and 6 is the 
angle between their lines of motion. 

(2) J. J. Thomson (1882). <£ = - '^ ( 1 _ ^ magnatic 
permeability, (here ja=1. 

Crehore has calculated the forces components according to J. J. 
Thomson's theory (Phil. Mag. 1915). If e finds that the forces are 
equivalent to 

F, — ... a. repulsion along t lie line joining the centres. 


V — (r 


////' cos 0— an attraction along the line joining the centres. 


F a = Ci - u — a force in a direction opposite to the acceleration of the 
/■ 

second elmrge. 

F 4 = rcV ~ ^ ^ — a force in a direction opposite to the motion 

of the second charge. (Id*') 

(tf) Sommerfeld (Ann. d. Pliys. Vols. IV2 oml &1, fiber die llela- 
tivitiits-theorio) has also calculated the ponderomotive forces, as- 


suming that tho value of tlie potential four vector & 


[Ibr] 


, and using 


the condition (.#— + y , )* + (r— ^) , + (l—/') B =0 l in course of 

differentiation. 


by 


5 Equations of Motion of the Electron. 

Minkowski deduces the equations of motions of a ponderable particle 
means of a variational process in which the function [ w m c*dt. 


where th * = — (rZ.i;* + dy 9 + dz 9 + dl * ) =zr*dt * 



is used instead of 


the three-dimentional function 
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He obtains 


- 1 ' - X ’ 2 -T. 2 =A .».«■ £1 =>.. 


( 17 ) 


Now we have X — « f j * + I'’.,/ ! * 4- i ]. nfffnrdiiig tn Loren tz\s 

theorem, we have also 

t l= ( U '' l + ”' S',*”’ !;+"> 

= "’> q , [ 2 (« , ,* + w. , +w', , + w l »)J + »:,( 9 ^~~ ) 


“ ("'a^i « + w *.i^i.<i J, Putting 12* * — ® U k — . (18) 

0.<* 0.i’i 

Hence we have the* four equations. 

I *uttiii*»- n~c* i,i q ’v 

(ft ■ + **» i « ) + W, ( /i ;» + /d2 1 ;t ) + 1C , < J\ ,+ /*«» ., ) =0 
( 1 +' ji} * * > + "•.(/. , + /-«, , ) + /r ( f 9 f +fl O a J =0 

' A i +M2, , ) + «•*(/, 2+^12,, ) + /r, ( /, + + J=0 

"■ i ( Ai + f*!2 M ) + /r, ( /, a + ,xl 2 1 1 ) + ir 3 ( /, a + ,i U ,,) = 0 

Of these, only three are independent; the fourth ran he deduced 
tmm the first three. 

We have iudeutieally 

°=i /.*+/*« t,- 

^ai+WxOj,! /»3+/* n »J|« /n+^ 9l 

/u+®i^in /s* +w s f2 3a /at+M^s* 

/*i + ro i*Ai» /ii+®|ttte /ta+^Ots 

>.c. 

(/ii+M-flii) (/si+fAUsa'H-C/ia+pttaa) (^u + /^i 4 ) 

+ (/. • +/*A* ! ) f/, * +>. 4 )= 0 , ( 1 H) 

* Minkotvski-Dio ftmtulglciehiingen fiir din Klektroiiiagiiptisolipn VorgAuge in 
hewegtou K6rperu-Math. Aiumlen, Vol. GS — An hang — Mcchanik. 
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The condition is evidently satisfied if 

— tt= /-li = Jx» — -/»>. — Jjj. = JlJL = l> l* (19‘) 

0„ »„ 0 3l «,* ' 

But this relation is not correct as the following variational process 
shows. . - 

Let (X, Y, Z, L) represent the components of the force four- 
vector at any point, which is subjected to a virtual cleplacement 

S,fj 8y, & f SI . 

Then 8 W == X8 r + Y8y + £ 8 : + 1 j V. 


it* we call W ■= A = f W'tlfi. 

O - s ’ J 

L\ = :fs\\ T ih= f{X& 1+ YSv+ZS: + I -«/)./# 

=<;)* [/i » (.(lySx—Sydx) 4 » (ihfty— 8:</y ) +/, , 8/ 1 /:) 

+/, +/, *('%-«%) +/, 

Xow the function J ot „ can also he subjected to a variational 
process. Since 

ds = ?t» , d.»: + //■ a dy -f w?j,dr -f a- 4 d2. 

wo find sjm 0 c*d8~m a c* J[il l9 (vtyS.c--8y(l *)+tl l n(tteSi’+8:d.r) 

+ n 3l3 (d:%-3r(/?/)4-12 1 id/8r~8/dr)-fl2 24 d%--5/(/y; 

+ 0, 4 (i/Br-8Mr)l 


But it is not possible to equate to zero the coefficients of the six- 
components (dxSy — Sxdy) of the area-six- 1 vector (dtfx 8#), for though (8», 
8y, 8:, 82) represent an arbitral 1 }’ displacement, (d,r, dy, dr, d2) is not s»» 
but represent the actual displacements. We have, therefore, to collect 
the coefficients of (&«, 8y, Sr, 82) and put them separately equal to zero . 
In this way we obtaiu 


w « r " + / is»* + /i*«4 = /n M i + /■ a°*a + / i*^ 

** + il l8 0) 8 -fl2 lt «ij 4 O.jjW, + n 2n w a +o t +w 4 


-s Zsi^ L + / 31 w a 4- __ / 4 1 w 1 +/*»«» (-J0) 

U 5l o> l + 03 2 <o 8 Ht0 34 w 4 n 48 ui/ 
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which arc simply another from of the Minkowskiaxi equations (17) 


, d*.r v 
<is x =*• 


« d*y ~%r * d*z „ „ d*l T 

o' ~ =Y, m 0 c* 7i =Z, w 0 c* = L 




<fc f 






for 


ds* 


= -(w J fi ll -f(i) s H ll +w 4 O lt ), 


etc. 


Difficulty is encountered here about the interpretation of the terms 
il x 8 , D 1S etc. in three dimensions O is evidently a six-vector being the 
four-dimensional curl of the velocity four vector. 

The components [Q 2 *, n ai , D lje ] are evidontly connected with 


rotations 

L dy 9 : 


djij 

a : 


8 8» a 

a r ’ a , 


are connected with the accelerations I -- — , 

I df* 

interpretation in three-dimensions has not yet 

*tylc ii as the acceleration six-vector. 


-q^-] . [n... n... n,.] 

Jf- Jv] but theewofr 

been obtained. We can 


We shall calculate the path of the electron in a few well-known 
cases, according to the method expounded in the present paper. 

1. Under a uniform magnetic tick! (in the direction of the 
• -axis), suppose the particle is initially projected with velocity r, 
in the direction of tin* //-axis. Then all the /*& except J\ 3 =*U and 
As=H. 

Then either from the equations of motion (17) or from the curl- 
equations (40) it can be at once seen that 


— =«r. s constant, 1- =wi t =s constant =0. 

ds ds 


u) % * +ii , a a remains constant, i.e., speed remains constant. 


Now - Jil = ®i£» - S M « 
m.c* Dy 0 ? 


1 

r7TZi^» 

e* 


8 n «_ 8«.1 

dy a.- J ’ 


4 
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now 4'-* - 4 M * 
dy ds 


— , where >'=radiat« of the path. 


( 'lit | ^ — TT u U w 

V i u * | «= » 01 ‘ wt ,== - — — » »i= transverse-mass. 


2. Under a uniform electrostatic field. 

Let the field be in the direction of •*. Then all the f’s except 
/ l4 which =— ili,, are zero. Let the initial velocity be v in the 
direction of they-axis. We shall write X instead of E,. 

Then we can easily see from the equations that 


ta 8 =constant=0, u\ =constant=- 



, a m .r i at n*t 

and d? =n 7U *= 


From this we find 


n ~ , where n - 
as 


tll'C*' 


xz= (1— cor ns), /= sin y=o) ao 5=0. 


The orbit is given by 

,= ^(l-co S = , • 

» V Ol.o/ ^(«>«n) 

The radius of curvature at the origin 




ww. 


* . / l-«* XT 

V ,T 


Iii other words, ?m? , *=Xrr, 

a result which is well known. 



UN Maxwell’s Stresses 


BY 

Megh Nad Saha.* 

1. Maxwellt has shown that the mechanical action between two 
electrical systems at rest can be accounted for by assuming the exis- 
tence of certain stresses distributed over a surface completely enclosing 
one of the systems. If ^ be the potential at any point due to the 
whole system, the X-component of the mechanical force on one of the 
systems can be shown to be 

V * = J^fSf . . . ( 1 ) 

where the integration extends over the space occupied by the first 
system. 

2. If the force be really due to the presence of stresses on a 
surface enclosing the first, system, we have 

V t =jj X,rfS= JJ(!X, + mX, + nX')dS, . . (2) 


where X., X y , X, Ac. ... sire the various surface-tractions, and (/, m, n) 
are the direction cosines of the normal to the surface. 

By transforming expression (2), wo obtain 



Since -- ^ V * ^ = 

4ir 9# 




a_ n d± t ei i 
0 y U*- 0 .** * dy J 


s ri 8i 0^ i 

0 z L4ir 0.»‘ * Qz J 


* Hopriuted fron\ tlie Phil. Mag. March, 1917. 
t Maxwell, ‘ Electricity and Magnetism,’ vol. i., chap. v. 
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__y 0£. 

a.r ’ 0y 


N 

II 



y-h 

[>-l XT ] 



dy #/$=(), . 



Maxwell concludes from this that a system of stresses 


Z,=i(Z* * * § -X*-Y*.i, x,=~xy, y,=xAyz. z,= *zx, . (4) 

OTT 47r 47T 47T 


distributed over the surface S, accounts for the mechanical action quite 
satisfactorily, and therefore provides a concrete physical representation 
of the mechanism of electrostatic action. 

3. But the expressions (4) are not complete solutions of the 
integral equation (3). Maxwell* himself points out that they can at 
best be regarded as a first step towards the solution of equation (3). 
Many investigators, including Sir J. Thomson t, have pointed out 
that tether cannot possibly be at rest under these stresses. Lorentz X 
goes so far as to say that the stresses are simply mathematical fictions, 
which can be conveniently utilized for the calculation of radiation 
pressure and other allied phenomena. The object of the present paper 
is to show that the stresses cannot account for the energy of electri- 
fication, if the medium is to be regarded as an elastic solid. 

4. The energy of a charged system can be expressed as a volume 
integral, 


///[(# Mini 


Maxwell § states that the quantity W may be interpreted as the 
energy in the medium due to the distribution of stresses ; but the 


* Loc. cit. p. 165 et seq. 

f Loc. cit. p. 165, footnote, 

t * Theory of Electrons/ p. 31. 

§ ‘ Electricity and Magnetism/ p. 166. 
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statement is not proved. The only rational meaning which xve can 
attach to this assertion is that the energy of electrification arises from 
the elastic displacement of scther particles. 1 am not aware whether 
any other interpretation lias been or can be given to Maxwell’s state- 
ment, bat it has generally been taken in this sense, though Maxwell 
himself is rather vague on the point. We should naturally expect 
that energy calculated on this understanding would lead to the ex- 
pression (5), but that this is not the case will be presently shown. 

5. If u, v, w be the clastic displacements of a particle of the 
dielectric medium, the energy of deformation or the strain -energy 
function is 

Anal »tat« 

W'= JjJj p( X$h+ Y&'+ZS w) d, dy d: 

initial state 

final atato 

+ ffj <X 1 Su+Y>+Z>’)(JS. («') 

initial state 

and this can be shown to be equivalent to 

\ J57( x ^- +Y » e '» +Z ^' +X » e '' +Y '''« +Z * e '‘ )rf;c d y d ~- 


Assuming the aether to be isotropic and to behave as an elastic solid, 
we can put 



A. 1 , „ u v 

and t' t , — — « ^ y » — i e r „ — • • 

M Z 4 Z 4 


Then, after some calculation, the strain-energy function comes 
out to be 


w ,_ 1 30 + 2 ?) 
2 *a+<ri 



(6) 


It will thus be seen that if the stresses are really existent, 
and if they are amenable to the ordinary laws of elasticity, 



80 


M. N# SAHA 


the strain-energy function, or the energy of elastic deforma- 
tion of the medium, is f ^ V P© r unit volume. 

<2 e(l-f-o') \ o7T* / 

But this is very different from the theorem that the energy 


density per unit volume is 



which is derived from electro- 


static principles. 

li. Since nothing definite is known about the elastic constants 
of tether, we cannot draw any conclusion from (6) about the energy 
distribution in uether. Maxwell’s stresses are thus seen to fail to 
account for the energy of electrification, on the understanding that 
the medium behaves like an elastic solid. 


7. It is well known that the energy-distribution theorem is proved 
on the basis of the empirical laws of electrostatics. No use is made of 
the stresses. The result is purely analytical, and says that if energy is 
distributed all over space as a continuous function with volume density 

-5l , the total energy will conic out to bo the same as the total energy 


of electrification. The distinction bet ween Maxwell’s view of energy 
distribution as due to stresses (in the sense we have interpreted it) 
and the actual case can be better brought out if we adopt the follow- 
ing modified method of proving the energy-distribution theorem. 
Suppose wo have an electrical system consisting of charged surfaces, 
and particles in a given configuration. The energy of electrification 
will be the same in whichever way we may bring about the final 
configuration. Suppose that, to start with, the charges and the 
charged surfaces were all at an infinite distance, and the given con- 
figuration is brought about by properly moving the charged surfaces 
and other discreet electrified particles. Then the energy of electri- 
fication is 
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where <r is the surface density of electricity on a charged 

ft V 

surface, and p is the volume density. Since ^ — is the .'.-component of 


electrical force on a surface, cr 



the 


.'•component of mechanical 


ft V . 

action per unit surface. Similarly, p ls the .1 -component of mecha- 
nical force per unit volume of electrified particles. We can therefore put 

W=s jj (X„S.'+Y,fy+Z, 8 ; )r/S +2 jjj (X8.+YS//+ZS.-) rfV 


8. Comparing this expression for energy with the expression (6) 

W'= jj (X P 8« + Y„8r + Z r 8i<?)dS + jjj P (X8«+Y8i'+Z8(p) >IV. (6 ) 

we see that in the present case (X,., Y„, Z,) are the components of 
surface-tractions on a charged surface, ami (X, Y, Z) are the body- 
forces on electrified particles. The existence of these forces can be 
experimentally demonstrated, and they exist only in regions occupied 
by electricity ; elsewhere they are nil. The energy of electrification 
is derived from the work done in the actual displacements (8,*, 8y, 8j) 
of these charged regions towards each other. On the other hand, 
(X r , Y r . Z,.) in (6) are the tractions on a surface enclosing some of 
the charged regions, and (8m, 8r, 8 m?) are their elastic displacements. 
We may by special assumption identify the two systems of surface- 
tractions and body-forces, but the actual displacements (8r, 8y, Sz) 
and the elastic displacements (8m, 8?;, 8?/;) cannot be identified in any 
way. The two expressions represent fundamentally different 
quantities. 

9. The fact that radiant energy would exert a definite amount of 
pressure on material surfaces was first predicted by Maxwell on the 
hypothesis of dielectric stresses. Now that radiation pressure is an 
experimental fact, it has been supposed by some physicists that 
Maxwell’s stresses must have a material existence. But it is well 
known that radiant energy can be deduced independently of the stresses. 
Bartoli has shown that the pressure of radiant energy can be deduced 



from thermodyuamic principles. Planck * has deduced it from electro- 
dynamical principles, assuming that the perfect reflector is a super- 
conductor of electricity. This is an ideal limiting case of the experi- 
mental fact that good conductors of electricity are also good reflectors 
of radiant energy. The electric vector accompanying a ray of light 
gives rise to a finite charge on the surface of the super-conductor and 
a finite current within the conductor. The charge exerts a negative 
pressure on the surface, while the current, in presence of the field of 
the magnetic vector accompanying the ray, produces a mechanical 
force in the contrary direction. The resultant of the two, when 
averaged statistically, yields the radiation pressure. How far these 
theories are consistent with the theory of stresses may form a subject 
for interesting investigations. 

My best thanks are due to Prof. D. N. Mallik for his kind help 
and encouragement. 


1’luiu‘k, Wfirmestrahlu ng t second edition, p. 49 at 
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BY 

Mkgh Nad Saha, M.Sc> 

1. The equations of motion of an elastic system aret 

v , ©x, ^ 9x„ . ax, 

ph=pX+ - 6 r + 7/ +-%7 

^ = , y+ et + av, + »Y, 

O'; oy 0* 

tj , 055, , 0Z y 056, 

p,,=p/ + .|_ J + 

Multiplying the equations by ?/, w and «», and adding, we have, 

,:uii=si S 

I W* (»** + '•’* + 'O’ )— p(«* +»* ) 

=,(X» + r. + ii.) + . ( s e ^ + ^ + ) 

. + » r x + Mx.) +„(.#?£ + »&+#*,) ,2) 
\ 0.« 0y 0s / \ 04! 9y 0 s / 

Now multiplying by («/.r . dy . d: . d/j, and integrating we have, 

? a x ,' + 77 +J 5j ' ,: =//“ x - 1 ® 

fJJJZ ■“ ■“-////, ,'.7 2T '"" 

=////:: T p(X»+Yv+Zw) . (/O 


5 


* Reprinted from the J. A. S, B., Oct,, 1918. 
t Love’s Elasticity, page 83 . 
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*K =T _(X.H+ Y.o+Z.w)«JS , ^ 2W da dt ' 
whei*e 

2W=X, e,, + Y, e,,+Z,e, ,-fX, e s ,+X M e #t +Y, (3) 

Denoting by T the time-average of kinetic energy per unit volume, 
and by W the time-average of tho potential energy per unit volume, 
we have 

JfJiW- T) JCl= I ffff‘ ' p(Xu+Yv+7Ac)dt.<m 
r p (X H ti + Y n v+7j H w) d&ilt 

-‘///K i>+-+->];> <*> 

2. If we now take a closed volume O and W, T denote the average 
values over time as well as over space, we shall have 

=mflff! 7 .<*■+*■+*•>"■* 

(X.«+Y.«+Z.w) dSctt (5) 

Since if t be sufficiently large, the function («* 4- v § +w*) will 

lit 

have the same value at the beginning and end of tho process if the 
motion be vibratory, for then t will contain a large number of periods. 

3. The analogy of theorem (5) to Clausius’s* Virial theorem is 
quite evident. According to the virial theorem, we have 

-T=i2 2*X+yY+zZ, 

where T= kinetic energy of the number of particles within unit volume, 

(X, Y, Z)= force components on the particle which occupies the 
point (*, y, z). 

4. A number of interesting applications are at once suggested. 


Viddi Jeans' Dynamical Theory of Gtasos, Second Edition, page 141. 
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Suppose the motion to be vibratory. Then if the body forces be nil, 
the average kinetic energy will be equivalent to the average potential 
energy if 

(») the surface tractions be nil, or constant, as in the case of 
the vibration of a supported rod, or plate with free 
ends, 

(u) the surface displacement be zero, 

(m) if part of the surface be under zero or constant stress and 
part under varying stress with no surface displacement 
( e.g the case of a clamped rod, or string stretched 
between two points). 

These theorems are of course well known, and can be deduced in 
other ways. 



On the Pressure of Light 


BY 

Meoii Nad Saha, M.Sr. and Siwhakar Chakravartt, B.Sc.* 


The object of the present paper in to describe a simple apparatus by 
means of which the pressure of light can be easily demonstrated, and 
qualitatively measured with the entire elimination of all sorts of dis- 
turbing effects. The materials required are not difficult to procure, and 
are readily available in all well-equipped laboratories. 

We wish first to give a short history of the subject and a short 
sketch of the theory .+ As early as the seventeenth century Kepler 
supposed that light exerted a pressure on surfaces on which it is inci- 
dent The hypot hesis was proposed for explaining the tails of comets. 

With the rise of Newton’s corpuscular theory of light, the pressure 
no longer remained a guess, but could be deduced from that theory. An 
elaborate series of experiments for detecting the pressure was instituted 
by De Mairan (1754), and later on by J)n Fay (1756), but the results 
were entirely negative Later on, the failure of these experiments were 
used as arguments against the validity of the corpuscular theory of 
light. 

But interest in the subject was again revived when Maxwell,! in the 
year 1873, predicted that even on the basis of the electro-magnetic 
theory’ of light, radiant energy' should exert a pressure on a surface on 
which it is incident. But the amount of pressure is extremely small. 
It can be shown that if light consists of unidirect ional rays, the pressure 


amounts to (Amount of radiant energy falling on unit surface j 


unit of time, measured in absolute units), where r velocity of light, and 
the surface is a perfectly' absorbing one, e.g a surface coated with 
lamp-black. 

If the surface on which the light is incident be perfectly reflecting, 
the pressure is just double. But. if, on the other hand, the surface be 
transparent (<\y. 9 glass), there will be no pressure at all, or mure ac- 


* Reprinted from the .1. A. S. B. f Oct., 1919. 

t For the historical pnrt, see Lnbedew, Ann-d. Phys., Bd. 6, page 483 ; and 
Nichols and Hull, Phys. Rev., 1903. 

X Maxwell, Blectricity and Magnetism, Vol. 11 , page 702. 
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curately a very small amount of pressure depending on the small amount 
of reflection from the glass surface. 

The occurrence of the term c in the denominator makes the pressure 
extremely small. Let ns take for example the pressure exerted by solar 
light. The amount, of energy which is delivered by the sun on unit 
surface placed normally to the rays of the earth is equivalent to 2'4 
calories per minute. The pressure therefore 


= 2‘4 x 4-2 x 10 T 


gins, weight =*50 x 10” 7 gins, weight per (cm)*. 


By using the are. or a very high candle power filament lamp (1500 wt/J 
wt. for example)) and by concentrating the light by means of a lens of 
large aperture, the pressure can he increased to about. 100 times. But 
still it is extremely small. 

it was for demonstrating the pressure of light that Crookes'* was led 
to invent his famous “radiometer.” As is well known, this consists of 
a delicate cress of glass or mica vanes suspended on a pivot and enclosed 
within a glass cylinder from which air can he pumped off at will. The 
alternate faces of the vanes are covered with lamp-black. When light 
falls on the vanes it begins to rotate rapidly about the axis. 

Crookes was inclined to explain this motion as being due to the 
pressure of radiant energy, but Johnsfoiie-Stoney showed that the effect 
observed was rather spurious, and exceeded theoretical pressure by at 
least 10* times. + He showed that the effect was really due to the un- 
equal heating of the two sides of the vanes. 

Z0llner§ tried to observe the effect by another arrangement. Two 
thin discs of silvered or blackened glass, or metal, were suspended at 
the ends of the horizontal arm of a thin cross of glass-rods and the 
whole was suspended by means of glass fibres within a closed vessel, 
from which air can be pumped out at will. A galvanometer mirror is 
attached to the vertical part, with its plane at right angles to the plane 
of the vanes. But with light incident on the vanes, the deflection ob- 
served was very irregular, and sometimes was completely in the wrong 
direction. 


But in spite of repeated failures to detect the pressure of radiation, 
theoretical investigation hail, in t lie meantime, been advanced so far 
that it was not possible to deny its existence# 


* Phil, Trans. 1874, Yol. 164, p. 601. 
t Pogg. Aim. Brl. 160, p. 164, 1877 (snggwte«l by Maxwell). 
$ Bartoli, Nuovo Cimento, 15, p. 195, 1883# 

$ Hull, Phys. Rev., May, 1906. 
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W© have seen that the pressure of light was deduced by Maxwell 
from the electromagnetic theory of light, by using an argument involving 
the assumption of pressures and tensions across and along tubes of force. 
But Bartoli showed in 1877 that the pressure could also be deduced by 
means of thermodynamic reasoning involving only the two laws of 
thermodynamics, and was in amount just the same as is obtained from 
Maxwell's theory. Bartoli ’s argument being based on the surer basis 
of thermodynamics, seemed to cariy conviction in all quarters about the 
real existence of the pressure. 

The long-expected pressure was at laftt observed by Lebedew, and 
almost simultaneously by Nichols and Hull in 1901, by different modi- 
fications of Zftllner’s unsuccessful experiment. 

Lebedew’s method was to replace the rather thick glass vanes by 
means of very thin platinum foils (diameter 5 mm., thickness *C2 mm.) 
whereby any difference of temperature on the two sides is instantly 
equalised. The radiometer action is directly proportional to the differ- 
ence of pressure on the two sides, and the pressure of gas within the 
vessel. Lebedew reduced the pressure to about l/20000th of a mm. 
and was almost able to eliminate the radiometer action, and verify the 
pressure qualitatively within about 20% of the theoretical pressure. 

The early experiments of Nichols and Hull were undertaken in 
order to investigate the different disturbing effects in the apparatus of 
Zttllner. They found that the total disturbing effect is the resultant of 
the following : — 

(») the radiometer action— due to the unequal heating of the two 
sides of the vane ; 

(«) convection currents — due to the rush of air towards the parts 
warmed by the passage of the pencil of rays ; 

(in) a rocket action — due to the escape of particles of gas from 
the surface of the vanes when these are heated by the 
incident light. 

By a series of elaborate investigations extending over three yeais, 
Nichols and Hull were able to get rid of these effects. They found that 
the convection effect could be induced by making the vanes exactly 
vertical, for then the flow of air becomes tangential to their surface. 
The rocket action, and the* radiometer action were found to balance at a 
pressure of 16*5 mm., and deflections were therefore observed with this 
pressure in the vessel. The vanes were of thin glass with one face 
silvered ; for further information on the point reference should be made 
to theloriginal paper. * 
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Finally f Hull evolved out an arrangement by means of which the 
disturbing effects could be entirely eliminated. The silvered side of a 
thin cover-glass was placed in contact with the blackened side of a 
similar glass and the whole was enclosed by means of two other thin 
glasses, as shown in the figure. Two such cells wore mounted upon 
the opposite ends of the toraion arm which was suspended by means 
of a thin quartz fibre within a glass cylinder. Wheu light falls on 
the vanes, the two sides are of course unequally heated. But as the 
air on the two sides is enclosed within a glass cylinder, it forms one 
single system with the glass vessel — action and reaction being equal, 
the radiometer action is entirely eliminated. 

We have found the extra glass coll to be redundant. The silvered! 
sides of two thin cover-glasses were put one upon the other and 
connected to each other by means of a trace of Canada- balsam on the 
fringes. Similarly, we prepared a lamp-blacked surface. We have 
thus in these vanes very thin films of totally reflecting and totally 
absorbing material enclosed within equal thicknesses of glass on either 
side. When light, previously filtered of all rays capable of heating 
glass, is allowed to fall on one of the vanes, say the silvered one, the 
glass surface is not at all heated by the passage of the rays, which have 
been previously passed through sufficiently thick glass lenses. The two 
sides of the film are instantly raised to the same temperature (because 
they are extremely tliin and there being equal thicknesses of glass on 
the two sides, they are equally heated by conduction). Thus the radio- 
meter action is entirely eliminated. 

It will be thus scon that in our arrangement we have combined the 
arrangements of Lebedew as well as Hull’s method, without the addi- 
tional encumbrance of extra glass cells. 

Description of the Apparatus. 

The vanes -were suspended on the opposite arms of the torsion 
balance : vide fig. 2. (vi) is si galvanometer mirror placed at right 
angle* to the plane of the vanes, with a small piece of steel on its 
back. (B) is a small brass weight for steadying tlie balance. The 
whole is suspended by means of a glass fibre and enclosed within a 
bell-jar which is connected to a pump and a manometer. The de- 
flection is observed from the excursion of a spot of light reflected from 
(m) in the usual lamp and scale arrangement. The dimensions are 

Diameter of the cover glasses =18 cm. 

Thickness of the cover glasses = ’083 mm. 

Weight of the silvered vane = 105 gm. 
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Weight of the lamp-blacked vane = *128 gm. 

Length of the arm = *2 cm. 

Weight of B = »5 gm. 

The pressure within the bell-jar is reduced to about 1 to 2 cms. of 
mercury. It in extremely important that the joints should be all air- 
tight, for the slightest leakage of air may produce disastrous effects. 
After pumping out we allowed the apparatus to stand for 3 days in 
order to be sure that it was quite air-tight The vanes should be placed 
symmetrically just about the centre of the glass vessel, otherwise cur- 
rents of air which are set up in the vessel by the passage of rays and 
turned off by the sides of the vessel may produce disturbing effects. 
These effects become smaller, the smaller the pressure inside the vessel. 

Theory of the Apparatus : — 

The equation of motion of the vanos is given by — 

(i) 


where (1) moment of inertia of the system about t lie fibre, k viscosity 
factor, fi is the torsional coefficient, 0=angle of rotation, L moment of 
the force of pressure about the axis of rotation the fibre). 


The solution is { 

' 0- 1 1 )=A' 

It 

21 

c 

os (ut+P) 

(ii) 


v ) 




where 

-JL 

I 41* 



(iii) 


After a sufficiently large time the deflection should become steady if 
the disturbing causes are entirely absent. Let a denote this steady 
deflection. 

Now L =p?, where p=totnl pressui*e (or thrust) on the surface and 
Isdistance of the centre of the disc from the axis of rotation. The 
light should be concentrated on the centre of the disc. Let a be the 
steady deflection. Then 



The constant p is obtained from observations of the free period of 
oscillation of the system. 

u k % 

From (ii) we see that -£ =h* 4- — . 

X 41 1 
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2ir A"* / o \ s 

Xow m=~, and = (£ ) > where f3 = logarithmic decrement 
of the amplitude. 

”T= (.¥ y +( y=4-(^^ , >. ov) 

Now “l” can be easily calculated from the weight and the dimensions 
of the « 3 'stem. fi can therefore be easily calculated from formula (iv). 

In our experiment 1=2*65 cm. and /a=6*27 x 10“ R , so that a deflection 
of 1 mm. at a distance of 1 metre corresponded to a total pressure of 


6-27 x 10- 
2*65 


=2*36xl0“ s dynes. 


The time period was 32 seconds and the logarithmic decrement was 
/}=*310, and 1=1*67 units. 


Measurement of Energy. 

Owing to lack of means at our disposal the amount of energy falling 
upon the surface could not be properly measured. Lebedew allowed the 
light to fall on a copper calorimeter placed in the same position as the 
vanes, and the amount of energy absorbed was obtained by noting the 
rise in temperature of the calorimeter within a given period of time. 

Nichols and Hull’s method was more ingenious. A thin disc of 
silver of the; same size as the vane was coated with lampblack. Two 
holes were* bored on tin* sides through which a copper-constantan couple 
passed. The other end of the couple passed tlnough a sensitive galva- 
nometer. This apparatus was previously standardised by putting it in 
different baths. The light was allowed to fall on the disc for some 
time and the rise in temperature was obtained from the throw of the 
galvanometer. 

The source of light in Lebedew and Hull's experiment was an arc 
which as is well known is very unsteady. In our early experiments we 
used the arcs but in the latest experiment the source of light was a 
(3000 c.p.) Tungsten filament- lamp supplied by Messrs. Westinghouse 
& Co. The light from this source is very steady. The lamp was placed 
in a horizontal position ( i.c with its filament in a vertical circle) at a 
distance of 50 to 70 cms. from the diaphragm which contained a short 
focus lens of 6‘5 cms. aperture. By ail justing the lens the filament 
was completely focussed on the vanes. An upper limit to the amount 
of energy falling on . the vane per second can he thus obtained. By 
6 
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means of an ammeter we found that the lamp consumed a current 6*6 
amps, under a pressure of 220 volts. The amount of energy passing 
through the lens and focussed on the vaiies is therefore given by 


220x(H>xl0 7 

4r(5)i“ 


7 r (8*25) * ergs, per see. 


The whole pressing on t lie silvered surface is therefore 


K (l— 0 (i + p ) 

c 

where c- velocity of light and extraction of energy absorbed by and 
reflected from glass surfaces (lens and containing vessels) and pxfrac- 
tion of energy reflected from tho silvered face. 

Rksults of Oiisrrvatioxs. 

In our preliminary blank experiment with the arc, we found that for 
the period for which the arc remains steady, the deflection remains quite 
steady and follows very faithfully the fluctuations of the arc. When 
the positive pole was focussed the deflection observed was generally 3 to 
4 times the deflection for the negative pole. When all the precautions 
above mentioned were taken, the deflection was found to be always in 
the right direction. When the filament lamp was used as the source of 
light, all irregularities due to the variation of the source of light 
vanished. Ar soon as the light is struck, the spot of light slowly creeps 
up towards the new position of equilibrium about which it oscillates iu 
accordance with the equation (i). 

ITltimately the oscillation dies away and the spot becomes quite 
steady, which could be maintained for 15 minutes (we did not try to 
keep the spot steady for a greater length of time because tho tungsten 
filaments, being kept in a horizontal position, are gradually deformed on 
account of their plasticity at the high temperature within tho lamp. 

In one set of experiments one of the vanes was silvered while the 
other consisted of two clear pieces of microscopic cover-glass. We found 
that when light was allowed to fall on the clear glass surface there was 
practically no deflection. In another set of experiments one of the vanes 
was silvered and the other was lamp-blacked. It was found that gene- 
rally if the source of light was not too intense, the deflection of the 
black surface was approximately one half of that of the silvered one. 
If the source of light was very intense, so much heat was absorbed tlnd 
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the junctions (which were all of shellac) melted off. Quantitative 
experiments were therefore impossible with that surface. 

.One of the results of our quantitative experiments is given below-:— 
Mean deflection (mean of several experiments) ... =28‘5 Divns. 
Distance of the scale from the mirror ... =100 cm. 

Distance “ d ” of the plane of the filament from the 

diaphragm. ... ... ... =73 cm. 

Therefore the upper limit of the total theoretical pressure (without 
allowing for absorption or reflexion) is equal to 


. 2x 


6-6 x 220 xlQ 7 x ( 3-25) * 
4x73 a x3xl0 , ° 


=4-8 x 10-+ dynes. 


(A) 


The pressure calculated from deflections is equal to 

2-3 x 10“ a x 14-25 =3*33 x 10- » dynes. (B) 

The observed pressure is about 70 per cent, of expression (A), which 
is the pressure calculated on the supposition that the whole amount of 
energy given out by the filament, is freely transmitted by the various 
glass media, and is totally reflected by the silvered surface. As a matter 
of fact, none of these assumptions is correct, if T is the fraction of total 
energy transmitted by thick glass, and p he the reflecting power of a 
silver glass-surface the actual pressure should be 


C 1 "*) 


where P 0 is the quantity (A). 

According to the experiments of Rubens and Hagen* p=905°/ 0 ; un- 
fortunately no data is available for the transmission co-efficient, but on 
account of the preponderance of rays of short wave length in the spec- 
trum of the light from a tungsten filament, it cannot he less than 80%. 

Considering these facts, we are probably justified in asserting that 
the agreement between observed and theoretical values is at least quali- 
tatively quite good. On a future occasion we hope to return to the 
problem of a rigorous quantitative determination of total incident 
energy. 

In conclusion, we beg to record our best thanks to Prof. C. V. Raman, 
and the teaching staff of the University College of Science, for the 
interest they have taken in the work ; and to Mr. X. Basu, B.Sc., for 
much useful help. 

* Obtained by extrapolation from the data of Rubens and Hagen on the supposi- 
tion that the maximum emission of energy from n tungsten filament is nt I /x 
[Kohlrausch, Praktische Phvsik, Tnbellon]. 



On Radiation Pressure and the Quantum Theory. 
A Preliminary Note* 

BY 

Meg n Nad Saha, D.Sc. 

After the prediction by Maxwell of the existence of the pressure 
of radiant energy on the basis of his theory of stresses and strains in 
tether, other ways of arriving at the same result have been 
fouud by Bartoli (thermodynamical), Poynting (flow of momentum 
along a ray of light) and Larmor (electro-magnetic wave-theory of 
light). A review of these methods shows that they are all statistical, 
«>., the result holds only when the surface encountered by radiation is 
large compared with the wave of light and is thickly set with matter. 

Schwarzschild and more recently Nicholson, 1 and Klotz * have 
worked out, on the basis of the continuous theory, the value of the 
radiation-pressure, when the size of the obstructing mass is gradually 
decreased, ultimately being reduced to the scale of the wave-length of 
light. In this case, the effect of the repulsing light pressure gradually 
preponderates over any gravitative force to which the particle may 
be subject, but at the same time, it appears that there is a limit to 
this process of reduction. If the particle be too small, it is no longer 
capable of acting as a barrier to tho advancing light- waves, and 
consequently experiences no radiation-pressure. It appears from 
these investigations that for particles of the molecular size 
(radius 10~ s cm) the effect of light-pressure is totally evanescent. 

But this conclusion from the old continuous theory is rather 
contradictory to the requirements of astrophysics — for in order to 
explain tails of comets, and other astrophysical phenomena (such as 
solar prominences, corona) which take place on the surface of luminous 
heavenly bodies, we have to assume the existence of certain repulsive 
forces 8 (levity) acting on the ultimate gaseous molecules and thus 
reducing the gravitational attraction on them. But a still stronger 
ground for rejecting the conclusion is furnished by the experimental 
demonstration by Lebedew 4 of the existence of radiation pressure on 


* Reprinted from the Astrophyaicul Journal, U. S, A., 1919. 
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molecules of absorbing gases like CO g , methane, propane, etc. It may 
thus be taken for granted, inspite of the failure of the continuous 
theory that molecules do really suffer a radiation-pressure, which 
in the aggregate conforms to Maxwell's Law. 

Prof. Wood 5 is inclined to the opinion that the gas-molecule 
may be capable of stopping the radiation by resonance, and may 
thus experience a radiation pressure, but precisely what is meant by 
stoppage of radiation by resonance is not clear. An explanation of 
the existence of radiation-pressure on molecules is furnished when we 
apply the quantum theory in the place of the old continuous 
theory of light. Instead of assuming that ‘ light 9 is spread 
continuously over all |>oints of space, let us suppose that they are 
localized in pulses of energy /tv (r = frequency of light, // = Planck's 
universal radiation constant). Let this pulse encounter a -molecule 
/// and be absorbed by it. Then in doing so the molecule will be 

thrust forward with an impulsive momentum of — , (/•= velocity of 


light ) ; for we may suppose the pulse to have the mass — - 

/•* 


and the 


momentum ,v , the absorption of the pulse by tbe molecule may be 


taken as a case of inelastic impact, the whole momentum being 
communicated to the molecule. The velocity with which the 

molecule will move forward = — . 

cm 

Let us consider the effect of the absorption of a pulse of the 
hydrogen light corresponding to the line Ila bv the hydrogen atom. 
The velocity imparted at each kick of light, 

v — ~ V - =60 c. m. per second 
cm 


taking // = 6’54x 10'* 7 


c 

v 


X=6-568xl0-% m 


_ l 

ti~062 x 10* 8 gm ' 


The velocity is rather a small quantity (compared to the orbital 
velocity of the molecules) but it should be remembered that it is 
really an impulsive velocity and is of the nature of an acceleration. 
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Tho total velocity acquired by a hydrogen atom per second will 
depend upon the number of kicks of light it experiences per second, 
and provided this is sufficiently great, the velocity acquired may rise 
to enormous values. But. a prion we cannot say what this number 
will amount to, without a preliminary examination of the physical 
conditions. 

This conclusion explains Lebedcw’s results which cannot be 
explained by the continuous theory, and at the same time offers a 
general explanation of the radiation pressure. The pressure 

= 1 22 // 1 / where the summation extends over all the pulses absorbed 

/? 

in unit time, within unit area. Ft thus equals A I, where 1= intensity 
of light, A = fraction absorbed. The aggregate effect remains 
unchanged, but it is now supposed to be concentrated on a few 
active molecules, the inactive molecules remaining uneffccted. 

The explanation offered closely resembles Einstein’s explanation 
of the velocity of emission of the photo-electrons. According to 
Einstein, when a pulse of light (hv) falls upon an atom it is instantly 
absorbed, and goes to increase the energy of the system. 
Consequently certain of the electrons of an atomic system acquire a 
velocity which is greater than the critical velocity required for 
retaining these electrons in their orbit. Let A be the energy required 
for detaching an electron from a parent atom. Then the velocity 
of escape is given by the law 

= 2 A 

The maximum velocity occurs when only one electron is 
emitted. Then A. 

Actual experiments by Millikan K have established the truth of the 
law quantitatively. Besides the phenomena is instantaneous whatever 
be the intensity of the light. Now this feature is not capable of 
explanation by the continuous theory of absorption. Campbell 
has found that in certain cases, the continuous theory requires 
that the atom must be illuminated for at least 45 minutes, 
before it can acquire the energy sufficient for the emission of the 

electron, while actually the emission takes place in less than—-—-:-- of 


a second after illumination, 
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Let us therefore see how the number of kicks of light experienced 
by the hydrogen atom or molecule varies with the existing circum- 
stances. The number will clearly depend upon the following 
factors : — (/*) the density of pulses of light in the region traversed 
by the molecule, (ii) the time of retention by the molecule or the 
atom of the capacity for the absorption of light. We shall first take 
up the second point. Hydrogen under ordinary circumstances does 
not absorb its characteristic radiation (represented by the Balmer 
lines) as has been demonstrated by the repeated failures of the 
experiments for obtaining the reversal of the H — lines. But the 
experiments of Ladenburg and Loria 0 have thrown a new light on 
the cause of these failures ; they find that hydrogen is capable of 
absorbing its characteristic radiation only when it is in an active 
state, i.e ., when it is in a state of luminescence. This conclusion is 
also borne out by the theoretical investigations of Bohr, for according 
to his theory, an H — line is emitted when the attendant electron 
leaps from orbit (3) to orbit (2), while in the natural state the 
electron is at orbit (1). 

We may symbolically express the idea in the following manner — 
Natural state (when inactive) — O radius (1), (state 1). 

State (when emitting the Balmer lines) — O radius (1), (state 2). 

In order that an H-atom may absorb a Balmer line, it must be 
1o start with, at state (2). 

We may thus take it for granted that the H-atoms which 
absorb the Balmer lines are not the ordinary H-atoms, but an active 
modification of it, the electron being at orbit (2), instead of at 
orbit (1). When light corresponding to any line of the Balmer 
spetrum traverses a mass of hydrogen, it is only the active particles 
which will absorb this light, and be subjected to the impulsive kicks 
of this light. 

Taking it for granted that an active molecule suffers a dis- 
continuous kick of light given by the formula (1) in the process of 
absorption, let us see how it. will behave when placed in a field of 
radiation. To visualise matters, we shall take an active H-atom 
moving near the photosphere of the Sun. The II-atoni, if active 
to start with, will pick out from the continuous spectrum the pulse 
corresponding to Ha or 11$, and will be thrust, forward with an 
instantaneous velocity of 60-81 cms. per second. It is true that as the 
particle emits light, it suffers an equal recoil opposite the direction 
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of emission. But it should be borne in mind that the emission does 
not take place in any specified direction, but in any direction accord- 
ing to the law of chance,* while the pulses which are absorbed 
come from a specified direction, rr:., the centre of the Sun. Hence if 
the particle continues active for a sufficient length of time, the H-atom 
may ultimately acquire a velocity exceeding the critical velocity of 
6'12 x 10 7 cms. per sec., (the velocity required for the escape of a 
particle from the gravitational influence of the Sun). The precise 
velocity which a particle acquires, depends upon a large number of 
unknown factors. (?') The intensity of the field of radiation — the 
influence of this factor is to a certain extent known — the density of 
pulses varies as the intensity of light, and therefore follows the 
inverse square law. (if) The persistence of the activity of the 11-atom, 
or rather if the activity be lost, the quickness with which it is 
regenerated, (Hi) The actual proportion of active particles in any 
region. 

Nothing is known about the second and the third factors, 
consequently it is not possible to work out a quantitative theorv 
of the effect of radiation-pressure on the expulsion of the molecules. 
But the general consideration show that radiation-pressure on 
molecules may be out of all proportion to their actual sizes. It also 
shows that the radiation-pressure exerts a sort of sifting action on 
the molecules, driving the active ones radially outwards along the 
direction of the beam. The cumulative effect of the pulses may be 
sufficiently great to endow the atoms with a large velocity — the 
velocity with which the tops of solar prominences are observed to 
shoot up. 

The velocity of the red prominences are sometimes found to he 
as high as 8'34 x 10 7 cm. 

The solar prominences have sometimes been explained on the 
assumption that they are due to the convection of hot masses 
of vapour from the solar photosphere, which after reaching the 


* Wo tuny rvfur to the- experiments of Wood, Strutt, Hurl Ihuioyer on the lateral 
emission hy a column of Na-vapour, which is traversed by vtmvg D } or Delight. 
(Vide Strutt, Proc. Key. Soc., London, September, 1019). It will bo interesting 
to see whether a column of Xa< vapour, when traversed by a strong beam of whit? 
light, emits the D,, D„ light laterally. If this is found to be the oust*, it will 
constitute a very strong experimental proof in support of the views advanced in 
this paper. 
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atmosphere, are supposed to expand adiabatically aud develop the 
large velocities with which the prominences are observed to shoot up. 
But Pringsheim and Strutt 10 (Monthly Notices of the R.A. 1 ^.) have 
pointed out several insuperable difficulties in the way of the accep- 
tance of this hypothesis, including the deduction that the maximum 

velocity obtainable from adiabatic expansion is less than -1—of the 

vtdocity with which the prominences are observed to shoot forward 
(8';31xL0 7 cm.). Strutt has suggested that some unknown forces 
of electrical origin may be the cause of these large velocities, but 
even granting that the electrical fields exist in the Sun, it is difficult 
to see how these can act upon the luminous hydrogen particles 
which are most probably uncharged. According to the hypothesis 
put forward in this paper, the effect of radiation- pressure on , the 
separate particles are altogether disproportionate to the dimensions of 
the particles, and may eauscit to be endowed with a * levity ’ long 
sought for in the explanation of the prominences, the corona, and 
other solar phenomena. 

Attention may be called to a comprehensive paper by D. Brunt 
(Month. Not. R.A.S. — 11)12-13, p. of»8) who has shown that neither 
of the three theories of the equilibrium of the solar atmosphere (Iso- 
thermal, adiabatic, or radiative) can account for an atmosphere 
extending to the observed height of the solar atmosphere. The 
results of the spent ro-heliographic observations are distinctly 
unfavourable to Julius’s theory of anomalous dispersion (vide 
Astrophysical Journal, papers by Hale, St. John, and Adams). 

This hypothesis presents the problem of the radiative equilibrium 
of the solar atmosphere in a new light. 

These ideas may be applied to the explanation of the tails of 
comets. The tails of comets are undoubtedly caused by some sort 
of repulsive action exerted by solar light, but since on the older 
theory, the effect was found evanescent on particles of the molecular 
size, the tail was supposed to consist of some sort of cosmic dust. 
But the spectroscopic examination of the light from the tails shows 
that they consist, at least partly, of luminous gases (CO, CO,) 11 . 
Now the explanation is quite easy, if the considerations advanced in 
this paper hold. As the comet approaches the Sun, more and more 
pulses of light from the Sun traverse the nucleus and the coma. 
7 
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Light pulses of suitable frequency are picked up by the gaseous 
jwirticles, which thus gradually gain in velocity in a direction 
opposite to that of sunlight. The cumulative effect of the absorbed 
pulses may endow the particle with a velocity Mifticient for its escape 
from the main mass of the cometary matter, and form into the tail. 

It is hoped to develop these ideas further in a future 
communication. 

He fa fence * — 

1, Month. Not. Roy. Ast. Soc. — Yol. ?4, Page 425. 

2. Klotz — Journal of the R. A. S. Canada, 12, 857, 1918. 

8. Vide— Problems ot Astrophysics, Page 51. 

4. Lebedew — Ann. der Physik, Vol. 82, 411, 1910. 

5. Wood — Physical Optics, Page 512. 

8. Ladenburg and Loria, Verb. d. T). P. W. 10, 858, 1908. 

7. Rohr— Phil. Mag., July, 1918. 

8. Millikan — Physical Review, Yol. 7, IS, 1910. 

9. Campbell — Modern Electrical Theory, Page 249. 

10. Strutt — Mouth. Not. R.A.S., Yol. 74. 

11. Ch. Fabry (Lecture delivered before the Astronomical Society 
of France, 1918). 



On 

Selective Radiation Pressure and the Radiative 
Equilibrium of the Solar Atmosphere 

by 

-M KOH Nad Saha, 1").Sc., Premchuvd Roycftrntd Scholar. 

§1 

In a paper recently communicated to the Astrophvsical Journal, 
an attempt has been made to prove that the quantum theory affords 
a basis for the existence of radiation-pressure on atoms and molecules . 1 
It is well-known that according to the older continuous theory, the 
pressure of light is evanescent, on obstacles of the atomic or molecular 
size. But this conclusion is contrary not only to the requirements 
of many astrophvsical data, but also to the experimental results of 
Lebedew . 5 In some recent, communication^ to the M. N. R. A. S., 
and the Astrophvsical Journal, Professor Eddington 3 has developed 
a very elegant theory on the “ Radiative Equilibrium in the interior 
of stars,” and has success fully explained many of the observational 
results about the evolution of stars discovered by Russell , 4 Hertz- 
sprung and others. The theory of Eddington is hased on the assump- 
tion of the existence of radiation-pressure un atoms. We may just 
quote his own words a : — 

“As there seems to be a rather widespread impression that gases are 
not subject to radiation-pressure, it may lx? advisable to state the 
theory briefly. The pressure is simply a consequence of absorption or 
scattering. A beam of radiation carries a certain forward-inomentum 
proportional to its intensity ; after passing through a sheet of 
absorbing medium, a weaker beam emerges carrying proportionately 

* M. N. Saha, Aatrophysicnl Journal, 1919. 

* Lebodew—Annalen dor Physik, Vol. 32, p. 411 (1910). 

3 Eddington— M. N. R. A. 8., Vol. 77, p. 28; the Aatrophyoicn) Journal, Vol. 48. 

* Russell — The Nature, Vol. 93. 

6 Eddington — M. N. B, A. 8., Vol. 79, p 28, et seq. 



less momentum ; the difference of incident and emergent momentum 
is retained by the medium and constitutes the pressure. The medium, 
in fact, absorbs the momentum of the beams in the same proportion 
as it absorbs the energy. The calculations of radiation-pressure on 
small solid particles are simply calculations of absorption and scat- 
tering by these particles ; it is not possible to apply such methods 
to atoms and molecules, which absorb by some internal mechanism. 
But the relation between absorption and pressure is a perfectly general 
one, depending only on the conservation of momentum.” 

In the paper mentioned above, I have tried to prove that the 
existence of radiation -press nre on gaseous atoms follows as an easy 
deduction from modern theories of emission and absorption. H has 
also been suggested that the act ion of fight pressure is selective. Let 
us consider in greater detail what is meant by this term. Snpjjoso 
a continuous spectrum from a bright hack-ground passes through 
a layer of gas. Then the gaseous atoms will be acted upon by only 
those pulses of light in the continuous spectrum, which the gas is 
itself capable of emitting and absorbing. If, for example, the gas be 
composed of Sodium atoms; then only radium energy contained in the 
spectral regions about the D,, l) 2 -lines and sometimes the other lines 
of the principal series will act upon the Na-atoms. The remaining 
part of the continuous light will be without action on the Na-atoms 
(more later on). Regarded from this point of view, the theory may 
properly be styled as the theory of fret retire Rod io t ion -pressure. The 
object of the present paper is to show that this theory taken along 
with the modern theories of atomic structure, is capable of explain- 
ing many problems in solar and stellar physics, particularly the 
problems of the radiative equilibrium of the solar atmosphere. 

The range of phenomena covered by the works of Eddington is 
entirely different from ours. Eddington has considered the aggregate 
effect of light pressure in the interior of stars, />., the region where 
the gaseous atoms are under such a high pressure that they no longer 
emit, or absorb waves of a particular type, but waves of all lengths. 
The mass of gas behaves very much like a continuous body, and 
the radiation pressure is just the same as that given by the conti- 
nuous theory, for only the aggregate effect is considered. But the 
class of phenomena which will be discussed in this article refers to 
t.he atmospheres of luminous bodies, where the pressure is so low 
that the gaseous atoms are capable of emittiug their own charact- 
eristic radiation. The general problem of radiative equilibrium has 
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already been discussed bv Sehwarzsehild. 1 Before taking up these 
discussions, I shall give a brief sketch of the problems before us. 

$ &. The Problems of the Solar Atmosphere. 

It is well known that the customary division of the sun into the 
photosphere, the reversing layer, anil the chromosphere is based upon 
the results of spectroscopic observations alone. The correlation of 
these data to actual physical conditions of temperature, pressure, and 
distribution of mass is a rather tough problem, and one may find 
in this connection views which are poles asunder. When we speak 
of the photosphere, we tacitly assume it to be a sharply defined body 
like a piece of white-hot iron. The reversing layer and the chromo- 
spheres arc assumed to be similar to the lower and the upper layers 
of our own atmosphere. In the discussion which follows, we stick 
to the view that the photosphere has a sharp, though gaseous 
boundary, ami radiates like a black body at a temperature of 
7(i0rt°K- 

The problems may be briefly grouped under the following head- 
ings : 

(I ) The enormous distance to which the atmosphere extends over 
the photospheric disc. 

('2) The anomalous distribution of elements in the solar atmos- 
phere. 

(Jt) The radiating power of the different parts of the solar disc. 

(4) Unsteady phenomena, /■/:., Spots and prominences. 

The main points of the first problem are very well-known. The 
value of t lie gravitational acceleration on the disc of the sun is 27*7 
times the value of gravity on the earth, while the temperature is 
nearly fi000°K. The radial gradient of the density (/>., rate of 
decrement, of mass per unit volume with height) should therefore be 
very large, no matter in whatsoever way the temperature may vary 
in the atmosphere. Let us consider in succession, the three theories 
of equilibrium." 

1 Sehwarzsehild — Gfitt Niicliriolitoii 1906, p. 41. 

■ Poiix Biseoe — Astvophyaicnl Jonrnnl, Vul. 40, p. 355 (1917 ). 

a Moat- of ting discussion is taken from Selnvnr/.scliiUVs paper referred to above, 
!,n( l a paper Lv J). Brunt, M S.H.A.S.. Vol, 72. 
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(1) The Isothermal Equilibrium : — Temperature is sup)> 08 ed to lit* 
uniform throughout the atmosphere and equal to H000°k. 

Let N a =nuinber of atoms of a certain element per unit volume 
just over the photospheric disc, and N corresponding number at 
a height z. Then 


N \ = -% ; 

V X. ' k8 Rtf 


1 ) 


Where R = gas constant =8.30 x 10 7 , £= Boltzmann’s gas constant, 
M = weight of an atom, ;;> = weight of a gram-atom, 0= Absolute 
temperature. 

Taking 0=ti()OO'K, g=27 # 7x9Sl cm. the logarithmic decrement. 

is t A. times the value of the corresponding quantity on the 

00(H) 3(H) 20 

earth. In the case of the Hydrogen atom (lie density reduces to ^ of 
its value for a height of 303 kin. ; for Calcium the corresponding height 
is only 10 kms. At a height of 1000 kins., the density of Calcium 

p=p„ ^10 ^ . p u = density on the photosphere, />.. there will he 

found scarcely one molecule in the whole volume over the disc. 

__ lH 2 

(xenerally /#=/#„ X 10 ni=atomie weight. : = height in kilometres. 

(2) Let us suppose that tin* temperature does not remain con- 
stant, but vary according to the law of adiabatic compression and 
rarefaction. This will he the ease when the atmosphere is the seat of 
very violent, and turbulent motion, as is the case, to a smaller 
extent, in the lower atmosphere of the earth (the troposphere). Pro- 
bably for the lower reversing layer, and tin* photosphere*, the adiabatic 
law holds good. 

The equation of state is 


P 

p; 



2 ) 


y=ratio between the specific heats ; from (1), we have 


o-o .= ,y - 1 Me (*-:.) 
r * 
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Taking y==l.ti6, the temperature should full by 1'C, for every 70 
metres of Hydrogen. The atmosphere has a definite limit. (t=p=p=0). 
This limit is 420 kui. for Hydrogen and 10.5 for Calcium. 

(8) The adiabatic equilibrium can take place only in the. regions 
of violent motion. In the upper regions, convection currents are 
almost absent (exeept for such occasional outbursts known as the 
prominences), and the exchange of heat can take place only by 
radiation. 

The theory of radiative equilibrium is due to Schwarzschild. It 
is based upon Kirchoff’s laws of emission and absorption, and prima- 
rily deals with the problem of variation of temperature with height 
and the darkening of the solar disc towards the edge. It is note- 
worthy that Schwarzsehild does not attempt fo account for either 
the great extension of the solar atmosphere or the anomalous distri- 
bution of elements. This is due to the fact that following the old 
continuous theory he regards the atoms and molecules as infinitely 
small fragments of black body, and linds the radiation pressure to 
be evauescent on them. 1 * * 

The arguments of Schwarzschild may be greatly simplified by 
following a method due to Fabry.® Fabry has shown that at any 
point of free space, traversed by radiation, the motion of temperature 
has no meaning in itself. Bodies having different physical proper- 
ties will rise to different temperatures, varying within very wide 
limits. 8 

Suppose we have a spherical black body at a height 4 z ’ over the 
photosphcric disc, and let us sup]x>se that tlie solar atmosphere has 
been somehow lifted up. Equilibrium will be established when the 
heat radiated by the body will be equivalent t«» the heat received. 
Let 0 o =. Temperature of the disc, 0=tmnperatmv of the body. Then 
according to Stefan’s law we have 



where ft=solid angle subtended by the body at the sum 
'2ir M— \ approximately 


1 Schwar/achiUl . -Muiio licucr Umclilc — 1900. 

5 Fabry ; The Astruphysical Journal, Vol. 17. 

1 The maximum temperature must, however, be less than the temperature of the 

radiating body. 



U. N. SAHA 




when z is very small. The valne of ; being generally very small 
in eonipiuit on t« >•, the radius (the maximum value of ~ 

in the ease of the H — K lines), the above assumption is quite justified. 

Let us now see how far the actual conditions in the sun differ 
from these assumptions. F. Biscoe 1 has recently discussed the vast 
amount of data collected by the Smithsonian Astrophysical Labora- 
tory on the distribution of intensity for different »vave- lengths from 
different parts of the solar disc. He finds that the photosphere 
radiates like a black body at a temperature of 7o()0°K. The discus- 
sion of course, refers to those parts of the solar spectrum which 
contain no strong absorption lines. To account for the Fraunhofer- 
lines, we have to assume that the photosphere is bounded by concen- 
tric spherical layers of radicnl gas, the temperature gradually 
decreasing with height. These gases pick out and absorb from the 
continuous spectrum those pulses which they themselves are capable 
of emitting?^) that these regions of absorption appear relatively 
dark. The intensity of the dark regions corresponds to the intensity 
of the outermost layers of the emitting and absorbing gas. 

If we suppose that a small spherical black body is placed at a 
point within the solar atmosphere, the radiation received by it is 
composed of (1) the radiation from the photosphere attenuated by 
scattering and general absorption ; (2) radiation from the radiant gas 
of the solar atmosphere interior to the body ; (tt) radiation from the 
radiant gas exterior to the body. 

Seh warzschild a finds that the combined radiation from the first two 

causes may be put equivalent to <r0\, where 0,/ is called the effective 
temperature. The radiation from the layers exterior to the body 

Kpc d:, where E= volume-emission per unit mass, cssabsorp- 

— oo 

tion per unit mass. 

The integral is equal to 

=<r * f pgd:—<r6\ £ 

9 J- 9 

Hence 2 o-0* = <r0\ fl+ - pi , o-= Stefan -cons taut. 

L 9 J 

F. Biscoe— Astro. Journal, Vol. 46 (1917). 

Schwurzbobild- tLoc. cit. 
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6= oi ( 1+ v ? ') 1 =T ( l+ ^)* 


These assumptions anil caleulations are very rough. With the 
aid of this relation between temperature, and pressure, we can easily 
calculate the density. We have 


/• ft W'dQ 
% J^-t 1 


Jf- (“4 ^ + h»g ^ — T — - tan" 1 ^ + const 1, 
% L r 0+ r r J 


and p — 


P = U ( e '~ T '\ 
HO Rc \ 0r* / 


produced below : — 


oo oo 

21 x 10** 

t'2 x 10' 1' 

dux 10 ’ -.v' 

:vo7xio a -.r 

275 xio* r 

o 


0 

r»or»n Kr= T o o 


.. 

0 

,()-l US. 


0 

1(1 ■■■> ■>■■>> 

V 

,, 

io- » > 

:>051 

l 

0x10-" 

;>n<;n 

10 

0 x 10” " 

noon* 

950 

:ixlO-» 


Brunt 1 has calculated the variation of temperature and density 
with height on the basis of the above form i the; the figures are re- 

0 — T />. 


This table shows that Sehwar/.schild's theory leads to an incompre- 
hensible atmosphere with uniform temperature. At a height, of 
d5(H) km., where nmuiling to the evidence of Mash -spectra, lines of 
ll 2 , Co., hV...are quite plentiful, we ohiain a. density of 10"*'. or only 
mie molecule of Hydrogen in R) 1 '■ e.e. «»f the gas. Schw ar/.schild's 
theory therefore fails to aeeomil for the great extension of the solar 
atmosphere. 

For a more rigorous application of these formula* we require more 
precise information about the pressure, and rate of variation of 
pressure in the photospherie level, and in the reversing layer, as well 
as the distribution of elements in these levels (/>., number 
of atoms of a particular kind per unit volume). The level attained 
hy an element is generally obtained from the length of the arc of 
the characteristic line of the element in the Hash spectrum.- Now 
this level is generally different for different lines (vide See. 4) 
of the same element. Apart from this ditHculty, wo have to ro- 


1 Monthly Notices, K. A. S., Vol. 73. 

* Mitoholl— The Astrophysicist Journal, Vol. 38, December. 

8 
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member that no conclusion is possible about the minimum radiation 
density 1 of an element from the chromospheric level alone, unless 
our knowledge is supplemented by auxiliary laboratory experiments. 
These points will be further considered in the next section. But from 
what has been said, it is quite clear that none of the three theories 
sketched above can account for the observed extension of the solar 
atmosphere. 

It seems to be the general opinion of the astrophysicists that 
there is some sort of repulsive force on the sun which neutralizes the 
greater part of gravity. It is also supjxjscd that the prominences, 
particularly, the eruptive ones, are due to some cause which enables 
“ this force of levity ” to overcome largely, and in the case of erup- 
tive ones, to preponderate over the force of gravitational attraction 
on the Sun. We quote the opinions of I wo distinguished astrophysi- 
cists in this connection. 

“ The rising prominences in some cases observed at Kodaikanal 
move with an accelerating velocity to be driven entirely away into 
space by a force opposed to gravity.” 

(Evershed, Astropliysical Journal, Vol. 28, p. / It.) 

Professor Julius, whose views about the interpretation of astro- 
physical phenomena are so radically different from those of Evershed, 
writes iu a similar strain : — (Astropliysical Journal, Vol. 88, p. 182). 

“ From the astropliysical point of view, one of the questions 
material to the explanation of solar phenomena is : What can he 
presumed about the general radial gradient of the density in the tayer? 
we are concerned with ? 

The subject has been treated very fully and ingeniously on the 
basis of thermodynamics by Emdeu in his book * The (Jas-Kugeln 
Emdfen arrives at the conclusion already mentioned above that the 
fall of the density must be extremely rapid, but the inference is open 
to doubt, for in his calculations, Emden presupposes gravitation to 
be the only radial force acting on solar matter. According to the 
present state of our physical knowledge, however, we decidedly must 
admit that on the sun, gravitation in counteracted by the prewire of 
radiation , and by the emission of electrons, and perhaps of other 
charged particles. 


1 Minimum radiation -density — The minimnm number of radiating particle* P er 
unit volume which is required or effecting the photographic plate within a certain 
Interval- 
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Basing on purely theoretical "rounds an estimate of the intensity 
of that counteraction would, for the present, be as rash as denying its 
existence; but some evidence in favour of its essentiality is given by 
the faet that many solar phenomena are much better understood if we 
assume a radial gradient many times smaller than the one that 
would correspond to gravitational conditions ouly. In this connec- 
tion we call attention to the puzzling properties of quiescent, hovering 
prominences. Father Fcnyi, in his interesting discussion of the long 
series of prominence observations made at the Ilaynald Observatory, 
Kalosca, is very positive in his assertion that several well-established 
facts concerning quite prominences can be accounted for only if in 
the solar atmosphere gravity is reduced by certain repulsive force s to 
a small fraction {something of the order of /j80) of its commonly 
accepted value.” 

In the papers ' already referred to, Eddington lias calculated the 
compensation of gravity due to radiatiou-pressure in the interior of 
a star of given mass, average density, and luminosity. If G denotes 
the acceleration due to gravitational attraction alone, and yft the 
repulsive acceleration due to radiation-pressure, the effective value of 
gravity reduces to (1— y) G. For a star of the size and mass of the 
sun, Kddington calculates that y= ■ 10b, for a molecule of weight 2, 
and *9 13 for a molecule of weight 54*, so that the effective values of 
gravity in the interior are •SDKS for H v , and *057G for a molecule 
of weight 54. But as we shall see later on, these calculations apply 
only to the interior of the star. In the atmosphere, quite a different 
procedure is to be adopted. 

The origin of the " force of levity” has been looked for in two 
other directions excepting radiation pressure — n:., (1) the existence 
of electrical forces, (i) diminution of gravitational attraction with 
temperature. There is not much theoretical or exjierimental investi- 
gation to support the second case, while the first case is rather 
obscure and problematic. Radiation-pressure has been so long at a 
* discount’ because relying upon the deductions of the continuous 
theory, we had to admit that it was evanescent on jiarticles of the 
atomic size. But if the views presented in my paper already referred 
to be found acceptable, this objection can no longer be held as valid. 


1 Eddington. M. N. R. A. S„ Vol. 77, pp. 10 and 690. 



The Anomalous Distribution or Elements in tjik 
H o i, a k Atmosphere. 

The problem of Jimlmy oof /hr ilixtrtf/ntinu of rfrnirots in on 
of nioxphrrn nurofopi //// a (fork p/onrt like on r north ean be easily 
attacked with the aid <>f the kinetic theory of gases, and both theory, 
ami observations (as far as they go) teach us that the lightest elements 
are found highest of all in the atmosphere. For the exact oalcuJa 
tion of the proportion of elements at any height, we mpiirc certain 
initial data — the number pel unit volume of the molecules of a certain 
element on the surface. The following table taken from Jeans's 


Dynamical Theory of Gases shows the proportion of different gases 
at different heights of our atmosphere. 

(Ins. 

Molecular 

Number or molet 

Miles per C.l*. ML 

a height /. in kilomet re.-. 

weight. 

/. 0 

/ -20 

/ SO /r.ltiO 

Hydrogen . , 2 

lllx lO‘ ‘ 

S x I0 ,a 

■130x10" 1 S2 x in 1 ■ 

Helium 

... 4 

1 x lO* ; 

2 0 x 10' ‘ 

73x10" 13x10" 

Neon 

... 20 

12 5 X m ,: ‘ 

IT x ]()»:• 

■3x10" ft x 10 

Nitrogen 

. . 2N 

7 Notion x lo* 

420(H) x in'® 

ft20 x 10" 3ft x JO ; 

Oxygen 

... 32 

210000 X 10' ’’ 

7<K>0 x io »» 

2ft X HP 1 -3x10' 

Argon 

... 40 

moo x up* 

130 x 10 1 * 

•04xl()»> lo- 

Krypton 

... S3 

*.j x lo 1 ‘ 

10 x 10 M 

ll 

Xenon 

... 130 

•(Mix lO 1 * 

10 x 10* 

0 

The 

table shows 

that though the amount 

of H}drogen on the 


surface of the earth is very small compared with the proportion of 
Oxygen and Nitrogen, at a height of 100 km. the whole atmosphere is 
entirely composed of Hydrogen. This deduction from theory seems to 
be borne out from observations of meteoric flashes in the higher parts 
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of our atmofl] >here. If the proportion of Hydrogen on tlie surface 
were greater, the pure- Hydrogen atmosphere would have been reached 
at a much lower level. 

Hut, as is well-known, spectroscopic observations of the solar chro- 
mosphere tell a quite different tali*. The lines which arc found highest 
of all are not the Hydrogen lines Hu and H/ 3 , but the Calcium lines H 
and K (highest level = I tOOO km.). This fact has long remained a 
puzzle in solar physics. When the fact was first discovered by Huggins, 
lie at first refused to believe that an element like Calcium with ail 
atomic weight 10 times that of Hydrogen would exceed the latter in 
height, and that by such a large amount. Huggins at first ascribed 
the Il-K lines to some subtle form of Hydrogen, but laboratory 
experiments have repeatedly shown that the II-K lines belong to no 
other element except Calcium. 

While the puzzle still remains unexplained, later eclipse, and pro- 
minence observations have added more puzzling problems of a similar 
nature. 

It appears that the Calcium atoms emitting the H and K lines 
are not. tin* solitary exceptions to 1 he general rule — “ Ihu fit/hlrst uleumilx 
should h? found Itij/hesl of .///.” Many strong lines’ of Strontium, 
Iron, Magnesium, Titanium rival the hydrogen lines in the height 
reaehed, though as a general rule, the lines of heavy elements occur 
in the lower layers. Recently the problem of finding out the level of 
a line has been attacked bv St. .I.-hn- from a quite different stand- 
point, -variation of the Kvershed effect with the intensity of the 
Fraunhofer lines. St. John**’ finds as a general rule that the stronger 
Fraunhofer, lines show the largest radial motion in spots, and occur 
at the highest levels, — a result which is in very good accordance with 
the results of investigation of the Hash spectrum during total solar 
eclipses. Commenting upon the anomalous behaviour of the Calcium 
and other lines, St. John remarks’ — 

" The high level of Calcium as shown by the II-K lines stands out 
as strikingly on the chart (which is reproduced below) as in eclipse 
spectra and remains still an enigma.” 


1 Sometimes known ns Lockyer’s Enhanced Lines. 

* St. John. The Aslrophystail Journal. Vol. 37, p. 322, Vol. 38, p. 341. 

3 St. John, Tho A atrophy stall Journal, Vol. 38, p. 3*48. 

4 St. John, Tho Aelrophystail Journal, Vol. 37, p. 342. 
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In spite of many attempts to fhul a suitable physical explanation 
of these phenomena, we seem to be no nearer to the real solution of 
the problem than when it was first detected by Huggins. It is well- 
known that according to Julius, the whole chromospheric phenomena 
including the flash spectrum, the spots and prominences are optical 
illusions due to the anomalous dispersion of the photospheric light 
by the gases of the solar atmosphere, lint the theory has been shown 
to be quite untenable. 1 * 

According to Du Gramont, 3 the high level chromospheric lines 
are “ the raics ultiines >} of the elements — they are the last lines 
to remain when the amount of the element is gradually diminished 
m the arc or the vacuum tube. In other words, the smallest amount 
of Calcium, or Strontium is sufficient to show the 11-K lines or the 
Sr. lines 4215, 4077. But as we have seen already, the radial gradient 
of density for uncompensated gravity over the disc is per 400 kins, 
of Hydrogen, and T / n , per 100 kms. for Calcium. At a height of 

8000 kms., the density of H„ will amount to (10 90 ) for IL, 

and (10” HOrt ) for Calcium of their corresponding values on the 

photospheric level. Supposing 10 ,! * molecules of Hydrogen are 

present per unit volume ne:ir t lie disc (this estimate is based on 
the pressure measurements of Kverslied and Buisson and Fabry n in 
the reversing layer) there will scarcely remain 1 molecule of H in one 
c.e. at this height, and 1 molecule of Calcium in tin* whole volume over 
the disc at this height. 

Du Oramont’s experiments thus fail to afford the real key to the 
solution of the riddle. 

On the other hand, experiments of a similar nature, if properly 
conducted, may afford us valuable information about the minimum 
radiation density of an element in order that a certain line may just 
be seen under a given stimulus. Without some information on this 
point, it is not possible to interpret chromospherical phenomena in a 
quantitative manner. At present, experiments on a quantitative basis 
are totally lacking. We can only make the roughest calculations with 
the aid of SchwarzschikTs empirical rule on the blackening of photo- 


1 See XumeronB PnpoiH in the Aatrophysical .louriml by Hale, St. John, Adam*, 
Julius, etc. 

* Du (rrnmont, Comptes Rendu?. Vol. 145. 

9 Buisflon and Fabry, The Aatrophysical Journal, Vol. 31. 
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graphic plates, and works like those of Wood, Be van, Laden burg, 
and St. Loria on the number of radiant centres in a given mass of 
glowing gas. 


§ 4 . 

For a more systematic study of the phenomena, I add the follow- 
ing tables compiled from Mitchell’s list of Chromospheric lines. 
(Astrophysical Journal, Vol. 38, p. 407). 

The characteristic lines of each element have been tabulated in 
separate tables, and the height shown against the wave-length of the 
lines. The lines have been arranged according to their sequence in 
the series. In the case of Helium, 6 tables are given, corresponding 
to the six known series of the element. 

The remaining metals heated licit*, Mg, Ca, Sr, TJa, show com- 
plicated types of spectra which have been fully discussed by Saunders, 
Fowler, and Lorcnser. 1 In the present classification, I have followed 
the most up-to-date results which may be stated here. The series 
spectra of Alkaline earth metals can he grouped under three head- 
ings : — 

(/) Series composed of single lines ; we shall denote them by the 
subscript 1. Thus Ca [-series will mean the Calcium series of single 
lines. 

(//’) Series composed of double lines. Ca II-series means the 
group of Calcium-series of double lines. 

(Hi) Series of triplet lines, Ca ill-series means five group of 
Calcium series of triplet lines. 

Now the group of series coutained under each one of these head- 
ings consist of the Principal series, the Sharp series, the Diffuse 
series, and the Fundamental series. Thus the symbol Ca I. P-series — 
denote the Principal series of siugle lines of Calcium. Ca III. 
F-Berics — mean the Fundamental triplet series of Calcium. The 
series formula for each line has been added. The notation used is 
that of Konen.* 

1 Saunders, Astro. Journal, Vol 20. Fowler, PhiMTnuis, Vol. 214. 

* beuchten der Case und DSmpfc-Kapitel 1, II, Teil 2. 
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LEVEL ATTAINED BY THE BALMER-SERTES OF 11-Lines 
in the SOLAR CHROMOSPHERE. 

(Taken from Mitchell- Astrojihysieal Journal, Yol. 38, 1913). 


Line 

Wave-length 
in Angstroms. 

Height 

in Kilometres. 

Line 

Wave-length 
in Angstroms, 

Height. 

In Kilometres. 

I H- 

a 

6563 

_ 

1 

19 11 

1 T 

1 

3079*00 

2<XA3 


•ISO 1 '90 

8000 

! 

: 20 11 

r 

76151 

1500 

3H 7 

l3ior>3 

8(XH) 

21 1! 

* 

73 91 

1500 

4 11, 

4102*00 

«(KX» 

i 

22 11 
! X 

7102 

1500 

5 II 

f 

397ois 

8500 i 

1 

1 2!l 11 . 

1 + 

09 01 

15(H) 

r, 

3889*20 

8500 

24 II 

u 

1*7*40 

1 5l H.) 


3.Y33 

7ooo 

25 

00-21 

151 X) 

««• 

079803 

lilMM) 

2(5 

04 82 

1500 

9 11 

V 

70 78 

GOtlO 

27 

03"50 

750 

10 H„ 

50 30 

IKK HI 

2N 

02*40 

750 

11 h a 

34*51 

OOUO 

29 

01 38 

5(H) 

12 H 

22*08 

OUOO 

30 

00*42 

5(H) 

in h u 

1212 

0000 i 

31 

... 


14 Hj 

04*00 

4000 ! 

32 

587H 

14H 

1 5 II 

0 

3097*35 

30(30 

33 

58 07 

1(H) 

Hi 

91*70 

2500 

34 

5741 

-M HI 

17 H 

80-98 

2000 

35 

3056-80 

400 

18 11 

U 

82*95 

2000 




Limit 

3613*14. 
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We next take the Helium-lines of which 15 members have beeu 
unambiguously identified by Mitchell in the range investigated 
(A=6191'6-to A=3318). It is well-known that ordinarily the;Helium- 
lines can be arranged into 6-groups, the P-series, the S-series, and 
the D-series of He I, and the corresponding series of He II. 
(Doublets) We have accordingly arranged the lines in 6-series and 
shown the heights against the line. In certain cases, the line 
may be too near a strong line of another element for separate 
identification e.g. t the line 3888.98 which is the second line of the 
P-series of He I, is masked by Hf. In other cases, it is not possible 
to ascribe the lines to He unambiguously ; such lines have been 
marked by (?). I am unable to account for the absence of the strong 
line 504*8 from Mitchell’s list ; probably some error is involved here. 
Many strong lines, i.y., 6678, 7281 are present, but are beyond the 
range explored by Mitchell. It will be noticed that He -II lines 
occur at a much higher level than the He I lines. This is in accord- 
ance with the observations of Runge and Paschen 1 that He II lines 
are always more prominent than the lie I lines which occur only 
when a rather large quantity of the gas is employed. 


The Chromtojrfiei'ic Level reached by Helium-lines. 


He I-P-Series. 


No. 

T[ 

2 

a 

-1 

5 

6 

7 

8 

9 

Lmgth. 

20687 

5015-7 

396487 

3613*78 


3354*00 

3290 9 

3258-3 


Height. 


1600 

1000 

1 

760? 

300? 

300? 


Remarks. 

beyond 
. the 
range. 



Blend 

0 

Blond 
, Zr*Fe 

i 

Bleuu 

Ti 

! 

i . 

! beyond the range. 


1 Kayser Handbuch tier Spektroskopie, Bd. V, Helium. 
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He I-D-Series. 


No. . 

1 

D 


D 

n 


I 

'• 8, 

9 

Length. 

6678 

4922*10 

438804 

414405 

400042 

302668 

3871-86 

3833*71 

38O6*0O( 

Height. 

■ 

1600 

2000 . 

1000 

1000 

600 ? 

600? 

600? 


Remarks. 

1 

j Outside 

1 range. 

1 


Blend 

Fe. 

Blond 

Fe 

Blend 

G 



He I-S-Series. 


No. 

!■ 

1 

2 

3 4 

I 

5 

1 6 

7 

1 

1 

8 1 0 

! 

Length. 

7281-81 

6047-86 . 

i 

4-13772 ! 4160-31 j 

402413 

3936-061 

3878J3 

' 3838-24 ! 

Height. 


u 

750 1500 

500 ? * 

750 ? 

750 ? 

V 

V 

Remarks. J 

Absence 
| inexpli- 

j j cable. 

i 

Blend 
Ti Zr Fe 



1 

i 


He Il-P-Series. 


No. 

1 

2 

3 


Length. 

10834*4 

388878 

3187 


Height. 


8600? 

! 

Remarks. 

Beyond 

range. 

Masked 

l>y Bf 

These are all outside the range. 
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He II-D-Series. 


No. 

1 

2 

3 


5 

6 

7 

8 

9 

Length. 

6875-87 

44717 

4026*0 

3820 

3705 

.mi 

3587 

3556 


Height. 

7600 

7500 

0000 

0000 

750 

400 

400? 

350? 


Remarks. 








Blend 

Fe 






HejII-S-Series. 




No. 

1 

2 

1 3 

1 

4 

5 

6 

. 

t 

8 

ft 

Length. 

7U65-48 

471325 

; 4120*97 

i 

3867*6 

3733004 

3652*12 

3599-47 

356312 


Height. 


0000 

1 

KKX) 

750 

350? 

. 

? 

V 



Remarks. 

Beyond 

range. 


i 

Blend 

Fe-C. 

Blend 

V. 


i 




According tx> the theoretical investigation of Bohr, 1 (as also 
supported by the experimental work of Fowler),* the lines -formerly 
ascribed to the hypothetical element cosmic hydrogen (the lines of 
the Pickering series, and the Rydberg series) have been shown to be 
due to ionised Helium i.e., Helium which has lost one electron . It is 
a very] remarkable fact that Mitchell has indentitied the line A=4680, 

v=N T , ^ - — -1 , in the Chromosphere, amUthe level reached 

L (l + *5)« 2 2 J 1 

by it is 2000km. None of the lines of the Pickering series 

vzzJH f l !_ 1 are however found. This shows that there 

L 2» (2*5) 8 J 

may be probably some mild type of ionisation in the lower layers of 
the solar atmosphere. 


■ Phil. Mag, July 1913. * Fowler, M. N. K. A. 8. 1912. 
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The Ca-lincs, (Atomic weight 40). 

The total number of Calcium lines on Mitchell's plates is 85. 
The following table shows the classification of the lines according to 
series, and the height reached by each line. 


Line. 


Height reach- 
ed in km. 


4*26-91 (g) 5000 


3968-68 (H) 14,000 

3933-88 (K) 14,000 


3706-18 

750 

3737-08 

1500 

4425-61 

600 

85-18> 

| 600 

85-86 J 

a 

I 600 

4454*97^ 

500" 

56-08 

► 500 

56-81, 

850, 


Ca I. 


Symbolic 

Formula. 

S(0)-P(1) 


Remarks 

Other members are 
beyond the range. 


Ca II. 


ii n 

S (0).P (l) 

ii u 

s (0).PO) 


ii ii 

P(l)-S (1) 

II II 

P n (l)-8 (1) 


Other members be- 
f yond the range. 


Ca III. 

in iii 
P (l)-l> i (2) 


in ill •* 

p „ (| ,- d „ <*> i 

», \ 

-v*> 


Diffuse series 1st 
members. 


in hi 

P (1)-D (2) ^ 
hi in | 


in 

in 

-D (2) 
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3624.-15 

30*82 


40(T 

P(l)-D(3) -I 

» ? 

- P (l)-D(8) 

' 400 j 

P (l)-D(3) ' 


Separation indistin- 
guishable. 





Ill 

3940-09 

? 1 


powj i 

57-23 

i 

i 

400 1- 

P u (l)-S(2) 

73-83 

1 

750 j 


P ni (l)*S(2) 

3408-68 

~ 


P(l)-S(3) ) 

I l 

74-90 

f j. 


P n d)-S(3) . 

87-76 

400. 

1 

P .„ (,) - S(3) , 

4586-08 

400' 

r 

^(D-Pd) >| 

81-59 

350 


i\a)-F(o > 

78-71 

350. 

! 

D(l)-F(l) J 

I 

4098-82 

500 

[b. Gd) ' 

Df i (l).F(2)'l 

1 

95-09 

100 


- D (1)-F(2) i 




" \ 

92-93 

500 

(»>• V) . 

D(1).F(2)J 

The following lines remain 

un-classified. 1J 

5857-72 

400 


(b-Fe) 

560314 

500 


(b-Ce) 

5601-50 

500 


(b-Fe) 

5598*67 

500 


(b-Fe) 


The fundamental or the 


1 The upper subscript III is omitted henceforth. 
* b.me&ns blend with a lino of another element. 
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5594-73 

500 


5590-34 

400 


5588-94 

750 


5582*20 

600 

(bY) 

5513-20 

350 

(Fe?) 

5270-49 

500 

(Ti-Cr ?) 

65-85 

350 

(Ca-Cr ?) 

64-37 

350 

cr n 

62-39 

300 

(Cr?) 

61-88 

300 

(Fe?) 

5041-89 

500 

(Ti-V ?) 

4318-91 

600 ' 


4307-91 

750 


4302-89 

750 


4299-58 

550 


4289-52 

1300 


4283-17 

700 



The Sr-lines. (Atomic weight — 87*03). 
The total number, unambiguously identified, is 12. 


Sr I. 


Lin®. 

Hn'i'lit in km 

Kemnrkfi. 

4607 

350 

The second line is at 29t3£. The 
small height reached by this 
line is rather difficult to ac- 
count for. 


Sr II. 

4215-66 

6000 

| First members of the Principal 
> pair-series. 

4077-88 

0000 

4161-95 

600 

| Sharp- Pair series, first member. 

4305-60 

600 

\ 

3464-68 

300 

| Sharp-pair . series, second mem- 
> bers. 

3475-01 

300 

) 
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Sr III. 

None of the series of Sr III seem to be present, though the 
first lines of many of them are within the range. The following 
lines remain unclassified. 


5543*41 

350 

5540*30 

300 

5535*06 

600 

5451*27 

300 

5330*18 

350 

5257*00 

300 

4438*22 

350 


The Badines. (Atomic weight I37*37). 

The total number in MitchelPs list is 11. There are, besides, 
many lines which may be due to Barium. 

Ba I. 


Ijinc. 

Height, in km. 

lleiimrkti. 

5535*69 

100 

The second line is 3275, and is 



beyond the range. 



Ba II. 

4934*24 

750 \ 

The first members of the; pair 

4554*21 

1200 J 

P-series.. 

4225*19 

3501 

Sharp pair series. -The second 

4900*13 

600) 

line is a blend with an iron line 


Ba 111. 

The diffuse series, do not seem to be present, except the doubtful 
lines like 5535*69. Similarly, the sharp series do not seem to be present 
except a few doubtful lines. The fundamental series, would be far 
down in the infra-red. The following lines remain unclassified. 


6141*93 

500 

) 

6997*6 

300 

) 

5853*91 

400 

' ) 


The Mg.-lines. 

(At AV =24-32). 

Total Number=10. 

Mg. I, as well as Mg. II, lines seem to be entirely absent, or 
beyond the range. The first liue of the P-series of Mg. 1 is £85&. 
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H 


Mg. III. 


Line. 

Height in kin. 

Hem auks. 

5167-55 

700 


72-87 

1000 £ 

S-Scries, the b-group. 

83-88 

1200 ) 


3829-51 ' 

6000 \ 


82-16 

6000 £ 

D-Series. 

38-44 

7000 ) 



The following lines remain unclassified : — 

^ According to Sounders, these 


5528-91 

400 

1 

| lines are the 3rd, 4th and 5th 

4708-16 

500 

^ members of a series of which 

485202 

600 

1 the preceding members are 
j 1-7108/a; -8807/a. 

4571-25 

400 

\ 

4481*89 

400 

\ 

From a scrutiny 

of tbe table 

we can make the following deduc- 


tions. 

(1) Generally, the first lines of a series reach the highest level. 
The lower is the position of the lino in a series, the lower is the level 
reached by it. 

(C/o — the table of U -lines, and He lines). 

It is unfortunate that most of the lower lines of the series spec- 
trum of alkaline earths are too far away from the region explored by 
Mitchell to serve as a test of the present hypothesis. 

(*2) In certain cases, the second or the third line may exceed the 
level reached by the first line, but this invariably occurs when these 
latter lines are very near the spectral region (*=5900), while' the 1 first 
line is at greater distance from this region. Compare, for example, 
the Hydrogen lines H«=3970, Hj=3889, which reach a level of 8500 
km, while their predecessors 113, Hy, . II , reach the level of 8000 
km. Similarly consider the HeII-I)-series. The second line 4472 
reaches the same level as the first Hue 5876, (7500 km), while the 
third and fourth lines do not lag much behind (6000 km). 

(3) The lines of the Principal and the Diffuse series are always 
better represented than the lines forming the Sharp-series* 
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We sliall mention here another important remark of St. John. 
44 It will be noticed that the heights do not follow the effective sensi- 
tiveness! that in the region A=3700 to A=4350 A . U, the heights are 
much greater than in the region A =1350 to A=5000, though the 
sensitiveness is greater in the latter ease, and that in the region 5000 
to 5S0U, the heights are not low because of the low sensitiveness of the 
apparatus, which for this region averages higher than at A=3850.” 

These remarks arc quite in agreement with the remarks made in 
(2) above. 

I have not tried to classify the Titanium, Chromium, Scandium, 
Vanadium, and Aluminium, Iron and Nickel lines, because though 
the lines are very plentiful in the Chromospheric spectrum, no series 
formulae are known for them. 

The above analysis shows that if, 14 radiation pressure ” be the 
cause of the 44 reduction of gravity ” on the surface of the sun, tl acU 
very different! y on ufon/H of differntl element*. The normal force on 
an atom of Calcium is K) times the force on an atom of Hydrogen, 
but the mere fact that Calcium is found higher than Hydrogen, shows 
that the gravitational force on Calcium is so strongly neutralized 
that it falls considerably below tbe value for Hydrogen. Similarly 
the compensation for Strontium, Barium, Magnesium, and other 
high-level Chromospheric elements is very large. M c have further 
to account for the 44 falling in level ” of the more refrangible lines of 
the series. In the following section we shall see how far the theory 
of selective radiation pressure is capable of coping with these diffi- 
culties. But for this purpose, we must begin with a preliminary dis- 
cussion of modern theories of atomic structure and atomic radiation. 


§5 

Radiation from Atoms and Atomic constitution. 

The classical researches of Rydberg, Ritz and others have establish- 
ed the fact that the frequency of the characteristic lines of an element 
forming a series can be expressed by the formula, 


10 


[[/(«)]* O (»)]'] 



7,4 M. ». SiHA 

where m and n are pure integral numbers, and 


/(»)=«+.+ + 

* (»)=»+“' +%+h + 

The simplest illustration is the Baliner series of Hydrogen lines 
in which a=j8=a'=/J' = =o 


7)1 = 2 . 


mss 3, 4. 5 etc 


Bohr has explained Balmer’s law in terms ef Planck’s quantum 
theory, and Rutherford’s model of atomic constitution. For our pur- 
pose, we can summarize the main features of the theory in the follow- 
ing manner for Hydrogen. 

The Hydrogen atom consists of a positive nucleus (charge + e, 
mass M), aud a planetary electron (charge e, mass at). The orbit 
of the electron can be calculated from the classical theory, but it 
appears that all orbits so obtained do not actually represent a stable 
Configuration. Bohr introduces the hypothesis that only those orbits 
are stable in which the moment of momentum of the system is some 
multiple of Planck’s constant h divided by 'lir. 

We can, in this way, obtain a number of stable orbits which are 
characterised by the quanta numbers 1, 2, 3, m. Bohr has calculated 
the energy of these orbits. The energy is given by the quantities 





Where N= Rydberg constant = ^ and A is some constant. 

A pulse of frequency v=N [j^— 55 J is emitted when the electron 

* 

passes from orbit (3) to orbit ( 2 ), Conversely in the case of absorp- 
tion, the Ha line can be absorbed only when the electron passes from 
the orbit (2) to the orbit (3). 
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The Balmer-series of lines 



are therefore emitted, when the electrons pass from the orbit 


(m= 3, 4, 5 ) to the limiting orbit (£), and they are 

absorbed only when the electron pass from the initial orbit 2 to the 
orbits (3, 4, 5 m ). 


These investigations make it quite clear that if we are given a 
certain quantity of Hydrogen gas, the necessary condition that under a 
certain stimulus it would emit a Balmer line is that the stimulus must 
produce a sufficient number of Hydrogen atoms in which the electron 
is in the orbit (3), (4), (5) etc. Conversely in order that a given 
mass may absorb the Balmer linos, when traversed by a continuous 
spectrum, it must contain a sufficient number of H-atoms in which 
the electron is in the orbit (2), and the continuous spectrum must bo 
very rich in pulses of frequency 



Now it can he safely assumed that Hydrogen gas at ordinary 
temperature, and not subjected to any stimulus, electrical or thermal, 
consists of atoms in which the electron is in the state (1). When such 
a mass is traversed bv a continuous source of light, it can only 
absorb lines of frequency 



a series which lies far up in the ultra-violet and which has been 
found in the emission-spectrum by Lyman. 1 The ordinary Balmer- 
lines would not be absorbed. 

This accounts for the repeated failures of experiments to obtain 
reversal of H-Balmer lines and the ultimate success of Ladenburg 
and St. Loria, 2 who obtained reversal of ll« and U$ by passing conti- 
nuous radiation through a glowing vaccutn tube containing Hydrogen, 

Let us now turn our attention to tho conditions in the sun. It 
has been remarked that Hydrogen at. ordinary temperatures is com- 


1 Lyman, The Aatrojihyinenl .Touninl, Vol. 43. 

* Ladenburg and St. Lorin; — Ann. d. Pbvsik. Vol. 38, 1912. 
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posed only of the atoms with the orbit (1), but it is quite possible 
that if the temperature be sufficiently raised, a large number of 
atoms with the orbit (2) may be produced as a result of molecular 
collision, and such a mass will show the Ha absorption when traversed 
by a strong continuous light. In the sun, we have exactly this 
state of things, — a long column of H-gas at a very high temperature 
backed by a photosphere at a teperature of 7600°K. 

Radiation and Absorption of other elements. 

As a result of the radio-activity, and X-Ray experiments, our 
knowledge of the constitution of the atom has become much clearer 
in recent years. It is now believed that the atom consists of a 
positive nucleus with the net charge of (-fze), where z=atomic 
number (place of the element in the periodic table), with z uegativo 
electrons moving in proper orbits about the nucleus. The application 
of Bohr’s theory to a system like this involves knowledge of the 
solution of the problem of 3, or z bodies which, as is well-known, 
has not yet been successfully solved. Bohr 1 has however shown 
that there are reasons to believe that the ordinary series spectra with 
the characteristic constant N are due to the vibrations of a single 
electron, — the nucleus, and the remaining (z—1) electrons behaving 
as a single charge. 

Owing to the formidable mathematical difficulties connected with 
the solution of the problem of 3 bodies, 2 it has not yet been found 
possible to extend Bohr’s theory even to the ease of Helium, which, 
as we know, has a very simple constitution (charge -f 2e, mass 4 M, 
number of planetary electrons 2). But the analogy with Hydrogen 
leads us to believe that Helium has got 6 ultraviolet series which 
6faud to the 6 ordinary series in the same relation as the Lynian 

series v=N ["A— -V] stand to the Balmer series v=NfA“”-Vl’ 
L .1 2 wi 2 J U 2 vi* J 

This leaves the problem of Helium and Parhelium still unsettled. The 

absorption bands of ordinary Helium, therefore, do not lio in the 

region of the first lines of the Principal or Diffuse series, but in the 

region of the first lines of the corresponding Principal or Diffuse 

1 fiolir, Phil. Mag, July 1913. 

9 Vide Jean a*- on Speclral aeries and; Atomic Structure, Journal of tho Chemical 
Society, 1919. 
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series in the ultraviolet. This accounts for the nonreversal ‘ of 
ordinary Helium-lines. Some of these lines have been obtained 
by Lyman 1 in the extreme ultraviolet, but their classification is still 
obscure. More recently, '■ Paschen, has reversed the D 3 -line by 
employing a method similar to that of Ladenburg and St. Loria. 

The alkali metals have pair-series of Principal, Diffuse, and 
Sharp lines. The series formula of the Principal Lines may be 
expressed symbolically as — 

. v = S(0)-P (1), audS(0)-P (1) 
i n 

e.g., The first pair corresponds to the D,-and D 2 -lines of Sodium, 
in which case 



It is very probable that A— //S(0), (A=a constant) represents 
the energy of the normal (»>., not subject to any stimulus) atom 
of Sodium. When a continuous light passes through Sodium 
vapour, the atom absorbs the Dj-,D 2 -lines, and assumes the confi- 
guration in which the energy is A — P, (1) h or A— P g (l) h. This 
accounts for the success of the reversal experiments of Wood and 
Bevan on Alkali metals. Whether all the atoms or only a fraction 
of them, are in the configuration in which the energy is A— 7/S(0) 
or whether there is a still more fundamental configuration with a 
different energy-content cannot be decided without further laboratory 
experiments. 

The nature of the spectra becomes mudi more complicated as we 
proceed to the next group of elements in the periodic table. But the 
alkaline earth metals are so well represented in the spectrum of the 
sun that a discussion of their spectra is an indispensable necessity. 
We have already given a brief sketch of the grouping of their 
spectra. 


1 Lyman, Astrophysical Journal, Vol. 43. 
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The formula for the Principal series of single lines is S (0) — P (w), 

r 

n 

for the P-scries of Pair-lines is S (0)— « 


f 11 
1 P (*). 

T 

1 11 
!*(»), 


r 


in 

P (w) 

i 

in m 

for the P-scries of Triplets is S (0) — -i P ( w ) 

ii 

irr 

P ("') 

m 


In accordance with the conceptions developed in this section, the 
i ii in 

terms A— hS (0), A — hS (0), A— hS (0) may be taken to represent 
the energy of the atom of, say Calcium, in very fundamental 

states. But there is no laboratory or theoretical investigation which 
can give us much information about t he interconnection between 
these terms. MacLennan has shown when ordinary Calcium (or 
any alkaline earth-metal) vapour is bombarded with electrons of 

proper velocity, the Principal lines of the series of single-lines 
are obtained. The lines of the doublet and triplet series have not 
been obtained by this method. Fowler has shown that there 
are combination-series connecting the singlet and the triplet 

system, hut the pair-series stand apart, and probably belong to the 
“ enhanced ” type, /.<?., they are probably due to a nucleus behaving 
like a double charge, and require strong electrical stimulus for their 
generation. More laboratory experiments are required to ascertain 
the relation among the Ca I, Ca II and Ca III lines and the 
proper conditions of their generation. The principal feries of the 
triplets have not been discovered and probably lie beyond the visible 
range. 

From these discussions, we come to the important conclusion that 
we are no longer justified in regarding all the atoms contained in a 
glowing mass of gas as alike. Such a mass is composed of numbers 
of different groups with different energy-contents, To make matters 
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clear, let us take the ease of a vacuum tube containing glowing 
hydrogen. If n be the total number of particles, then 

+ /<*,+ 

where «*= number of atoms of which the electron is in the orbit m. 1 

The relative proportion of these groups vary with the stimulus, 
and offers a rich field for investigation. Generally atoms in state (1) 
are .in the largest number, but with the strength of the stimulus, 
other groups may appear in larger proportions. 

The nearest analogy to the solar spectrum are the experiments of 
Wood and his co-workers already mentioned, in which light from an 
arc was passed through a tube containing sodium which could be 
electrically heated up to (500 C. The resulting spectrum was a 
continuous one with the D, and P g lines, and other lines of the 
Sodium P-series reversed. At low temperatures, the reversal was con- 
fined only to the leading members, but with increase of temperature, 
and quantity of gas in the absorbing column, Wood succeeded in 
obtaining reversals of not less than 58 members of the scries. 

Bevan applied Wood’s method for obtaining reversal of other 
Alkali elements, and tried to obtain the number of emission-centres 
of the lines of the Principal-series from the refractive index, with the 
aid of Lorentz’s well-known formula of dispersion 


a i A A* 

' -*- 2 W-vT 


where A = 


rhrf^A." 

me* 


A 0 = wave-length of absorption band. electronic charge, #/<=mass 
of the electron, t/= number of dispersion centres, #•= velocity of light. 

In the case of Rubidium, the formula found was 


, r -90A* 271 A* H r2-5xl(r»A» , 7‘5xlQ- a \n 

h "L (A«-V) + (X»-V*)J L <X*-X,M (X'-X,") J 


+ 


3-3xlO-«X* j I0xl0-*X*-] 

(X’—x,*) + Tx*-v»rJ 1 


where (A* , kj) are the with members of the Principal-pair series. 


1. It lmiBt be remembered that these numbers refer to the II -a toms only, 
not molecules. Lailcnburg and St. Loria finds that in their experiments only I in 
30,000 moleculeB was dissociated into atoms by the passage of the discharge. The 
spectrum emitted by the molecules is the well-known Socondury Spectrum. 
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This shows that under the stimulus (here heat), the number of 
atoms absorbing the first member is about 300 times the number 
absorbing the second member. In the case of the third member, the 
proportion is 1 : 3000. 

No experiments seem to have been undertaken to find out how 
the proportion of absorption, centres vary with tempei'ature, and other 
physical causes. 



On 

The Lifting Power of Radiation Pressure. 


The foregoing review of “ Atomic Structure and Spectral Radi- 
ation ” shows that a large amount of theoretical and experimental 
work is necessary before the problem of the sun can be satisfactorily 
handled. The following work is therefore offered only as a “ tentative 
hypothesis,” for the solution of the problems sketched above. 

Our first assumption is that the force of gravity on the sun is 
largely neutralized by a repulsive force due to the pressure of radiant 
energy from the photosphere. Let us consider how this can happen. 
Consider a Sodium-atom in the atmosphere of the sun and let us 
suppose that to begin with, the atom was in the natural state, i.e,, 
the state in which the energy of the atomic system was A — h S(0) 
(v.tle § 5). Now as the photospheric light falls upon the atom, it 
absorbs the pulse having the frequency v=S(0) — l J (l), and its confi- 
guration changes to a state in which the energy is A — h P(l). 
In this process, the atom acquires a forward momentum equal to 

(k=S( 0) — P(I) ), in the direction of the incident light. The atom 

will remit the light i/ = S(0) — P(1 ), but now laterally, />., not in any 
specified direction, and will be reconverted to the state with the 
energy conteut A — h S(0). Another fresh process of absorption and 
emission will then take place. In this way, the atom will be acted 
upon by successive kicks of photospheric light, amounting to a total 

force of where n = number of pulses absorbed in a normal direc- 
tion to the disc per unit of time. The loss of momentum duo to 
emission cannot accumulate in a specified direction, as in the process 
of absorption, for emission takes place in all possible directions accord- 
ing to the law of chance. 

Let us now see how this term * nhv 9 is connected with the 
photospheric intensity of the light of frequency »\ Let E x = the 

emissivity in the wave-length X = C from the photosphere. Then nhv 

= c E x , where c is a quantity which expresses the stopping-power 
per atom. The force of levity is proportional to /*E^, where ^=e/c. 

11 
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The radial gradient of density of radiant atoms omitting light of 
wave-length X is thus given by the formula 

ln Sn\ = 

U \»o/ . 

where = number at zero-level, n = number at the level z . 

We have seen that according to F. Biscoe, the photosphere radi- 
ates like a black -body ut a temperature of 7500° K. From this we 
can calculate the value of for any wave-length by using either 
the Planek-formula or the approximate Wien-formula : — 



. r i 

\ . =A re 

& _ i (Planck), X ’ 


(Wien). 


The wave of maxi mum emission is obtained from Wien’s law, 

\.6 = b = -294 * 

•*• X « =: 7500 = 3920 A °‘ U * 

The wave of maximum emission is thus seen to be very close to 
the great Calcium bands H (X = 39(38), and K (3933), which are the 
highest lines in the Chromosphere. 

The following Table shows the relative values of K A from *1/4 to 
•6/x taking E m (emission at X = 3920) = I. 


X 

\ 

A 


•1/1 

... 32 x 10 4 

•1077 (Sr.ll) 

... -995 

•12/i 


•1227 ii (Ca. I g.) 

... -985 

(Hydrogen ‘1:216) 

... -5:5 x 10 9 

•1215 (Sr. II) 

... -986 

*15/i 

... -00 

•43 ix 

... -980 

•2/1 

... -291 

•44 

... -966 

•25/i 

... -r>73 

'4654 (Ba.II) 

... -947 

•29 (Mgl.) 

... -785 

•4007 (Sr.l) 

... -989 

•3 

... -8 8 

•47 

... -925 

•35 

... -961 

•48 

... -909 

•36 

... -979 

•4994 (Ba.II) 

... *874 

•38 

... -993 

•5 

... -872 

•3920 ... 

... 1 

•5183 (Mg.) 

... -838 

•3933 (Ca.II — K) 

... -999 

•53 

... *816 

•3968 (Ca.II — H) 

... -998 

•5535 (Ba.I) 

... -770 



•6 

... *668 



•65 (Ha) 

... -580 


1 Planck— WarmeHtrahlnng— Kapitel IV. 
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The above table shows that E A has the largest value in the 
spectral region A = *36 /a to *4 -3^, on both sides of the wave of maxi- 
mum emission. The force of levity should therefore be greateet for 
those radiant atoms which have their emission lines in this region. 

We have already mentioned that this fact has already been 
established by St. John from a statistical discussion of the variation 
of the Evershed effect in spots. Lines in this region show, as a rule, 
higher level than the lines in the other spectral regions, and conse- 
quently also a greater Evershed effect. 

The neutralisation of gravity will he greatest for those elements 
which have got their principal absorption lines ( vide § 6) in the 
region about the wave of maximum emission. They will also show 
the greatest level, for a very small quantity of matter suffices for 
the emission of these lines. This is exactly t he case for all high- 
level Chromospheric lines, r/r., Calcium H and K (A=3908, 3933), 
Calcium g (A.= 4&27), the Sr pair (A=42W> and 4077), and to a 
smaller extent the 11a pair (A =4934 and 4554), and the Helium 
lines. The principal pair lines oP Magnesium, and of the alkali metals 
(with the exception of Sodium l) t , D a ) lie too far away from the 
region explored. 

Let us now see wheth r we can quantitatively compare the value 
of Mg with that of jaE*. This requires a knowledge of the radiat- 
ing and absorbing properties of a gas under a purely thermal stimu- 
lus. In this direction, both experiments and theories are totally 
lacking, unless we except the experiments of King which are purely 
of a qualitative nature. 

But there is some amount of evidence from other directions to the 
effect that the neutralisation is very considerable. Eddington 1 has 
found that in the interior of a star of the mass and size of the sun, 
radiation -pressure reduces the value of gravity to *894 of its value in 
the ease of an atom with the weight and to 057 in the case of an 
atom with the weight 54, so that these behave respectively like 
atoms of weight 1 "7 88 and 3*078. In the interior, the compensation 
is entirely due to the gradient of temperature, />., difference of tem- 
perature at two points of a radial filament and is proportional to 

- (ftT 4 ). But in the present case, the balancing pressure is entirely 
(tx 

1 Monthly Notices, K. A. S., Eddington, loc. cit. 
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due to the radiation from the photosphere. The pressure should 
therefore be much larger than in the case . treated by Eddington, 
though it will, to some extent, depend upon the stopping power of 
the gas. 

Eddington’s theory is partly based upon theory, partly upon 
certain empirical results discovered by Hertzsprung, and Russell in 
their study of the progression of Giant and Dwarf Stars. 1 

In the present case, we shall adopt a similar procedure. We shall 
assume that in the case of the high level Chromospheric lines, the 
compensation is almost complete ; and then see whether the results 
are consistent. 

Beginning first with the Calcium H-K lines, which are the high- 
est lines in the Chromosphere (highest level reached =14000 Km), 
let us calculate the radial gradient of density. Let us suppose that 
on the photosphere, the number of Ca-atom is 10"° per c.c., and 
at the highest level obtained from Mitchell’s plates, the number is 
(10 8 ) per c.c. 

Then In ( n \ =S7-fi = z > where *= 14000km, 

\ n 0 f kg» 


or (M|/~/aE a ) 


27-6 - lc 0 


,270 x 134x10- 18 x7*5x 10 s 

rJxio*xio 5 


= rosxiO" 10 

Now II o= ~~ „ „ x 27-7 x 981 =1-81 x 10~> » 

J (30x 10 aa 

v ftE A = 1-81 x 10- 1 ® — 1 -98 x 10“ * " = 1 -79 x 10“ 1 8 

V is only slightly greater than fiK x . In other words, the 
compensation is almost complete. 

Let us now put, M</— ^ =M( £-</'), </= -AA then from the above 

calculation ~~~ = jQjj =^j > «nd M(/— z'.e., Gravity is reduc- 

ed to th^ of its normal value, so that Calcium behaves like an 

element of weight *44. 

1 Russell, The Naturo, Vol. 03. 
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For radiant Ca-atoms omitting the 


g- line 4227, </'= 


1-77x10“ 18 
1-81 x 10“ IS 


and M (g— 


for =*985, and assuming fi has the same value 


in both oases /iK\=l*77 X 10" ls . Thus Ca-atoms radiating A. =4227 
behave like atoms of weight *9. The level readied should therefore be 
less than half the level readied by the H. K lines. The actual value is 
5000 hn. 

For If -atoms in the state (l), the absorption band for the normal 


atom lies at A=1210, the value of Ka is only 


5 :1x10" 3 f ^1 
998 x Kr 5 ,,r 188 


times 


the emission for the Calcium bands 11-K. Whatever may be the value 
of ft for Hydrogen, it must be of the same order of dimension as the 
corresponding quantity for Calcium ; if we take them to he equal, the 


compensation 


is equivalent to a reduction of 


40 

180 


2 

9 


of the gravity. 


so that Hydrogen atoms in state (2) behave as if its atomic weight 
were reduced to *778. It will thus he seen that the level readied by 
Hydrogen atoms in state (2) will be much less than the radiant atoms 
of Calcium emitting H. and K. 

Similar calculations may be carried out in the case of Helium, 
Strontium, and Barium, but. owing to the great uncertainty in our 
knowledge of the value of /a, the calculations will scarcely appear 
convincing. It is easily seen that a slight variation in the value 
of n may cause the force of levity vary within very wide limits. 
The calculations given are therefore to be regarded only as provi- 
sional, and we must wait for further theoretical, and practical work 
before a final shape can be given to the theory. 

There lias been, in the past, a very keen controversy about the 
occurrence of Radium in the Chromosphere of the Sun. In 1912 
Dyson 1 identified four Chromospheric lilies A.=3814'7, 4082-4,3649*8, 
4436*5 as being identical with the four most prominent emission- 
lines of Radium obtained by Rungc and Preelit. Of these, the' 
identification in the case A= 38 14*70, 4082-30 were most convincing. 
But the former was generally ascribed to Titanium, and the latter to 
either Yttrium or Cobalt. The Chromospheric level reached by these 
lines are respectively 800 km. and 350 km. (Mitchell. Astr. Journal, 
Vol. 38). 


1 Observato y, Vol 35, pp, 297, 357, 402. 
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The identification was however disputed by Mitchell and Evershed, 
who regarded that the coincidence was not quite convincing. In 
fact, the Ra-atom is so heavy (At AY -2 £6) that it appeared unlikely 
that it could occur at such a height. 

The question may be reopened from our point of view. Radium 
belongs to the group of Alkaline Earths,— (Ca, Ba, Sr), — elements 
which are marked by the abnormal height of their principal pair-lines 
in the Chromosphere. The lines (4682 and 38(5) are the leading- 
members of the Principal-pair series of Ra corresponding to the 
H and K of Calcium. The compensation due to radiation-pressure 
is therefore likely to be very large, much more so than in the case 
of Barium (At W- 137, the Principal pair are 4034 and 4554), the 
heaviest of the alkaline earths occurring in the Chromosphere (Height 
reached 750 — 1200 kms.). The shorter line 3815 is the more intense, 
and reaches a much higher level, as is generally the case with the 
corresponding lines of the Ca, Sr, Ba. The occurrence of Radium 
in the solar Chromosphere is therefore quite probable. 



§ Spots and Prominences. 

In recent years, our knowledge of sun-spots and prominences has 
been greatly increased, thanks to the works of Evershed, Adams, 
Hale, St. John and others. At the same time, m<»re problems have 
been brought to light than solved. 

Among these problems may be mentioned the problem of the 
formation of a pseudo-vortex over the spot in high level Chromosphere 
According to modern theories, a sun-spot is a cyclonic vortex in the 
deeper strata of the Reversing layer. The vortex is in the shape of 
a hyperboloid of one sheet, with its axis vertical, the stream lines 
being in the form .of nearly horizontal helices with gradually increas- 
ing radial motion in the upper parts. The temperature of the umbra 
is believed to be not greater than 3f)00°C. 

The disco veiy that gasi s flow radially outwards parallel to the 
surface of the solar disc from the centre of the sj)ot is due to Ever- 
shed. St. John investigated the effect in the case of the different 
Chromospheric lines, and found that it varies in a regular manner 
with the level of the line as shown by the flash spectra. 
In the Reversing layer, the motion is outwards, but as we 
gradually pass upwards, the radial outflux decreases till it almost 
vanishes as we enter the Chromosphere. Higher up in the Chromo- 
sphere, the effect is reversed, gases now flowing radially inwards with 
small downward components. The inward motion increases with 
the height of the line, amounting to about 4 km. in the case of 
the Calcium H-K lines. 

Apparently a pseudo- vortex is formed in high level Chromosphere, 
with an influx and sucking of the Chromospheric elements into the 
spot. St. John 1 has adduced rather convincing arguments that th* 

1 St. John, the Astro, Journal, Vol. 37. 

* Evershed, Astro. Journal, Vol. 2G, 1900. 

■ Hale, Astro. Journal, Vol. 28, 1908. 

* St. John, loo. cit., 'p. 342. 
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pseudo-vortex cannot be conceived as a sort of compensating device to 
make up for the general loss of matter from the spots, because the 
masses, and energy involved in the two cases are entirely of different 
orders of magnitude. 

The theory of “Selective Radiation Pressure ” probably affords a 
satisfactory basis for the explanation of these pseudo-vortices. 
We have seen that a spot is a region of low temperature, and 
therefore, of low emissivity. Under circumstances of no disturbance, 
the gravitational attraction on the high level chromospheric elements 
is almost neutralized by the aggregate pressure of radiation from the 
undisturbed disc. If now the emissivity of a part of the disc be 
decreased much below the normal value, the gravitational accelera- 
tion will no longer be balanced by radiation pressure. Equilibrium 
will be destroyed, and the gases will move towards the spot as a 
centre of attraction. The effect will be most marked in the case of 
elements for which neutralisation is almost complete. The hypothesis 
of “Selective Radiation Pressure,” therefore, satisfactorily accounts 
for the influx, and sucking of the gases lying overakpot. 

Prominences afford a rather opposite class of phenomena. As is 
well-known, these are huge jets of glowing gas, mostly composed of 
high level Calcium, or Hydrogen, and having their origin in the lower 
strata of the Chromosphere. 

Prominences are generally classified under two broad headings, 
viz ., — the quiescent ones, and the eruptive ones. The eruptive 
prominences are huge masses of high level Chromospheric elements 
which spring into existence with the rapidity of an explosion, and 
move radially outwards with an accelerating velocity, and dissipate 
into space after a brief career. The quiescent prominences seem 
to be of the nature of huge cloudlike formations, hovering over 
the disc, and partaking in its general motion. These prominences 
show a eleven-year cycle like the spots. 

The high velocity, and the explosive violence of the eruptive 
prominences have been long noticed by the Astrophysicists. Des- 
landres 1 describes a prominence which he observed in 1898, which 
was found to shoot up with a velocity of 4*34 x 10 7 cm. per second. 


Quoted by Strutt, M.N.R.A.6., Vol. 73. 
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Evershed 1 describes a prominence observed at Kodaikonal which was 
found to shoot at 8* 2l m with a radial velocity of 79 km. The 
velocity gradually increased and amounted to 292 km. at 8* 55", /.<?., 
the prominence moved with a mean acceleration of^km. (’4 x the 
solar gravity) per sec. 1 It thus appears that in this case, the value 
of gravity was not only neutralized, hut rather reversed, by the 
sudden development of some repulsive force on the solar disc. 

Describing this prominence, Evershed 2 says — 

"There is some evidence that eruptive prominences consist in 
their earlier stages of unusually dense low-lying gas giving strong 
absorption in H-« and the Calcium H, K. The mass of gas may 
persist for several days apparently unchanged, and then become un- 
stable, coming under the influence of a force which apparently tears 
it to shreds, and sends the fragments flying into space with acceler- 
ating speed.” 

Deslandres 3 has also found that all eruptive prominences have 
'filaments’ (streams of convection lines within the sun) as their 
bases. 

While the phenomenon has been studied under all its details, the 
explanations from the physical stand point have, as usual, lagged 
much behind. They have sometimes been explained on the assump- 
tion that they are due to the convection of hot masses of vapour 
from the interior of the sun which, after reaching the atmosphere, 
are supposed to expand adiabatically and develop the large velocities 
which are observed. But both Pringsheim and Strutt 3 have pointed 
out insuperable difficulties in the way of the acceptance of this 
hypothesis, including the observations that this great velocity is ac- 
quired outside the photosphere, and the maximum velocity obtainable 
from adiabatic expulsion is only 1/fiO of the velocity with which the 
eruptive prominences are observed to shoot up. Strutt has suggested 
that some unknown forces of electrical origin may be the cause of 
these large velocities, hut even granting electrical fields exist in 
the sun, it is difficult to see how it can act upon the luminous 
hydrogen particles which are, according to laboratory evidence, 


1 Bulletin of the Kodnikanal Solar Observatory, No. 51. 

* Evershed, loc. cit., p. 214. 

* Pringsheim, Physik der Sonne, page 225. 

Strutt, M. N. R. A. S., Yol. 73. 

12 
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uncharged. Besides, if the electrostatic fields really exist, the H- 
lines should afford evidences of Stark effect. But all observations 
to this effect have yielded only negative results. 

The ‘accelerating speed* of the eruptive prominences can be 
readily explained on the basis of the present theory. The equi- 
librium temperature of the solar disc is 7500°K, but the tem- 
perature equilibrium is not always maintained, but is sometimes 
violently disturbed by the arrival of hotter gases in the form of 
convection streams from the interior (l)eslandres calls them filaments). 

Suppose somehow the temperature of a part is increased owing to 
the arrival to hotter gases from the interior beyond the normal 
value (7o00 c K), say to 9000° K.. Then the emission at the absorption 
lines of Calcium, anl Hydrogen will be much more increased, and the 
repulsive force will greatly preponderate over the normal force of 
gravity. For example, it the temperature increases to 9000° K, we 
have, applying Wien’s lair of radiation (E A =emissivity for 7500° K, 
E' A =Emissivity for 9000°K, X=:J920, the wave of maximum emis- 
sion for 7500°K), 

^go [^j (,,p,,i ' oxi,,,Htoiy) 

5 

or E^=e° E^=2E^ (approxiinataly). 

Now we assumed that the reduced gravitative force on an atom 
of Calcium = (Mg —/xE^.) 

It now becomos=(Mg— 2/*E a .) 

Hence if Mg— /aEa=0, Mg— 2/aEA= — Mg, />., the Calcium 

atoms emitting H and K which are just over the heated region are 
repelled outwards with an acceleration of ( — g). 1 

We have seen that generally the eruptive prominence, observed by 
Evershed, moved outwards with a negative acceleration amounting to 
l/9g. This can be accounted for by assuming a temperature of 8500°K 
just below the prominence, over a limited region of the solar disc. 

There is nothing to preclude the supposition that occasionally 
the temparature equilibrium of the solar disc is disturbed. It has 

1 The calculation applies only to the gnBea lying at a short distance over the 
temporarily heated part. For more distent inn Bees, we must take into account the 
solid angle subtended by the heated spot nt the point considered. 
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been shown beyond doubt that spots are not at higher temperatures 
than 3700° C. or 4000° K. The faculae and filaments are generally 
brighter than the rest of the surface, and therefore regions of high 
temperatures. We have seen that, according to Deslawlres, these act 
as the bases of eruptive prominences. According to our theory, these 
heated parte being regions of high emissivity, should act as centres 
of repulsive force. The explanation is therefore quite in accordance 
with observed facte. Besides, it explains most satisfactorily the 
fact noticed by Strutt and Evcrshed that the velocity is acquired 
outside the photosphere, and is of the nature of accelerated speed. 
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Plate illustrating Macrosporium on leaves of Citrus tnedica. 
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Manros/iorinm (Fries) growing on Citrm Medico 
(VAR. acida) anu other species of Citrus. 

BY 

S. N. Bai, 

The Fungus described below was first noticed on the leaves of 
Cilm-H Medtca (var. arufa ) in the middle of May of the present year 
and is still found. Later on the same fungus was observed growing 
on the leaves of other species of Citnt.it, 

External appearance : — At first a small portion of the margin 01 ^ 
the middle of the leaf is attacked, but the infested area soon increases 
in size. The leaf becomes yellow, and the infested parts 

dry and slightly curl up, whilst small black spots make their ap- 
liearance and the centre of the attacked area becomes white and 
filially the leaf drops off. 

On examination of the infested portion of the leaves under low 
|K)wer it is seen that numerous hyphae have spread out from the base 
of old conidiophores and most of these hyphae termimate in conidia 
of different sizes and of a brownish colour. The hyphae are 0*12 — 
(H8 mm. long and they are either straight or slightly curved. 

On examination of transverse sections passing through the 

infested area of a leaf, it appears that the fungus growth 

is both superficial and intracellular. The superficial hyphae are 
dark-coloured in the vicinity of the conidia and those situated 
within the leaf tissue are colourless and thinner. The small 

twigs bearing the infested leaves were also found to be infested with 
the mycelia of the same fungus. It is, therefore, evident that the 
mycelium penetrating deeper into the tissues of the twigs may easily 
plug the water-conducting parts causing the collapse of the leaves 
and the shrivelling up of the flower-buds on those twigs. The actual 
damage done to the plant, under observation, was (l) the decrease in 
tbe number of fruits,' (2) the reduction of the size of the fruits. 
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Tlie Conidia an* brown, multicellular, clavato, variously mitri- 
Torrn ly septal o, the thinker portion being oblong or ellipsoidal with 
tin* apex rounded or subacute. The si/e of the Conidia is as follows: — 
Young Conidia ... 15-fdy long and 8- 10/j broad, 

i ,< Mature Conidia ... SO- 1 Oty long and 12-18^. broad. 

(termination of the Conidia was effected in hanging drop culture, 
usitig tip- water. The Conidia commenced germinating after 18 
Hgurs and in o days’ time a mycelium, bearing several Conidia, was 
Reduced. (See the plate attached to this paper.) 


fr- 


it is to be noted that scattered spores of Fusarinm were also 
otgerved on examining the fungus above described, but tin* spores 
Wen* clearly foreign to the mveelia described above. 

The disease caused by this fungus lias been described by other 
lervers as Potato ‘leaf eurl’ and ‘black rot ’ of Tomato, but it does 
appear to have been described before on lea\es of species of ('it ms. 
observers have found the same fungus on Tomato fruits causing 
£$le disease commonly known as * black rot * and named it Marrosjutrinm 

The fungus, above described, is evidently identical with or closely 
killed to .1 Iwrox/mrinm snt,nu y Cooke. I M) species of this fungus 
lave hi., ’ ‘serihed from Kuropu a*. . America. Macrnsfntrinw s<>/<uu 
h.u boon described from North . ..ncrica on Sn/,nitnn / itt^mxnn/ and 
in India il has been found both on Potato and Tomato plant*. 

The remedy to Jie disease seems to b<* to collect all the infested 
portions as soon as noticed and to destroy them. 


K\I*I,A NATION OF Til K Pl.ATK. 

A. A leaf of. Ct/ms medica (var. itr/dtf) infested by the fungus — ■ 
natural si/e. 

lb Conidia of different sizes and forms, x MU. 

C. H^phae bearing conidia x MO. 

0. A single hypha bearing a conidia x MO. 

K. (terminating conidia as seen after 2 days’ culture x MO. 

V . ( iciaiiinnling conidia as seen after .1 days’ culture X 4»‘i0. 

(b (terminating conidia as seen after 5 days’ culture x MO. 

II. Spores of* Fa sari am foreign to the fungus described x MO. 
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tf.vottxcHH (Euckel) on XrpMnnu Lifc/ti, 

15 V 

S. N. |V\i. 

Till* fungus, described ito low, was lirst noticed on the leaves of 
Nr plivhnm Litrhi during the early pari of April of the present year and 
is still found, though not so abundantly as before. The trees were also 
watched during the winter of IblS-lP, when no outward attack was 
observed on the leaves. 

External appearance: -At lirst it develops on the under surface of 
the leaf and soon attar 1 ’* a greater portion or the whole of the leaf. The 
diseased leaves are puckered, crumpled or twisted. The more vigorously 
attacked leaves are so deformed that the margins of the leaves are 
gradually turned inwards the midrib formim; a spindle-shaped body and 
in other eases the leaves a re curled up. The infested lea\es are very 
much thickened and become ipiitc fleshy. At first the infested portion 
heroines pale green and then turns t< ’ -ownish yellow, finally tie- ' „ ,o 
deep brown. 

The twigs hearing the diseased leaves were swollen at parts which 
were subsequently found to he attacked by I he i iingus. 

On examination of transverse sections passing through the infested 
portions of leaves it appears that, the fungus is chiefly composed of a 
single pallisade-like layer of asci standing rinse beside one another. 
The asei break through the cuticle and cover the outer surface of the 
epidermis of infested portions of the leaf. This layer of asei is 
developed from the mycelium lying in the inner parenchyma of the part 
attacked, thrusting its branches in between the outer walls of the 
epidermal cells and the cuticle. At this stage the mycelium branches 
and spreads out on the surface forming a single layer and dividing 
themselves into isndiametrie cells. Each of these cells thus formed 
swells into a vesicle and elongates towards the surface terming a club- 
shaped cell. This cell again divides transversely forming a short 
stulkmcrll at the base and a bigger cell at the upper portion forming the 
club-shaped asms. 
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The mature asms generally contains 8 ascospores, lint, these spoils 
are also found to germinate inside the asms forming the so-called 
budding spores, tilling up the whole asciis. The aseus is 40-50/a long 
and 8-10/a broad. 

On examination of transverse and longitudinal sections ot twigs and 
branches bearing the infested leaves it appears that they are also 
attacked by the fnngus, and t lie mycelium penetrates through the inter- 
eellular spaces of the tissues of such portions of twigs and brunches. 
As the attack was not observed during the winter season, hut. appeared 
during the spring-time, it is quit u possible that the mycelium hibernates 
in the stem during the winter, and semis branches every year, (luring 
spring-time, to the new twigs and branches and thence to the leaves to 
form asei and thus distiguring the leu res. 

(termination of mycelium and spores was effected on nutrient agar 
plates and in tap-water respectively. By germinating the mycelium 
tm nutrient agar plates it was possible to produce asei. Hie spores 
wur» found to germinate in S-l*2 hours in tap-water, sprouting 
repeatedly and perfectly. The sixes of the sport's differ in each order of 
sprouts. Those of the lirst order are practically of the same size as 1 lie 
mother spores and those' of t he higher orders art* ^tii to la* much 
smaller. They are all oval or spherical. 

The sizes of the spores are : — 

Mother-spores and spores of the 1st order are <>-Sp. 

Spores of the higher order are 1-tip. 

The fungus is evidently identical with or closely related to K.mnscH'i 
Jt'fnnniiHs (Berkeley) Bnekel, as described on page ItiO ot Ahbihniif I of 
the 1st part of Bugler and Brant I s I’flmi ruftiin/lirn. 

The synonymy of Eemisnis < trfnnmuts < Berk.) Buekel lias been 
given by numerous writers. I)r. K. Sadebcek. in his ‘‘Die parasitisrhen 
K-xoasceen," Hamburg. lSJ.Kl. p. .VI gives it as follows: 

Asroniyri's t/rfuntunis Berk. Int rod. to (Irypfn. Bot. lSf>7, p. *2Sl. 

Ascosjimunn ih'juintdHS Berk. Outlines iStiO, p. 149. 

Tuplm'im ilrfmiinnhi Till. Ann. Sei. Nat. lStiti. V. Ser. t. 5.. p. 12*24 

finrntrii* Jrf nr minis Buckel. hi) I'nsirttr Buck. Symholae Micolog.. 

IS(ii), p. 2.V2 

It would not he out of pbu'e to mention here that the decease com- 
monly known as “ Beach leaf eurl f M which caused serious damage 
to the Beach trees grown in the Cnited States of America, was due 
to the very same fungus E > no sens iJafunauus. The investigations carried 
ont. in this connection by Bierce of the l.\ S, department, of Agriculture 
in 1900 showed that a cold spell in the spring and wet weather favour 
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serious development of the fungus causing the desease and result in 
a much greater susceptibility of the tissues of leaves to the attack 
of the parasite. Prof. A. Marshal Wanl in his Croonian Lecture on 
“The relations between host and parasite in cortain deceases of plants,' * 
(Proe. Hoy. Soe., Vol. XLVJI, No. 290), says : “ when the combined 
effects of the physical environment are unfavourable to the host but 
not so or even favourable to the parasite, we find the desease assuming 
a more or less pronounced epidemic character.” The writer also thinks, 
as the result of his observations during the last, year of the develop- 
ment of the fungi on the leaves and twigs of 1 \rphrlinvn Litchi, that 
the fungus is favoured in both its entrance and spread within its host 
by the above enumerated physical conditions viz., cold and wet condi- 
tions of the atmosphere. 

It is quite evident, from the descriptions of the fungus given above, 
that the fungus is liable to do much harm to the liclii crop, and in fact 
it lias been observed that the few trees under observation bore a 
much lesser number of fruit s than usual. 

The remedy suggested by M assoc seeniR to be the best. He 
suggests that the only certain method of eradicating this disease is by 
removing all infested shoots. Many advocate spraying with Bordeaux 
Mixture. It will undoubtedly prevent infection by spores, but the 
perennial mycelium present in the shoots will produce a crop of 
diseased leaves every year inspite of spraying, and, if the cause of infec- 
tion is removed by cutting away infected shoots, no spore would be 
forthcoming to infect healthy shoots. 

Kxpliuiation of the plate : — 

A. Leaves of Nt'phdinm Litchi infested by the fungus— Natural 

size. 

B. A leaf of Ncphclinm Litchi vigorously attacked by the fungus 

almost totally curling the leaf — Natural size. 

C. Transverse section of infested portion of a stem X 10, («) por- 

tion of (J showing the infested portions. 

1. A layer of asei x 420. 

2. An ascus obtained by culture in nutrient Agar plate x 420. 

3. A portion of the transverse section of infested portion of a twig 

showing the penetration of mycelium through the intracel- 
lular spaces, x 4'K). 

4. Germinating spores x 440. 
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Alli'i'iianu Nces, on leaves oi 
(//) Nirofiamt /// ntub'if/i iiifnl ///, 

si ml 

Ihiltti'it Sf nnn<nn Hut. 

II v 

S. N. B.w, \ n n II. I\ ('iimmiiuKY. 

(//) .Ufmutrnt on :\tcofnnnt /// nut ha (ft ntfot tn . 

(By S. N. ami II. l\ (Iiomllmry). 

The fungus described below was lirst noticed on tin* leaves of 
A 'icuttUHO i>lntnh(Ujinil»lia, wliieli grows wild i 1 1 most parts oi Bengal. 
At first tin* plants grew vigorously. attaining: a height of 2V to 
ami produced very lame leaves, some oi' wliieli were more t liau 5" 
in diameter. Tlie plants were watched lor some time and within a 
fortnight after t he all ack was first observed most of the plants died 
During the early part of .lime of 1 lie present year there were a few 
showers of min and a. fresh crop of Strut tamt fihrnthat/itt/fnl/u sprang 
up fnnii the seeds oi plants id* the previous crop. This new crop 
of plants was soon attacked by the same fungus and most of them 
died before they attained the height of even d". whilst none of 
them attained maturity. 

External appearance : At. first greenish yellow spots appear at 
various portions of the leaf. These spots soon extend in area, assuming 
a semi-transparent appearance and the infested portions of the leaf 
fill! off, leaving a. hole at the centre. Within K> days niter the tics! 
attack the major portion of the leaf is infested and it soon falls off. 

( )n examination of port ions of leaves infested by the fungus the 
spots arc found to lie full of spores. Short conidiophores bearing 
either single or a chain of conidia are also found. The mycelium 
is scon to consist of light hrown or greenish liyphae running in between 
the cells at the spots. Conidiophores are seen in clusters coming out 
through the stomata or killed epidermal cells. 
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The spores are us i willy attenuated into a long beak at the tip and 
slightly narrowed at tlu; base and they are transversely divided hy 
•‘1 — H cross- walls, and some of the broader compart mciil s am further 
longitudinally septed : the lower part of Miese spores is brown and 
the neck is almost colourless. They are surrounded by a thin cell- 
wall and tilled with granular substance. 

(Termination of the spores was readily effected in tap water. 
Single spores were germinated in hanging-drop culture, keeping them 
overnight in sterilised moist chamber. Secondary conidia were 
abundantly produced from the primary spores, the conidinphorus 
frequently producing rnnidiu borne in a chain of I* to !> spores. The 
spores arc tiO — Sty long x It)— lop broad. 

The fungus described above is identical with or closely related to 
Alfrnmr/ti cinhu* Dorset t as described by Dorset! in lhill. No. 2d 
(1000) of the United States Dept, of Agriculture ; Pathology and 
Physiology Division. The disease is said to lie one of the most, 
widespread and destructive maladies known to attack the violet in the 
I’nited States, 

(f») Alfrniurfti on Ihihtfn Sfrn ni>>nin n>. 

< Hy S. \. Hah. 

The fungus was noticed on the older lea.-' • ‘ 1'nturo 

• *• .'j 

during the early part of Muy,oj' tine’ presto t v**sr. and »s ->iil i »mri 
July. : 4 

Kxtern." 1 appearance' A first it appears on the leave.-, us small 
isolated, pale hn>wn spo.s. ilieiv firing no par* i«*i.l •»»* of leaf 

which can l)e .called " lie attacked '* The i^tNU^rnn n\*ns of leaf 
soon increase; in m'/.c. becw -i.i.y ir Tegul^jjjjk emuia^ppPftv.ing cenegntrtc. 
narrow dark lines, giving tb** .jpp-vi'quce of a- > Potato sT arch grain as 
seen under the microscope. At the advanced stage of the disease, the 
spots becomeifurk-coloured. dry and brittle. The portions of leaves 
between the spots turn slightly yellow and then fade away. In one 
plant, which was severely attacked, tin; stalks turned yellow and dried 
up. In all cases onl\ the older leaves were attacked, while the upper 
younger leaves remained free from the disease. 

On examination of transverse sections passing through portions of 
leaves infested by the fungus if appears that the mycelium consists 
of light brown livplue. The conidiophores arise from the stomata or 
from tbe dead epidermal cells. They are mostly found in the centre of 
the spots. The conidiophores are (10- Sty. IongxS-10/t broad. They 
are transversely septed. sometimes curved and generally enlarged at 
the tip forming a cup-shaped head on which single conidia are borne. 
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Tim funifliii vary in shape. They are generally flask-shaped, the apex n i‘ 
tin* neck I ini no iit tei 11 ia ted and t lie base heino slightly narrowed and brown 
in colour. wliilsl. the apex is almost, colourless. Tin* spores were 
always found single and not in chains, lint chains of two and rarely 
of three spores were obtained in culture. Tim spores are ltO-.'lOOp 
Ion” 1 X 15-17// broad. Tliey are t rails versely septed, and some of Hie 
cells are aynin longitudinally divided. 

(icrniinntion of tlie spores was easily effected by hanoino-dmp 
culture usino tap water. They terminated readily in 21* hours, but the 
peculiarity observed was that they refused to produce lono chains ot 
spores and only formed two and rarely three spores in a chain, thus 
behaving ipiite differently in this respect from t he species of Alfmnnia 
found on the leaves of X/cn/ittun fthtwlmt/ini/u/ia. 

Inoculation experiments were carried out on the leaves of Submit in 
.1/ I'hiittji’nn and was quite successful, the term-tubes entered the leal 
through the stomata or direct ly into t lie epidermal cells. The leaves 
were kept quite moist. Spots appeared on the leaves in I- days. On 
subsequent examination they showed the same external and 
microscopic characters as described for the main hintas. 

The f un^as is evidently identical with Albr munt Snluni (K. and 
M.) Jones and (Srout. Butler describes this fungus in Ids book 
*• Fun^i and disease in plants'* as ■* Karlv blight '* of potato. It i.- 
said to uave done considerable damage to tlie potato crop in America, 
where ‘•*s:m , s of 50. per ce»* . have been recorded. In India the 
damage is much less. 

Spray i i»p; with' Bornean. v Mixture uavc very excellent results in the 
Vnited States. Uutlm -ays ** The disease - is not dependent. on 
alniosplie**'.,; humei.’lv to anv limit like the extent blhjrlit is. It spreads 
rapidly under rcl , i | l ly drv conditions and is only checked by severe 
drought. It is said to be much in evidence in Australia on li^lit 
sandy soils." 

,l There is treat danger in neglect iny rotation when? this disease is 
prevalent, owini* 1 to the pronounced vitality of Hie mycelium and spores. 
Potatoes are often •'rowvi year after year in the same lain! in Bengal 
and even two crops a year in the Khasi and Millin’ hills It has hcen 
observed in similar cases that, the disease gradually increases. Clean 
removal and bin ning of infest ed tops at harvest is strongly recom- 
mended for tlm same reason. If the mycelium hibernates in the tubers, 
clear seed from a disease-free crops should be used. Some varieties 
are said to be less damaged than others and their use might be 
extended/' 
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“vis with all other parasites that prefer weakened plants, high 
cultivation, heavy manuring, and anything that, stimulates the crop, 
lessens its liability to attack." 

17 species of AUtirnaua have boon described, of which 5 have been 
reported from Middle Kuropc. A! tv marl a Sohini has also been found 
to attack the leaves of Solatium. hilurnsmu Solatium nit/rmn t Solarium 
tiomnwntmii and lli/nsri/am.ns tin/vr. 

E.('l>hinatitm of tin* pint u. 

A. Seedling of Sin Junto phnnhayi nifnl in attacked by tin* fungus 
--Nat uni 1 size. 

H. A leaf of Stcotiuun plumbatf ini folia at tacked by the fungus 
leaving holes at Hie centre of the spots — Natural size. 

<' A transverse section of a portion of a. leaf infested bv the 
fungus, showing rnuidiophores bearing conidia Highly 
magnified. 

1. (terminating spore of one day's culture Highly magnified 

2. .. ..1 wo days' „ 

lb ,. .. three 

1. .. .. t wo .. 

•, 

showing ii'iinerous veils germinating. 
l>. (ierminating spore of i> days’ culture x 140. 

X. A portion of a leaf of Datum atm moat mu infested hy tin fungus 
— Natural size. 

7. Spores as seen at the centre of the spots x 4-20. 

S. A germinating spore of three days' culture X t*20. 






On the Systematic Position 
of Lin den be bo fa , fjehnuntn 


BY 

Hit. L\ Bitunr. 

When, in 1907, botanizing in the Darjiling District., I noticed 
that the aestivation ol the corolla of Ijiiih'iibeiyiii t/nt/nf //tom, Dentil., 
is not that generally held to be characteristic! of the Antirrhinoideae. 
Similar observations with respect to other species of Lindttnhergia 
have evidently been made by Theodore Cooke and J. f. Duthic. 
Cooke, in his excellent and exceed ingly useful flora of Bombay, 
places Lindciibergia between Sopubia and Cent rantliera, two closely 
related genera, members of tin* llhiuanthnideac-Gcrnrdicac, whilst 
Out hie, in the flora of tiie Ipper (iangetic Plain, assigns it a place 
after Sopubia and stales explicitly that the upper lip of the corolla 
in Lindciibergia is innermost in bud. It was of interest to investi- 
gate whether any of the other genera of the (iratioleae — Stemodiinae, 
with whom Lindcnbergiti is associated in the Genera Plantarum 
of Kndlieher and of Bent ham and Hooker, the flora of British India 
and other works, similarly deviated from the aestivation characteristic 
of the Antirrhinoideae, and for this purp*se the writer has examined the 
buds of various species of Liimmphila, Morgania, Stemodia, and 
Adenosma, with the result that in the<e genera the posterior lip 
of the corolla is invariably outermost in bul. Cooke has evidently 
carried out a similar investigation, as he explicitly states that the 
upper lip is outermost in bud in Moniera, Mimulus Stemodia, 
Limuophila, and Dopalrium. 1 have further examined buds of 
Jji udenfjertjin Iloot'rn, A. /i/nlt/ipnu'>fsis i A. ni,irrnsl<ir/nj,i, A. iifii/sxitiictt , 
L . ( I'riJ/if/tii , A. itrfiri/‘idi,t i A. and A. xhhtiftt, in all of 

which the upper lip is innermost in aestivation. Phis therefore is 
a constant character of the genus Lindenbergia ami suggests an 
inquiry into the real relationship of this genus. 

The salient characters which have be considered in such 
inquiry arc the aestivation of (lie corolla, its morphological characters, 
the nature of the stamens and its fruit. The older botanists — Retz, 
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Valil, Roxburgh — do not pay any attention to aestivation, and 
Endlicher in his (ion era Plantaruni confines himself to the statement 
that the aestivation of the corolla of Serophularinae is imbricate. 
It .was Dent ham who in his monograph of the Serophulariaceae in 
l)e Candolle’s Prod romus (1817) laid stress on the importance of the 
relative position in bud of the parts of the upper and lower lip 
or the corresponding parts of the corolla-limb when divided 
subequally into lobes. IJo characterizes the two series of Antir- 
rhinidae and Rhinantliideae as follows : — Anthirrhinidae — aestivatio 
corollae imbricate — bilobata, Zubin pox lien eferiorc. Tnflorescentia 
vel imdiijuo centripeta vel composita, partialis in oyma eentrifuga. 
Hhinantidcae — aesti ratio coral hu* hnbrirafa , fab to poxfico it uurjuam 
ejrferiore . Rigorously applying bis principle of discriminating the 
two series Bcnihani places his suhtrihus Escobedieae with the 
Antirrhinidac. In Renthum and Hooker’s Genera Plantaruni the 
distinction between the Antirrhinidae and Rhinantliideae is less 
sharply cut, as is evident from the following definitions of the two 
series : — 

Antirrhinidae : Folia saltern infVriom saepissime opposita (in 
perpaucis gcncrilms pleraque radicalia caulinis alternis). Inflore- 
seentia undique eentripeta vel composita partiali ccntrifuga. Corol/oe 
labinm pox/ictnn ret /obi pox! id e.rfe/irorex, fobo antico in (into (in 
subtribu Li mosel learn m aestivatio incerta). Stamen quintuni ad 
stamin odium reductum vel omnino deiiciens, rarissiine perfect um. 

Rhinantideae : Folia varia. InflorosecMitia saepius eentripeta vel 
composita, corollas fobi mrie imbrirofi , antico nl fa/cra/ibus 
saepius e.rfc/'toribt/x. Stamen qiiintum omnino deiiciens vel 
rarissime perfectum. 

It appears, however, that the authors lav the main stress 
on the relative position of the corolla-lubes in aestivation. 
Bentham is followed by Le Maout and Deeaisne in their 
Traitc General tie Botaniquo, in which the Antirrhineac and 
lihinantideae are respectively defined by “oorolle h profloraisoii 
imbriqueo, bikbicc, la lev re postcrieure on supcricurc placet* en dehors 
de Finferieure ” and “eorolle it profloraisoii imbriqueo, les deux lobes 
latcranx, on l’un d’eux, places on dehors de tons les autres, les poslcrieuiH 
jamais/’ Wett stein in Englor and Prantl’s Pflanzenfamilieii 
characterizes the Pseudosokneae and Antirrhinoideac jointly by 
stating that the two adaxial corolla-lobes or the upper lip overlap in bin! 
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the lateral lobes, whilst in the Rhinanthoideac the posterior 
corolla-lobes or the upper lip are overlapped by one or both 
the lateral lobes. All these authors place Lindenbcrgia in the 
series ot Antirrhinoidcac. The same* position is assigned to Liudcn- 
bergia in the Flora of British India, where it figures at the head of 
Stemodieae, a subtribe of Tribe VI (Iratioleie, and there associated 
with Aden isnia, Stcmodia and Limnophila. Boissier in the Flora 
Orion talia places Lindenbcrgia between Dodarlia and Herpestis 
among the (1 ratioleae, but does not refer to the aestivation of the 
corolla in his definition of bis tribus I to VI, although he states that 
in Gerardieae (tribe VII) the posterior corolla-lobes are most fre- 
quently innermost and in Euphra sienc (tribe VIII) the upper lip is 
innermost. If we ignore the aestivation of Lindenbcrgia, there is 
not the slightest doubt that its proper place is in the G ratioleae, and 
if it were not for its separate and distinctly stipitato anther-cells, 
it should find its place close to Mazus and Minmlus in Subtribe 
Minuleae. But if we leave it among the Antirrhoideae, we are faced 
with the fact, that in that ease a character shared undoubtedly by 
all the other genera of that series, namely the upper lip being outer- 
most in bud, is consistently the opposite in Lindenbcrgia. It is 
perhaps not a matter without significance that the corolla, at least 
of all the Indian Lindenbergias, is yellow, whilst that of the other 
genera belonging to the? Stemodiinae is blue ; Boissier, however, 
states that the corolla of Lindenbcrgia. sinaica, a species closely 
related to Lindenbergia polvantha, is “violacea/* a matter which 
might be more closely investigated by botanists who have the oppor- 
tunity of botanizing in tin* vicinity of Aden or on the Sinai 
Peninsula. 

If, then, we decide on removing Lindenbcrgia to the Rhinantoi- 
deae, the question is in which of the three tribes — Digitaleae, 
Gerardieae and Euphrasieae — it is to be assigned a place. Every 
botanist will agree that Li ml »n berg i a has absolutely no close relation- 
ship with any of the genera which go to form the tribe of Digitaleae. 

If we should decide to place it in the Girardieae, there is no doubt 
that the only subtrihe concerned is the subtribo Eugerardieae. And 
that. is evidently the leasnn why Theodore Cooke placed it between 
Centranthera and Sopubia. To arrive at a. valid conclusion in this 
respect the writer has made a detailed study of the specimens re- 
presenting the genera Centranthera, Nqmbia, Psoudosopubia, Buttonia, 
and Graderia in the Sibpur herbarium. The parts of chief interest 
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are the stamens and pistils, particularly the former. The species of 
Sopuhia in which the anther-cells are practically alike is Sopnbia 
strictg. In this species the thecae are equal in size and shape being 
obovate, narrowed at. the base and apiculate at the tips, more 
or less divergent, about l*f> mm. long and opening by two 
flaps and after dehiscence somewhat resemble miniature pods ; they 
are inserted on the slightly thickened apex of the filaments, are 
more or less pendulous and form various angles with each other. 
Unfortunately the anthers of all the specimens examined had shed 
their pollen ; hut, to judge from appearances, both thecae of each 
anther had been polliniferous. The thecae are certainly not stipitate. 
As far as the anthers are concerned the relation of Sopnbia 8 trie fa 
to Sopnbia defphinifoUa is very much, like that of ( iraderia sea bra 
to Buttoma uatafenxix. 'Die first; step iu the direction of modifica- 
tion of the anthers is that shown by Supnbia trijidu, Ham. Here 
the second theca of each anther is considerably reduced and pro- 
bably sterile, although examination of Fresh specimens may prove 
that sterility is not always complete. The larger thecae are about 
1*8 mm. the smaller 0*5 to 0*8 nun. long; the latter also open by 
a slit and look like smaller copies of tin; fertile ones. The specimens 
examined were from Cherrapun ji and the Naga Hills. Undoubtedly 
sterile are the smaller thecae of Bo pit hi a dmjeann, Jienth., Sopnbia 
ca'ia } Harvey, and Sopnbia I aunt a, ting]., all three African species. 
Here the sterile thecae are narrow-spat ulate or flattish clavate; they are 
distinctly shorter than the fertile ones and in one species are only 
half the length of the latter. Next in order come Sopubta delphini - 
Mu, Don, and, what may be only a variety of the latter, the 

Indo-Chinese Sopnbia f'astigiatn , Boneti. Here the polliniferous 
thecae are 8 — 4, the sterile if mm. or less long; the sterile thecae 
are adnate at their base on one side for about 1 mm. to the filament; 
their shape is subulate with a median groove; the anthers of the 

anterior pair of stamens seem always tq, be free from each other; 

the fertile thecae of the pair of posterior stamens am joined 
together on the inner side by a dense fringe of short curly hairs, 
whilst the corresponding sterile thecae are probably in most or all 
cases connate for part of their length, leaving the pointed tips free. 
The final stage is reached by Sopnbia II Udebrandii, Vatke, an East 
African species, now removed to a new genus Pseudosopubia. Here 
for once the sterile thecae are distinctly stipitate and reduced to a 
small knob, whilst the fertile thecae are raised considerably above 
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the sterile ones on a filiform stipe. The sterile thecae of one pair 
of stamens are entirely reduced. I may add here that fig. 41 £ 
of Part III, .‘5 B of Kngler and Prantl’s Pflanzenfarnilien shows one of 
the stamens not of #S 'opnbia del phi uif olio, hut evidently of 8opuhia 
trijida . 

A considerable amount of variation is also discernible in the 
stigma of different species of Sopuhia .* That of 8. delphiui folia , 
8. f xtigiata and 8. llildebrandii is subcapitate, the style at 
its very apex widening into the short thickly two-lipped terminal 
stigmatic surface, somewhat like that of Liudenbergia polt/autha , 
whilst it is sublinguiform or compressoclavate in 8, trijida , 
8. strict a, 8. caita , and 8. d regnant ; a. further development is 
noticed in 8. Ltuitfit, in which the stigma is elliptic- lanceolate; 
the two nerves which run up the style submarginally in the 
forms with linguiform stigmas, become in 8. I amt t a divergent at 
the base of the stigma-branches, take their course intra-marginally 
and converge towards the apex. Thu capsule of Sopuhia cannot 
be utilised to decide any ipiestion of relationship between Linden- 
bergia and Sopuhia. 

The conclusion at which we arrive is that the relationship between 
Ijindenbergia and Sopuhia is not at all close; and as C'entranthera 
and other (Jeranlie «e are still more distant, Ijindenbergia cannot 
be placed among the tribus (jernrdicae. 

The only alternative left is to assign it a place in the Hhinantheae, 
between which and the (Sr.il iolieae it appears to ‘‘orm a connecting 
link. It is true that many Hhinantheae are root- parasites, whilst, any 
idea of any of the species of Lindenbcrgia being a root-parasite is out 
of question. It is also true that as regards the stamens, Lindenbergia 
appears to stand closer to the genera which constitute the subtribo of 
Stemodiinae ; but the anthers of certain Hhinantheae exhibit various 
peculiarities which suggest that no violence is committed by associat- 
{ 110 ' Lindenbergia with them. On the other hand the structure of 
the corolla, which might suggest a relationship to some Mimuleae, 
such as Stimulus, the personate corolla and the plaited lower lips 
brings it close to several typical genera of the Hhinantheae. As 


* The stigma of Sopuhia is correctly described in the Flow of Tropical Africa as 
thickened or flattened at the ape.r. 
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Lindenbergia has 4 perfect stamens with the thecae fertile and similar, 
a loculicidal capsule, placentas bearing a great number of ovules, and 
ebracteolate flowers, it rnay find its place somewhere in the vicinity 
of Euphrasia, or it may be placed at the head of Rhinantheae, as in 
some respects it occupies a rather isolated position. 

Botanical Department, 

University College ok Science, 

The Id December , li)tO. 



Note on Lindenbkiigia uktigi folia, Jjelim. . and 
Lindenbrgia polyant ii a, lloyle 

1JY 

Dr. P. BrChl 

Theodore Cooke, on page 307 of Part II of the Flora of Bombay 
says under Luuhnh^njia poly ant ha : “ Very close to L. vrticae folia , 
of which it may possibly be a starved form.” The latter statement is 
not quite intelligible, as in the detailed description of F*. poly ant ha 
the stem is said to be 1:1 to 20 inches long, whilst the stem of 
.//. art icifol in is stated to vary in length from I- to 20 inches. Father 
K. Blatter and Prof. Ilallberg, in their valuable paper entitled “New 
Indian Scrophulariaceae and some notes on the same order”* express 
the opinion that F/niilmbergia poly ant ha does not even deserve varietal 
rank. They enumerate and describe ten different forms, of which 
form (8) is, according to these authors, the form described by Cooke 
as Jj. polyant ha. 

In this connection it is of some interest to look into the literature 
referring to either one or the other of the two supposed species. 
Josephus Gaertner, in his admirable work “ De Fruetibas, etc.,” 
published in 1788, describes and illustrates the fruits and seeds 
(page 2 13 and tab. lig. 5) of a plant named bv Banks *S Urmodia 
nnk ,r alix. A. I. Retzins in “Fasciculus observationum botanicarum 
quintals,” published in 1781), describes under the name of Stcwoilia 
rnderalin a plant from a specimen sent from India by Koenig. This 
is accepted in the Index Kewcnsis as a goxl species of Stemodia. 

Retains' description runs as follows : “ Stemodia ruderalis, foliis 

ovatis serratis petiolatis. Caulis sutfruticosus videtur, teres, pubes- 
ceus, ramosus. Folia apposita, ovata, serrata : serraturis magnis, 
basi integra. Petioli tenues, longitudine fere foliorum. Flores 
axillares, solitarii, oppositi, pcdicellati. Calyx eampanulatus, quin- 
quedentatus, pubescens. Corolla aurea. Stylus corolla brevius.” 
Two points in this description are against the plant described being 
a species of Stemodia, namely the calyx being 5 -dentate and the 
corolla being yellow. The Indian Stemodias have a 5-parti te calyx 
and a blue corolla. Retzins' description applies quite well to certain 
forms of what Father Blatter and Prof. Hallberg call himlenhergia 
vrtimefol i a. 

* Journal of the Bombay Xaturul History Society, Jan. 15, 1918. 
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Vahl, in Symbolae II, ]>. 69, referring to Retz, Obs. 

fasc. 5, p. 25, ami (iaertner’s De Fructibus, defines and 
describes Slemodia ruder alia in the following terms : “ Stemodia 

.foliis oblongis petiolatis, floribus axillaribus oppositis. Caulis 
herbaceus, erectus, spitliameus, obscure tetragonus, pubescens, 
inferne ramosus ; mini simplieissimi, patentissimi, eaule breviores. 
Folia o])])osita, petiolata, pollicaria v. minora, obtuse serrata, 
dentata, venosa, mid a, obtusa, basi acMita, integerrima. Petiolus 
filiformis, foliis brevior. Peduneuli axillares, solitarii, uniflori, 
lineares, pubescentes. Calyx pubescens. p This is referred in 
the Index K ewe ns is to Lindeubergin urtien* folia. Y' all I'm plant is 
undoubtedly a Li ndeubergia ; but, to judge from (laertner’s figure 
of the corolla of the species referred by him as *S Meumdin r Herat i 9 of 
Ranks, the latter may net be identical with any Lindenbergia, in 
which case it certainly belongs to the Stomodiinae. The lips of the 
corolla arc depicted as widely gaping ; that, however, may be due 
to the flowers having been pressed, which process often produces such 
an effect, and in an old drawing bv one of the Sibpur artists the 
corolla of a Lindenbergia is figured exactly as it is in (iaertner's work. 

Roxburgh (Flora Indica, TIT, 1)5) describes a Lindenbergia under 
the name of Ml e mod in rndernfix t (piuting Willdenow III, .‘fl<5, etc. 
Willdenow’s description is practically a copy of \ aid’s. I shall 
again refer to Roxburgh’s description later on. 

Don, in his Prodromus nepalensis, published in 1825, describes 
under the name of Mfenwdin jnnnnin, ltoxh., a Xipal species of Linden- 
bergia as follows: “Radix caespitosa, librosa. (’aides numerosi, 
erecti, palmares, villosi, ramosi. Folia, fere Calaininthae, opposita. 
Flores axillarcs, subsolitarii, brevitcr pedicel lati, pallide rosei. Corolla 
villosa, calyce duplo longior.” It will be noticed that the description 
is deficient and the statement that the flowers are rose-coloured is 
rather startling, as Lindeubergin nrtiei/'o/iu, like other Indian Lindei.- 
bergias have the corolla-lobes deep-yellow ; as, however, parts of the 
corolla of both A. niluu folia and A. pn/gnuf/m are purple or purplish- 
b-own, the expression used by Don may find its explanation. In 
any case it may be taken for granted that the plant referred to by 
Don is Lindenbergia urfiei folia . 

In 1828 Link and Otto published it i their leones Plantaruiu 
Rariorum llorti Berolinensis a description of the species to which 
they gave the name of Lindenbergia nrticaefvfia ) and they figured it 
on plate 48. Unfortunately the part containing tho description and 
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illustration is wanting in the library of the Sibpur Botanic gardens. 
I shall, therefore, in what follows assume that the plant described 
and figured is identical with that going under that name in the 
Flora of British Tndia. 

Bentham, in his Scrophularincae indieae, introduces for the first 
time into botanical literature Royle’s Lintlcnberyia poly ant ha. His des- 
cription is as follows : “ K recta vel asceiidens, annua, villosa, foliis 
ovatis, floralibus inferioribus conform i bus, superioribus calyce breviori- 
bus, race mi s rnultifloris, floribus oj>j)Osi t is sccur.dis, corolla calyce 
duplo longiori.” lie gives the banks of the Jamna near Delhi 
as the locality. Of [sinihnibergia itrf ictuj'o/ia Bentham says: “ K recta 
vel ascendens, annua, villosa, foliis ovatis, floralibus conformibus, 
floribus solitariis axillaribus, corolla vix triplo longioribus he 
distinguishes a variety ft major “ can li bus elongatis ramosissimis ” and 
states that A. urhrifolia occurs nearly all over Tndia, but parti- 
cularly in the hilly parts at Mussooree, in Nipal, at llardwarin Oiidli, 
Silhet and Burma, whilst rar. ft is stated to have been gathered 
by Griffith in Martaban and according to Wallish has been collected 
on the banks of the Irawaddi. Bentham also remarks that A. 
poly a at ha of Roy le is related to A. urticarfolia , but distinguishable 
from it by its inflorescence. 

In his monograph of the Scroplmlariaceae, in De Candolle’s 
Prodromes (published in IS 17), Bentham states that in A. polyani/ta 
the racemes are many-flowered, the llowcrs are opposite and secund 
and the ovary is glabrous, and he adds : Affmis A. art icif'<Jiae 9 sed 
imprimis inlloreseentia distincta. Corollae glaberi imae labium supori- 
us lato-ovatum medio coucavum hreviter hilobum ; under A. nrficae- 
fofia he says that the leaves are long-petiolod, the Bowers solitary 
and axillary, and the ovary glabrous ; and he adds Herba ramo- 
sissima, semipedalis ad pedal is, minis fere a basi lloriferis. Corolla 
4-5 lin. longa, glahorriina.” 

According to the Flora of British Tndia the diameters distin- 
guishing A. poly a at ha and A. irrfira fo/iar appear to be in the former 
having leaves A, rarely : f inches long, with the petioles usually very 
short, the Bowers in axillary and terminal leafy spikes, Bowers and 
bracts being crowded, whilst in A. vrttrarfoha the leaves are 1-1 <£■ 
( rarely in.) and the petioles i-J in. long, and the Bowers in 

the axils of large leaves or in lax leafy slender spikes or racemes. A. 
poly ant ha is said to occur in Northern India from the Pan jab and 
N. Scinde to the Concan, Behar and Dacca, ascending the Himalaya 
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to 6,000 feet, whilst L . nrticac/olia is stated to be met with as- 
cending the Himalaya to 0,000 feet and its area extending from 
Jammu to the Nilgiris and into Afganistan and Burma. 

According to Sir David Brain’s “Bengal Plants ” L. polyantha 
and //. urticai/olia are distinguished as follows : — L. polyantha : 
leaves usually very shortly petioled, always under J- in., generally 
under ^ in. long ; llowors sessile. />. nrticac/olia : leaves long-peti- 
oled, blade 1 in. or more long; ilowers pedieelled. 

Although Cooke suggests that L. polyantha may be a starved 
form of Ij, urtici/olia , a number of distinguishing marks may be ex- 
tracted from his Flora of Bombay, namely — 


L. urtici/olia . 

4-20 in. high 
leaves -J-2 x i-1 ] " 
leaves eremite-serrate 
petioles J- 1 " 

flowers solitary or binate 
in axils of large leaves, 
sometimes running out 
into axillary or terminal 
leafy racemes 
pedicels short 
calyx-lobes triangular oblong 
suhobtusc 

style exceeding the stamens 
capsule £ " long 


fj. polyantha . 

12-20 in. high 

leaves l" x rarely longer, 
leaves serrate-dentate, 
petioles very short 
Ilowers numcro us in densely 
leafy racemes in the opposite 
axils of Moral leaves which 
become smaller upwards 
pedicels 0-i o " 

calyx- lobes oblong obtuse 
style as long or rather shorter 
than the stamens 
capsule J " long 


From this statement it would appear that Cooke relied chiefly 
on the size of the leaves, the nature of the iniloresccticc and the 
length of the pedicels as discriminating characters. 

Collett, in the Flora Simleusis, gives the length of the stein of 
L . urtici/olia as 1-12 in. and the size of the leaves as about g-lj 
1 in. 

According to Duthie (Flora of the Upper (iangetic Plain) 
L . polyantha has a stem 12-20 in. in length, leaves about £ in. in 
length and ovate or elliptic, flowers arranged in axillary and 
terminal leafy spikes, calyx-lobes oblong, ovary pubescent; whilst 
in L, urtici/olia the stem is 4-10 in. high, the leaves are £-2 in. 
long and broadly ovate, the flowers unilateral, shortly pedieelled 
solitary or in pairs in the axils of large leaves, sometimes forming 
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axillary or terminal leafy racemes, the calyx-lobes triangular- 
oblong, and the ovary pubescent round the apex. 

Father Blatter and Prof. Ifallberg, after a careful and detailed 
examination of numerous forms of L . pohja til ha and ./>, urticifolia 
arrive at the conclusion that h. pohjantha must be reduced to 
L. urlicifoha for the following reasons 

“ (a) No distinguishing character of value can be found in the 
various descriptions published. 

(fj) There is an unbroken chain of intermediate forms uniting 
the two old species. There are even specimens which, in their differ- 
ent parts, exhibit characters of both the old species. 

(<?) The various descriptions of tin* plants are often contradic- 
tory.” 

The writer of the present paper agrees entirely with points (a) 
and (c), and after the detailed description of the 10 forms by Father 
Blatter and Prof, ifallberg in the paper already referred to he deems 
it unnecessary to eite numerous additional instances from the Indo- 
Gangotic Plains, Kajputana, the Himalayas and Burma. No reliance 
can be placed on the length of l la* stem and the si/e of the leaves, 
nor on the length of the petiole and pedicel. But notwithstanding 
this fact it appears to he possible to distinguish two form-circles, 
which may safely be treated as species and each of which, on the 
whole, has a well defined geographical distribution. 

An examination of the whole of the material in the Herbarium 
of the Royal Botanic Gardens, Sibpur, of a set of specimens illus- 
trating the ten forms described by Father Blatter and Prof. Hallberg, 
of numerous fresh specimens collected by myself in Calcutta and its 
surroundings, in British Sikkim from Darjiling down to the **1,000 feet 
level below Kurseong, and of a great number of buds and flowers 
preserved in formalin and kindly supplied by Mr. Cave of the Lloyd 
Botanic Garden, Dar iliug, indicated that in specimens from a certain 
geographical area the ovary is invariably glabrous in bud and flower, 
whilst that from other localities is densely hairy, even in advanced buds 
and young flowers. The following is a list of the localities in which 
the specimens examined have been collected, together with the name 
of the Collector. 

1. Specimens with the ovary and siyle-base densely hairy even 
in young flowers. 

Chamba 3,000' (C. H. Clarke) ; Simla (Gamble) ; Mussaorie 
(King) ; Tiliri-Gliarwal Ganges \ alley 1 — 5,000 (Duthie) ; Kumaon : 
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Jeolikot 4,000' (Gill), Nynee Tal (Kurz), Aim ora 9,500' (Hooper); 
Nipal (Hamilton) ; Sikkim : (King), Riang (King's Coll.), at 2,000' 
(Gammie), in and about Darjiling (Cave, ?. Briihl), Tung (1\ Briihl) 
Kurscong (P. Briihl), near Tindaria (P. Briihl), above Ratong River 
(Anderson) ; Jaintia Hills (G. Mann) ; Khasia Hills: Cherrapunji 
(Burkill and Banerjee), Lohit Valley (Alexander), Naga Hills (C. B. 
Clarke, D. Prain), Chittagong Hill Tracts (Gamble, C. B. Clarke) ; 
Burma : along the Salween (Meebold), Pegan (McLelland), Moul- 
mein ; Shan Slates (Coll.) ; Upper Burma : at Khampti Long (Top- 
pin), Goteik Gorge 2,500' (Lace) ; Yunnan (Henry) ; Chota Nagpur: 
(Wood), top of Paresnath (Coll. ?) ; Raj pu tana : Mount Abu* (King, 
Blatter). 

IT. Specimens with ovary dnd style-base quite glabrous in flower. 

. Bengal : Dacca (C. B. Clarke), " Lower Bengal ” (J. 1). Hooker 
and T. T.), Calcutta (P. Briihl) ; Upper Indu-Gangetic Plain : Allaha- 
bad (Prain), Jannpur (Coll.), Ktawali ((’oil.), Lucknow (Anderson); 
Rajputana: Jodhpur (Coll.), Marwnr (Brandis), Gwalior (Maries), 
Mount Abu (Blatter) ; Banda (Bell) ; Bombay Presidency: K handed) 
(Blatter), Bassein (Blatter) ; the Concan (Stokes). 

To II belong probably most of the forms * described by Pat her 
Blatter and Prof. II all berg. 

It appears therefore that the form with a hairy ovary and style- 
base is essentially Himalayan, extending eastwards into Burma and 
China and occurring, though rarely, at some higher elevations in 
the Western Pcninfula, particularly oil the two mountains sacred to 
the Jains — Mount. Abu and Paresnath — which aJso in other respects 
are outliers harbouring certain Himalayan species not occurring 
in intermediate areas ; whilst the form in which the ovary 
and style-base, evidently before fertilisation has taken place, are 
quite glabrous is an inhabitant of the Indo-Gangctic plain and the 
more northern parts of the Western Peninsula. The invasion 
of the mountainous parts of the Western Peninsula by the form with 
hairy ovary and style-base finds its counterpart in a similar invasion 
by Fiiatfanbergin f/mtidi/loni, a typically Himalayan species, which 
has been found to occur on the Mahcndragiri in the District of 
Gan jam. 

A form, to a certain extent intermediate, has been collected by 
Lt. S. Toppin on the Malakand. Fn buds the ovary and style-base 
are glabrous, in younger Howers they become papillose, and in older 
flowers— -probably after fertilisation has taken place — the ajwjr of tho 
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ovary develops hairs ; the lower pai ls of the ovary remain glabrous ; 
ovary and style are 1*3 and 5 mm. in length respectively; the upper 
lip of the corolla, leaves and habit are those of a typical “L . 
polyantha.” 

The statement ro.iordod in the Flora of t ho British India that 
the ovary of L. polyanlh* “ is certainly hairy 99 is probably based 
on the suggestion tli it Hoyle’s species “ascends the Himalayas to 
6,000 feet ” and perhaps also on the fact that the young capsule of 
the form with a glabrous ovary develops hairs at least near its tip, 
usually also along the mirgins of the valves; but the capsule of 
“ \j. urtieifolia 99 is nearly always more densely hairy all over. 

It is a matter of considerable interest, to ascertain whether other 
characters are const tntly associate 1 with either of the two forms 
which may be distinguished by the presence or absence of hairs on 
ovary and style-l> ise. It will be noticed on examining specimens 
from an extende 1 are i that there is observable a difference in the 
relative length of ovary and style, as shown by the following record 
of measurements given in millimeters: 



OVABY AND 

STYl.K BASK. HAIRY. 

Or tin/. 

Sh/fi\ 

Lora? if//. 

Id) 

... Ki 

... Mount, Abu. 

2 

■) • 0 

tt n 

1-3 

... :W) 

ft f* 

1*5 

... 2-:3 

Kumaon. 

2-2 

... VS 

... ,, 

2 

... 2 b 

... Sikkim. 

1*8 

... VO 

... 1 ) 

H) 

... 1*0 

... ft 

lb 

... VS 

... ft 

1-8 

... :l'.) 

Naga Hills. 

1*8 

... V0 

... Kbasia Hills. 

1-8 

... Vb 

Joint ia Hills. 

1-8 

... vs 

Chittagong District. 


Ovary and 

ST Y I ,K - B AS K (i LAB RO 11 S. 

1*8 

... 8*0 

Jodhpur. 

l’li 

... SO 

... Gwalior. 

2*1) 

.... 7*5 

... “ Uajputana.” 

1-5 

...* 7-0 

Allahabad. 
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Ovary. 

StyU 

Locality . 

1-7 

... 8-0 

... Calcutta. 

1-0 

... (V0 

... ,, 

2-0 

... (5*0 

... ,, 

1-2 

.. (V0 

Lucknow. 

1-8 

... 7*0 

Dacca. 

i-8 

... to 

Bombay. 

2-0 

... 7-0 

Khaudcsh. 

1-2 

... 5*5 

... ,, 

1-8 

... 50 

... ,, 

20 

... 8-5 

Bombay Presidency. 

1-2 

... 7*8 

Bassein, „ 


From this it would appear that in the form with the hairy ovary 
the ratio of ovary lo style is 1*0 : £*(! (rarely *i\S) to Id): M, and 
in the form with a glabrous ovary 1 : about 7 to I : about ‘1. This 
probably holds good for the areas referred to above ; but if we 
proceed further east, the distinction fairly breaks down, as shown in 
the ease of specimens with a hairy ovary and style-base — - 


Ovary. 

Style. 

Lncality. 

1-8 

... 4-8 

Chittagong District. 

1*8 

... 4*5 

Burma. 

1-8 

... 5*0 

Yunnan. 

1-8 

... 50 

Ilupe. 

2-2 

... (V0 



In the Himalayan and Eastern, as well as in the Mt. Abu forms 
with hairy ovary the latter passes quite gradually into the slender- 
conical hairy style-base, whilst in the Indo-Cangetic and Western 
Peninsula forms the transition from ovary into style is rather 
abrupt or at least less gradual; this distinction is, howovcr, not 
absolutely general, and forms occur, especially in the Bombay Presi- 
dency, in which the transition from the oblong-ovoid ovary into the 
filiform style is quite gradual. 

A difference which is very noticeable in fresh specimens or 
specimens preserved in dilute formalin, although ascertainable with 
considerable difficulty or not at all in herbarium specimens, lies in 
the shape of the upper corolla-lip. In “ L. polyantha” the upper 
lip is trapezoidal-sublriangular, when flattened out about JV8 mm. 
across its base and about 1 mm. across the base of the lobes; these 
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lobes are obliquely trapezoidal and unequally biduntate or unsymme- 
trieally emarginatc; the upper lip of “ L. urticifolia ” is broad- 
trapezoidal, when spread out about 1*5 mm. across its base and 2'5 
mm. across the base of the lobes, which are subsemicircular or obtusely 
broad-ovate and nearly entire, the nerves in the Sikkim specimens are 
parallel or slightly .diverging, whilst in the Calcutta form they are 
converging towards the narrow tip. The palate of the Sikkim plant 
is more distinctly 4-lobed and markedly transverse ; in the Bengal 
form the groove dividing the two convexities of the palate is either 
very shallow or obsolete, whilst the lateral weals of the palate extend 
further down. 

A character to which the writer desires to draw the attention of 
Indian field botanists is one mentioned by Roxburgh in his description of 
file modi a rndentHx (Flora Indiea, III. 1)5), which is certainly = Linden - 
bergiu poft/un(/ni y Hoyle, and not = L. nrlicaefo/Li, Lehmann. Roxburgh 
says that the inside of the lips is “ beautifully marked with small purple 
dots.” The throat and middle part of the lower lip of the Calcutta 
plant are always as it were besprinkled with numerous minute well- 
defined purple or purplish-brown dots ; the brownish-red patches which 
occur on the corolla-tube of the Sikkim form are rather diffuse. 

Further, in all the Sikkim specimens examined by me the clefts 
which separate the calyx-lobes from one another are practically of the 
same depth, whilst the ab.ixial cleft is deeper than the four others 
in all the Bengal specimens seen. 

In the Calcutta specimens the oblong-ellipsoidal thecae are purp- 
lish-red, their walls shrinking after dehiscence and assuming a brown- 
ish-black tint, whilst the pollen is salmon- or llesh-coloured ; in the 
Sikkim plant the walls of the suhglohular anther-cells are yellow or 
nearly colourless and the pollen is colourless. 

These are minor differences, but they may on further observations 
in the field prove to be constant. 

In the writer’s opinion the fundamental difference of the two 
form-groups lies in the aestivation of the corolla. Whilst in the 
Himalayan form the lateral lobes of the lower lip of the corolla 
overlap the middle lobe in bud, in the Bengal form the middle lobe 
overlaps the lateral lobes. This statement applies to everyone of the 
numerous fresh buds examined bv the writer in and about Calcutta 
and in British Sikkim, as well as to the buds preserved in formalin 
and presented to the writer by Mr. Cave; also to isolated herbarium 
specimens from other areas, such as Banda. That this difference in 
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the aestivation of the eorolla is a matter of prime importance is shown 
by the fact that similar differences occur in other form-groups of 
Lindenbergia ; the middle lobe of the lower lip overlaps the lateral 
lobes in Lindenbergia Hooker! , L. abysxi nioa, L. philippinensu , L, macro- 
stank// a, A. si// a inn, whilst the lateral lobes overlap the middle lobe 
in L. grand /flora, and as far as could be made out from badly preserved 
material, in A. (iriffi/hii. Numerous observations on fresh buds of 
A. grandiflora have convinced the writer that, at le.ist as far as the 
latter species is concerned, the character referred to is absolutely 
constant, and will therefore probably be found to be so in the other 
species mentioned above. 

The final conclusion which we arrive at- is that we have to deal 
with two well-defined form-groups, one represented by Linnaeus’ 
Dodarha indiea, Roxburgh’s, VahPs and probably also Hanks’ and 
Ketz’ Hie mod la ruder a/ is and Hoyle’s Lindenbergia poly ant ha, and the 
other including Roxburgh- Don’s Htemodia mnrarta and Lehmann’s 
Lindenbergia nrtmae folia. These two form-groups appear to be sufli- 
ciently distinct to have a claim on being considered lt good species.” 
There is no harm in permitting them to continue going under the 
names of L. potyantha and A. orliei folia respectively ; but considering 
the confusion that has reigned with regard to them in consequence of 
botanists attributing to differences in the size of leaves, iniloresccnco, 
and pedicels a greater value than they deserve, it appears to be 
advisable to adopt as the adjectival part of the species names the 
original terms “indica” and “nmraria” Of these the Linnaean 
term ^indica” is particularly appropriate, since the Liudenbergia 
polyantha of Royle is pre-eminently an inhabitant of the Indo- 
Gangctic Plain and the Western Peninsula and therefore “ Indian ” 
in the fullest sense of the word. The word “ inuraria,” although 
appropriate, would apply equally well to either species; but so does 
“ urtici folia ” and “ ruderalis.” The combination “ Liudenbergia 
indica” was already adopted by Vatke. The writer, therefore, 
proposes that the names Liudenbergia indiea (Linn.) a ml Lindenbergia 
mnrarta (Roxb.) be adopted as the names of the two form-groups. 
We would then have — 

Lindenukiujia indica (Linn.). — Middle lobe of lower corolla-lip 
overlapping the lateral lobes in aestivation ; ovary and style base 
in (the young) flower quite glabrous ; upper lip of corolla trapezoidal- 
subtriangular shortly bifid with the- divisions u asymmetrically 
bidentate ; 
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Lindenbbroia murakia (Roxb.). — Middle lobe of lower 
corolla-lip overlapped by the lateral lobes in aestivation ; ovary 
and style-base densely hairy ; upper lip of corolla broad-trapezoidal, 
two-lobed, lobes semicircular or obtusely broad-ovate. 

Tdntlenbtryia indica has its nearest relatives in the Arabian 
Ij. sinaica , (l)ecaisnc) Dentil., A. rirrtn r, Vatke, and L . fvniicom 
Benth., the Tropical African A. scuiellarioidcs , Ascherson, the 
Arabian, Abyssinian and Western Indian L. abyssinica and probably 
some other tropical African species. The relationship appears to 
be very close between A . indica and A. sinaica , especially the forms 
of A. sinaica growing on rocks near Aden. This form has smaller 
flowers than the forms further North. Decaisne describes the 
flowers as “ intense violacci.” Ascherson, however, in his description 
of A. sculdtarioides remarks that A. scufdlarioidcs has “ probably, 
like A. sinaica , which has been observed by Schwcinfurth in the living 
state, lemon-vellow corollas suffused posteriorly with reddish-brown.” 
Western Indian Botanists, »vho may have better opportunities of 
investigating the Flora of Aden and Mirrouiidings than we in Bengal, 
may be able to state something more positive legarding the relation- 
ship of A. indica to Ij. sinaica and the colour and structure of the 
flowers of the latter species. 

There is probably no vegetative character in A. indica which has 
not its counterpart in A. nmraria (A. ndtei folia ). It appears to me, 
however, that these resemblances are more due to edaphic and 
climatic influences, than to a closeness of relationship. The aestiva- 
tion as well as the indumentum of the ovary point to a close 
connection of A. muraria with A. grandijlora and A. ( iriffithu . The 
latter, although it has a glabrous ovary, has a hairy style. 

A third form-circle gravitates round A. philippi nensis and includes 
A. siamnsis, Tei.jsm. &e. Binn., A. Mdvillei, Moore, and, occupying 
a somewhat separate position, A. macros! adnja , Benth. This form - 
circle will be the subject of a separate note. 

As pointed out. by Father Blatter and Professor Hallberg and 
already endorsed by the writer, the forms previously distinguished 
as L. nrlicaefolia and l.polyanlht vary greatly in respect to the 
size and consistency of their leaves, the height of their mam stem 
and the number of flowers in their inflorescence. This is to a great 
extent due to their being pre-eminently “ wall flowers,” a preference 
also shown by other species of Lindenbergia, such as L. pandifolk , 
which is very commonly found growing against walls and rock faces, 
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or L . philipjnncnsi & which is stated by E. D. Merrill to grow from 
the crevices of city walls and by Hance to be met with on walls in 
Canton, whilst, as noted by Teijsman, L. siamemi s grows on the walls 
of pagodas in Bankok. 1 have met specimens of L. indica on a 
brick-gravel garden path, the gravel being mixed with small quantities 
of old plaster and ordinary soil. Both L. indica and L. muraria are 
also found growing on rocks in chinks and on lodges, further, on road 
banks, more rarely on cultivated ground or in sandy soil. Species 
growing in such conditions may naturally be expected to show con- 
siderable variations in their vegetative characters. In the following 
remarks it is assumed that the discriminative characters of L. hidica 
( = L. polyantha, itoyle) and L . muraria ( = /,. urficae/'otia, Lehrn.) are 
those based on the very constant floral characters referred to above. 

The roots of specimens growing in the crevices of walls are often 
rather long compared with the length of the main stem, especially 
in the case of individuals which have evidently found considerable 
difficulty in obtaining the necessary amount of water and soluble 
mineral matter nearer the surface. The following are some measure- 
ments : — root lb cm., stem 4 cm. ; root 10 cm., stem 1G cm.; root- 10 cm., 
stem 8 cm. ; on the other hand the root may be more or less' fibrous 
and less than half* the length of the stem. Regarding the length of 
the stem of L . indica the writer has come across a specimen the stem 
of which was only 15 mm. in height, its root measuring 7 mm. in 
length. In the case of muraria the length of stem varies between 
a little more than 1 cm. and rather more than 10 cm. 

Both L. indica and L. muraria are essentially annuals, most of the 
plants dying and drying up a month or two after the cessation of the 
monsoon rains. Here and there the basal lateral branches succeed 
in continuing a precarious existence long after the main stem and 
most of the other branches have shed their seeds and died. 

The size and consistency of the leaves depends probably entirely 
on the conditions as to soil, moisture and insolation in which the 
individual plants grow. The following instance will illustrate this 
statement. The specimens referred to grew within a few hundred feet 
from each other; their flowers were absolutely similar in every respect 
except that the parts of the flowers of the shade form were of some- 
what larger dimensions. One set grew on the top of an old brick wall 
in humus gathered by a dense moss growth in the shade of trees ; 
they flowored in August and the beginning of September. These 
specimens were 7 to 25 cm. in height; the stem was densely, the leaves 
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sparsely, pubescent ; the blade was thin-membranous, coarsely crcnate- 
serrate, of smaller individuals 15 to 24> mm. in length and 8 to 10 mm. 
in breadth, of more vigorous ones up to 7 cm. in length and about half 
as broad ; the petiole was about two-fifth the length of the blade. 
The flowers wore strictly axillary. In specimens collected on the same 
wall, but growing from tho chinks on the side of the wall and fully 
exposed to the rays of the sun, the stems were more woody at 
their base, the loaves were smaller and harder, and the inflorescence 
was mostly more decidedly of the nature of a raceme. The pedicels 
of typical specimens of u L. polyanllia” vary between (H and 1 mm., 
in shade plants they may reach 2 mm. An interesting develop- 
ment of the stem was observed in specimens growing on one of the 
garden walls in one of the streets of Calcutta. The seed had 
evidently germinated in a crevice on top of the wall, but the grow- 
ing stem had found itself emerging into the soft humus harbouring 
a dense growth of moss. The stem had there taken a horizontal 
course, in one ease for about 20 cm., sending out numerous rootlets 
and producing densely crowded small leaves a few millimeters in dia- 
meter, to emerge finally into broad day-light producing numerous 
lateral ascending branches. There are commonly only two flowers 
fully open at a time, the flowering continuing for a long period. The 
flowers turn towards that part of the sky from which the plant receives 
the maximum amount of light, which causes the inflorescence to be 
apparently one-sided. 

The results of cultivation experiments with both A. indica and 
L . mu ravin as well as those* of a histological investigation will be 
communicated at a later date. 

As a great amount of work will yet fall to the share of Indian 
Field Botanists, I wish to draw their attention to the desirability of 
carefully noting details in the coloration of the flowers, of preserving 
specimens of flowers ami buds which have only been dried hut not 
pressed and placing them in envelopes on the sheet to which the 
pressed specimens have been fixed and to preserve, as much as that is 
possible, flowers and buds in formalin, especially those of Gamopetalae. 
If this is done systematically, much time, labour aud annoyance will 
be saved to botanists working with dried specimens in Herbaria. 

It is the writer’s conviction, based on many years’ experience, that 
in the case of species growing over an extensive area, extending for 
instance from Afganistan along the whole of the Himalaya right into 
Burma and China, minute floral characters, even small details in the 
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coloration of the corolla! are often a surer guide in tracing actual 
relationships than diagnostic characters based on vegetative organs. 

The writer is under great obligations to Major A. T. Gage, 
Superintendent of the Royal Botanic Gardens, Sibpur, and Director 
of the Botanical Survey of India, and to Mr. C. C. Calder, Curator 
of the herbarium of the Sibpur Botanical Gardens, for permission to 
examine in detail the herbarium material of the Royal Botanic 
Gardens, to Mr. Cave, Superintendant of the Lloyd Botanical 
Garden, Darjeeling, for presenting the write with a large gathering 
of flowers and buds, preserved in formalin, of Lindenbergia mnraria 
(L. nrticifolia ), and to Father C. Blatter, S.J., for a suite of speci- 
mens of the forms of Lindenbergia indica {L. poly ant ha) and L. 
mnraria described by him and Prof. F. Hallberg. 

Botanical Department, 

University College of Science, 

Baliganj, 

The 1st December 1919. 



Commentation es Mycolooicae 

5. Vermicular ia Jatrophae , Speg. 

On Jatrophu integer rimu . 

RY 

S. 3S\ Bal. 

Jusi after the rains of last year, when collecting fungi in our 
College compound, it was noticed that the leaves of the beautiful 
flowering plant, Ja trap ft a integerrima, were very badly spotted, and 
in fact the few plants that were growing, had a stunted appearance. 
The leaves, thus infected, were collected and examined. 

External Characters : — The attack was observed at all parts of the 
leaves from the margin to the midrib. At some places, the spots 
were small in size about 1-1*0 cm. in diameter and in some parts the 
fungal attack had had the effect of the leaves being pierced by 
holes. The fungus lirst appears in the form of black dots ou the 
upper surface of the leaves of the host plant and later on, the black 
dots become encircled by rings of black pycnidia. 

The genus I'enuicnfaria , as is well known, is characterised by 
having superficial, eriimpeuf, globosc-elavato, carbonaceous, black 
pycnidia which are beset with long, stiff, septate, dark coloured setae; 
the couidia borne on the couidiophorcs being crescent-shaped. In 
some species, however, the pcrithceia are imperfect, in others widely 
open. 

Oil examination of transverse sections through the infested |>or- 
tions of leaves it is found that the pcrithecium is embedded in the 
epidermal cells of the leaf tissue. The perithecium is black and 
measures 60 — 05 /a across. A number of long stiff setae arise from 
the perithecium. These setae are blackish brown in colour. A number 
of conidial spores are found at the base of these setae. These spores 
are almost colourless and are borne on slender conidiopliores, which 
are also almost colourless. There are some granular substance noticed 
in the spores, which are crescent-shaped and measures 15-20 x 2\j-.T5/a. 

The spores were readily germinated in tap-water. Germinatiou 
took place after 24 hours and usually 2 germ-tubes are given off from 



the two ends of the spores, and fresh infection' probably takes place 
by means of these liyphae penetrating the leaf-tissue. 

It was observed that the fungus disappeared during the cold 
season. 

Some other species of the genus, Venniculanu, F ries. are known 
to be causing serious damage to some of our most important culti- 
vated plants. 

There are about 130 species of Vermimlaria described, of which 
K Capsid, Sydow, is known to cause serious damage to Capsicum 
annum , Linn. The parasite has been dealt with by Butler in detail in 
his book " Fungi and Disease in Plants/’ Butler obtained success- 
ful inoculations with this fungus on the Cowpea, Yal, tomato and 
brinjal, and the fruit-rot disease of tomato is due to this fungus. 

Another species, V. Circinas , Berkley, is known to cause serious 
damage to onions in the United States. The fungus and the disease 
caused by it, have been described by Stoneman in the Botanical 
Gazette, 1898, p. 98. 

Through the kindness of Dr. E. J. Butler of Pusa the specific 
determination of the fungus was done by Babu Kohiniranjan Sen of 
the Mycological Laboratory at Pusa to whom my thanks are due. 

Explanation of the Pfata. 

1. A portion of a leaf of Jatfopha iiUegerrinia infested by 

Fermcnlaria Jatrophae , Speg. — Natural size. 

2. A transverse section through an infested portion of a leaf 

showing the perithecia, setae and a few conidial s|>ores. 
x 520. 

3. Conidiophores bearing conidia x 110. 


BIOLOGICAL LABORATORY, 
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COMMENTATIONES MyCOLOGICAE. 

0 . Vhyllodida Utycoxmidix, Sy Dow. and Butler, on (j/ycus- 
htiff pent aphy lla , Cork. 

BY 

11. P. Cn AUDiirR y, M. Sr. (Cal.) 

Duriug tins Iasi rainy season when collecting fungi in the 
suburbs of Calcutta, it was noticed that the leaves of Gfycosmix 
pentapftyUu , Corr., were infested with some leaf-spot fungus. 
The plants, thus infested were found to be of stunted growth. 

Glycosmix pmiuphylln , Corr., is of some economic importance, 
due to the fact, that the stems of these shrubs are highly valued 
as a substitute For tooth brushes, the stems cut in the lengths of 
about (i inches, being sold in the market in bundles of o:l pieces 
at one anna per bundle. They are said to thoroughly disinfect the 
mouth and effectively cleanse the teeth. 

External appearances of the fungus: — Small brownish tqiots first 
appear on the upper surface ol* the leaves which subsequently become 
dry and brittle. On the spots, thus formed are observable minute 
perithecia of circular or irregular shape. They are scattered, 
dotlike and quite prominent measuring 1-*J mm. in diameter. 
Eveutually these spots give rise to miles iu the affected 
parts of the leaves, which finally drop off. As a result of the 
attack, the plants invariably become stunted. 

On examination, of transverse sections through infested portions 
of leaves, it is seen that the pyenidia are epipliyllous and globular 
measuring (>0-95 in diameter. r llie pyenidia are lull ol spore tf 
which are oblong and hyaline measuring 5-8 x l-2p. 

The genus VhyUodida is arbitrarily limited to those species in 
which the spores arc less than lop lengthwise, larger spornl 
forms having been placed in the genus Mucrophomo . 

PhyUoxdcla Utyeoxmidix Syd. et-Butl., as found on U/ycosmis 
pentaphyda in Assam, has been described in “ Annales Mycologici ” 
Vol. XIV, no 8/4 19(3 p. 177 by Sydow and Butler. 
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Several species of the genus Pkyllosticta are known to cause 
serious damage to plants, several of which are of economic impor- 
tance. There are 43 species of Phyllosticta reported from India 
by Sydow and Butler in " Annales Mycologici/’ Vol. XIV, 1916. 

Phyltodicfa nofilaria Ell. and Ev., is known to cause serious 
damage to apples in the United States of America and the details 
about the attack and remedial measures, have been worked out by 
Scott and llorcr and published as a Bulletin (Bull. no. 144, United 
States Bureau of Plant Iudustry, Washington D. C.). The re- 
medial measures, adopted in U. S. A. incase of “ apple blotch ” 
caused by Phyllo*fieta noli tana , Ell. and Ev., are sprayings with 
Bordeaux mixture. 

My thanks are due to Babu liohini Ranjan Sen of the Pusa 
Mycologieal Laboratory for the specific determination of the 
fungus.. 

Exploitation of Me Plate. 

A. Au infested leaf of < Hycorni * pea lap Ay It a, Corr. — natural 

size. 

a. A leaf spot caused by PkylMicla ( ilyeomidis , Syd. et. But-1, 
x 20. 

B. Perithecia of Phyl foul iota Glyeosmblifs , Syd. et Butl. x 100. 

C. A transverse section through an infested portion of a leaf 

showing the pyonidia and the sjkjios therein, x 110. 

1). A pycuidia of Phylloxtida (ifywsntitU*. x 1 10. 
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7. A short study ok Plicaria repanda (Wahl.) Reiim. on 
Bor (mu s flabellifer , Linn. 

BY 

S. N. Hal and H. P. Ciiaudhury. 

During the month of August, 1919, a beautiful saucer-shaped 
fungus was noticed growing in abundance in the grounds of the 
Biological Laboratory, Balliganj, under the? shade of a large Croton 
bush on a heap of rijn? fruits of Bor.mu* Jlabcl/i/cr, The fungus was 
ascertained to belong to the group of genera formerly included in the 
genus, Peziza. 

As is well-known, the genus Pcziza has been divided by 
Saccardo and Kehm into several genera, considered by Lindau as 
sub-genera, of which Plicaria and Tazzclta are characterised, as pointed 
out by Uehm, by having their asci turned blue by iodine. The 
apothecia at maturity are typically disc or saucer-shaped and the}' 
vary greatly in their size. 

The cups of the present fungus vary in .width at different stages 
of development from 4 mm. to 10-11 cm. when they are opened and 
thus forming a plate. They are almost sessile, irregular, smooth and 
pale amber-coloured. The margin of the cups is slightly indexed and 
the whole plant is rather fleshy and at the same time brittle. 

On examination of sections cut through the apothecium, a layer of 
asci with paraph) ses is distinctly seen. The asei are cylindrical and 
8-spored measuring 130-145 x S-ll//.. They are almost colourless and 
slightly narrowed at the base, and are turned blue with iodine. The 
spores are unicellular, elliptical and slightly granular having a distinct 
cell-wall and, when mature, they measure 8-11x5-7//. The spores 
generally emerge from the asciis by bursting through the middle of 
the ascus. The paraphvses are filiform and transversely septed 
terminating in spore-like bodies varying in length. 

The fungus is a saprophyte, and its life is generally limited to 
about 8 or 9 days but under favourable conditions it may live for U 
to 14 days. In fact, some of them were kept in the Laboratory 
under suitable conditions for the purpose of studying the growth of 
the fungus. Measurements were taken every day. It is to be noted 
that after the flth day the cups were quite open and the upper portion 
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of the fungus took the shape of a saucer. The following is a record 
of one of the sets of measurements : — 


1st (lay 

. diameter of upper surface of the cup 

4 

mm. 

2nd „ 

Do. 

do. 

6 

» 

3rd », 

Do. 

do. 

1-5 

cm. 

4th „ 

Do. 

do. 

3-5 

» 

5th „ 

Do. 

do. 

4-5 

tt 

«th „ 

diameter of the upper surface of the plate 5*5 

tt 

7th „ 

Do. 

do. 

fi-5 

>t 

8th „ 

Do. 

do. 

7*5 

tf 

»th „ 

Do. 

do. 

9-0 

ft 

1 Oth .. 

Do. 

do. 

100 

tt 


Some idea of the various stages of development of the plant can 
be had by consulting 1 lie plate attached to this paper. 

During the observation of the gradual development of the fungus 
it was observed that on the 1 Oth day it was quite flat, on the 11th 
day it began to dry ami shrivel ami on the 12th day it had the 
appearauce of a dried up crumpled substance. 

As has already been noted, iodine turns the walls of asei blue and 
therefore may be siqqjosed to consist of some compound closely 
related to starch. Tt is also possible that the fungus has a certain food 
value and this question will be further investigated. 

Through the kindness of Dr. K. J. Butler of Pusa, the specific 
determination of the fungus was made by Babu Rohini Ilanjan Sen 
of the Mycologieal Laboratory at Pusa, to whom our thanks are 
due. 

Explanation of the Plate. 

1, 2, 3, 4, o, (5 and 7, Plica ria repandu showing the different stages 
of development — natural size. 

A. Asei and paraphyses x 440. 

B. Hyphae x 440. 

C. A microphotograph of a section thorough the apothecium of 

Pliraria repan <1 a, (Wahl) Rohm, x 250. 

BIOLOGICAL LABORATORY, 

BOTANICAL DEPARTMENT. 

University College of Science, 

35, Ballyganj Circular Road, 

Calcutta, the 30th January, 1930, 













